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lO ■ Abstract 
> 

' Two-component spinors arc the basic ingredients for describing fermions in quantum field 

0^ ■ tlieory in 3 + f spacetime dimensions. We develop and review the techniques of the two- 

' component spinor formalism and provide a complete set of Feynman rules for fermions using 

two-component spinor notation. These rules are suitable for practical calculations of cross- 
CN \ sections, decay rates, and radiative corrections in the Standard Model and its extensions, 

including supersymmetry, and many explicit examples are provided. The unified treatment 
presented in this review applies to massless Weyl fermions and massive Dirac and Majorana 
fermions. We exhibit the relation between the two-component spinor formalism and the more 
traditional four-component spinor formalism, and indicate their connections to the spinor 
^ , helicity method and techniques for the computation of helicity amplitudes. 
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1 Introduction 



A crucial feature of the Standard Model of particle physics is the chiral nature of fermion quan- 
tum numbers and interactions. According to the modern understanding of the electroweak 
interactions, the fundamental degrees of freedom for quarks and leptons are two-component 
Weyl-van der Waerden fermions [1], i.e. two-component Lorentz spinors that transform as irre- 
ducible representations under the gauge group SU(2)2,xU(l)y. Furthermore, within the context 
of supersymmetric field theories, two-component spinors enter naturally, due to the spinorial na- 
ture of the symmetry generators themselves, and the holomorphic structure of the superpoten- 
tial. Despite this, most pedagogical treatments and practical calculations in high-energy physics 
continue to use the four-component Dirac spinor notation, which combines distinct irreducible 
representations of the Lorentz symmetry algebra. Parity-conserving theories such as QED and 
QCD are well-suited to the four-component fermion methods. There is also a certain perceived 
advantage to familiarity. However, as we progress to phenomena at and above the scale of elec- 
troweak symmetry breaking, it seems increasingly natural to employ two-component fermion 
notation, in harmony with the irreducible transformation properties dictated by the physics. 

One occasionally encounters the misconception that two-component fermion notations are 
somehow inherently ill-suited or unwieldy for practical use. Perhaps this is due in part to a 
lack of examples of calculations using two-component language in the pedagogical literature. In 
this review, we seek to dispel this idea by presenting Feynman rules for fermions using two- 
component spinor notation, intended for practical calculations of cross-sections, decays, and 
radiative corrections. This formalism employs a unified framework that applies equally well to 
Dirac fermions [2] such as the Standard Model quarks and charged leptons, and to Majorana 
fermions [3] such as the light neutrinos of the seesaw extension of the Standard Model [4, 5] or 
the neutralinos of the minimal supersymmetric extension of the Standard Model (MSSM) [6-10]. 

Spinors were introduced by E. Cartan in 1913 as projective representations of the rotation 
group [11,12], and entered into physics via the Dirac equation in 1928 [2]. In the same year, 
H. Weyl discussed the representations of the Lorentz group [13], including the two-component 
spinor representations, in terms of stereographic projective coordinates [14]. The extension 
of the tensor calculus (or tensor analysis) to spinor calculus (or spinor analysis) was given 
by B.L. van der Waerden [1], upon the instigation of P. Ehrenfest. It is in this paper that 
van der Waerden (not Weyl as often claimed in the literature) first introduced the notation of 
dotted and undotted indices for the irreducible (|,0) and (0,^) representations of the Lorentz 
group. Both Weyl [15] and van der Waerden independently considered the decomposition of 
the Dirac equation into two coupled differential equations for two-component spinors. In the 
1930s, more pedagogical presentations of two-component spinors were given in refs. [16-18]. In 
particular, ref. [16] was the first paper in English to employ the dotted and undotted index 
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notation. Ref. [17] also presents the first two-component spinor analysis for general relativity. 
In the early 1950s, comprehensive reviews of two-component spinor techniques were published 
in English by Bade and Jehle [19] and in German by Cap [20]. Shortly thereafter, Bergmann 
reintroduced two-component spinors into the formalism of general relativity [21], which was 
followed by significant developments by Penrose [22].^ Two-component spinor techniques in 
curved space are reviewed in refs. [23, 24], with an extensive bibliography given in ref. [25]. 
A recent mathematical treatment of two-component spinors and their geometry can be found 
in ref. [26]. Two-component spinors also play a central role in the covariant formulation of 
relativistic wave equations [27]. 

The formalism of two-component spinors has also been discussed in many textbooks on 
relativistic quantum mechanics, quantum field theory, elementary particle physics, group the- 
oretical methods in physics, general relativity, and supersymmetry. For a guide to the non- 
supersymmetric literature, see for example, refs. [14,28-67]. Among the early books, we would 
like to draw attention to ref. [28], which has an extensive discussion of two-component spinor 
methods. Scheck [41] includes a short discussion of the field theory of two-component spinors, 
including the propagator. A more extensive field theoretic treatment, including Feynman rules 
and applications, is given by Ticciati [49]. A modern textbook on quantum field theory by Sred- 
nicki [65] includes a comprehensive treatment of two-component fermions and their quantization. 
Most textbooks and introductory reviews of supersymmetry [6-9,68-89] include a discussion of 
two-component spinors on some level, with a treatment of dotted and undotted indices and a 
collection of identities involving two-component spinors and the sigma matrices. Particularly 
extensive and useful sets of identities can be found in refs. [68,72,74,77,83,85]. Finally, some 
mathematically sophisticated textbook treatments of spinors can be found in refs. [90-92]. 

The standard technique for computing scattering cross-sections with initial and final state 
fermions involves squaring the quantum S'-matrix amplitude, summing over the spin states and 
then computing the traces of products of gamma matrices (in the four-component spinor for- 
malism), or products of sigma matrices (in the two-component spinor formalism). We employ 
this latter technique throughout this paper (with a translation to the four-component formalism 
provided in an appendix). However, the computational effort rises rapidly as the number of 
interfering diagrams increases. The standard techniques typically become impractical with four 
or more particles in the final state. One approach to make such extensive calculations man- 
ageable is the helicity amplitude technique. Here the scattering process is decomposed into the 
scattering of helicity eigenstates. Then the individual amplitudes are computed analytically in 
terms of Lorentz scalar invariants, i.e. a complex number that can be readily computed. It is 
then a simple numerical task to sum all the contributing amplitudes and compute the square of 

^For typographical reasons, Penrose replaced the dotted indices with primed indices, a notation still employed 
by most general relativists today. 



6 



the complex magnitude of the resulting sum. Such methods were first explored in refs. [93-96], 
using four-component spinors (see also refs. [97-101]). Spinor techniques in the helicity for- 
malism were also developed in ref. [102]. In fact, the natural spinor formalism for the helicity 
amplitude techniques makes use of the two-component Weyl-van der Waerden spinors, which 
we discuss in detail in this review. They were implemented in the helicity amplitude technique 
in refs. [103-109]. Recently, the two-component formalism has been implemented in a computer 
program for the numerical computation of amplitudes and cross-sections for event generators 
multi-particle processes [110]. 

This review is outlined as follows. In Section 2, we present our conventions and notation 
(with some additional discussion of our conventions in Appendix A) . We also establish numerous 
identities involving sigma matrices, epsilon symbols and two-component spinors. In Section 3, 
we derive the basic properties of the quantized two-component fermion fields. For a generic 
collection of N two-component fermion fields with identical conserved quantum numbers, the 
corresponding mass matrix is an A^x complex symmetric matrix. To identify the corresponding 
mass eigenstates, one must perform a fermion-mass diagonalization that differs from the usual 
unitary similarity transformation of an hermitian matrix that is employed for a collection of 
scalar fields. In Section 4, we derive the Feynman rules for two-component spinors and describe 
how to write down amplitudes in our formalism. We demonstrate how to employ the two- 
component formalism for both tree-level and loop-level processes. In Section 5, we establish 
a naming convention for fermion and antifermion particle states and the corresponding fields. 
This is important as it provides an unambiguous procedure for obtaining the amplitudes for a 
given physical process, and for comparing these computations in the two-component and four- 
component spinor formalisms. In Section 6 we provide an extensive number of examples of 
computations using the two-component spinor formalism. This is the central part of our review. 

We have relegated many details to a set of twelve appendices. In Appendix A, we summa- 
rize our metric and sigma matrix conventions and indicate how to translate between conventions 
with opposite metric signature. With our definition of the sigma matrices, one can switch easily 
between the two conventions by computing one overall sign factor. In Appendix B, we provide 
a comprehensive list of sigma matrix identities, and indicate which of these identities can be 
generalized to d 7^ 4 dimensions required for loop computations that employ dimensional regu- 
larization. Explicit forms for the two-component spinor wave functions are given in Appendix C 
(where we exhibit two of the most common phase conventions employed in the literature). The 
mathematics of fermion mass diagonalization is discussed in Appendix D. In contrast to the uni- 
tary similarity transformation of the scalar squared-mass matrix, fermion mass diagonalization 
involves the Takagi diagonalization [111] of a complex symmetric matrix (for neutral fermions) 
or the singular value decomposition of a complex matrix (for charged fermions). In Appendix E, 
we review some of the basic facts of Lie groups and Lie algebras needed in the treatment of gauge 
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theories. The two-component fermion propagators (derived in Section 4 using canonical field 
theory techniques) can also be obtained by path integral methods, as exhibited in Appendix F. 

As most textbooks on quantum field theory and elementary particle physics employ the 
four-component spinor formalism for fermions, we provide in Appendix G a dictionary that 
allows one to translate between the two-component and four- component spinor techniques. We 
use the two-component spinor methods developed in this review to establish a generalization 
of the standard four-component spinor Feynman rules that incorporate Majorana fermions in a 
natural way. In Appendix H, we develop a method for computing helicity amplitudes in terms 
of Lorentz-invariant scalar quantities. This method, which makes use of the Bouchiat-Michel 
formulae [112] (originally established in the four-component spinor formalism) is developed in 
the language of two-component spinors. However, these methods are somewhat limited in scope 
and must be generalized in the case of multi-particle final states. This was accomplished by 
Hagiwara and Zeppenfeld (HZ) based on a two-component spinor treatment [105]. In Appendix I, 
we provide a translation between the HZ formalism and the two-component spinor formalism of 
this review. We also demonstrate that the spinor helicity method that is now commonly used 
in obtaining compact expressions for helicity amplitudes of multi-particle processed has a very 
simple development within the two-component spinor formalism. Finally, the two-component 
spinor Feynman rules for the Standard Model, the seesaw-extended Standard Model (which 
incorporates massive neutrinos), the minimal supersymmetric extension of the Standard Model 
(MSSM), and the R-parity-violating extension of the MSSM are given in Appendices J, K and L. 

2 Essential conventions, notations and two-component spinor 
identities 

We begin with a discussion of necessary conventions. The metric tensor is taken to be:^ 

ffM- = ff'^" = diag(+l, -1,-1,-1), (2.1) 

where = 0,1,2,3 are spacetime vector indices. Contravariant four-vectors (e.g. positions 
and momenta) are defined with raised indices, and covariant four-vectors (e.g. derivatives) with 
lowered indices: 

x'' = {t;x), (2.2) 
P^ = {E;p), (2.3) 
^M-^ = (5/5*; V), (2.4) 

^The published version of this paper employs the (+,—,—,—) Minkowski space metric. An otherwise 
identical version, using the (—,+,+,+) metric favored by one of the authors (SPM), may be found at 
http://zippy.physics.niu.edu/spinors.html. It can also be constructed by changing a single macro at the 
beginning of the I^TJj?^ source file [113], in an obvious way. You can tell which version you are presently reading 
from eq. (2.1). See Appendix A for further details and rules for translating between metric conventions. 
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in units with c = 1. The totally antisymmetric pseudo-tensor e'^'^^"^ is defined such that 

= -%23 = +1 • (2-5) 

More details on our conventions can be found in Appendix A. 

The irreducible building blocks for spin- 1/2 fermions are fields that transform either under 
the left-handed (^,0) or the right-handed (0, ^) representation of the Lorentz group. Hermitian 
conjugation interchanges these two representations. A Majorana fermion field can be constructed 
from either representation; this is the spin-1/2 analogue of a real scalar field. A Dirac fermion 
field combines two equal mass two-component fields into a reducible representation of the form 
(i,0) e (0, i); this is the spin-1/2 analogue of a complex scalar field. It is also possible to 
use four-component notation to describe a Majorana fermion by imposing a reality condition 
on the spinor in order to reduce the number of degrees of freedom in half. Details of this 
construction are given in Appendix G.l. However, in this review, we shall focus primarily on 
two-component spinor notation for all fermions. In the following, (^,0) spinors carry undotted 
indices a, /3, . . . = 1,2, and (0, ^) spinors carry dotted indices d, /3, . . . = 1,2. 

We first provide a brief introduction to the Lorentz group and its two-dimensional spinor 
representations. Under a Lorentz transformation, a contravariant four-vector transforms as 

^ ^/M = A''^a;^ (2.6) 

where A gS0(3,1) satisfies A^^g^pA'^x = gy\. It then follows that the transformation of the 
corresponding covariant four-vector = g^jiuX^ satisfies: 

= x'pA^'^ . (2.7) 

The most general proper orthochronous Lorentz transformation (which is continuously connected 
to the identity), corresponding to a rotation by an angle 9 about an axis n[0 = 9ri\ and a boost 
vector C, = ■Otanh"^ (3 [where v = v/\v\ and (3 = \v\\, is a 4 x 4 matrix given by: 

A = exp [-'^QP^Sp^) = exp (^-iO-S - iC-JCj , (2.8) 

where 6^ = \e'^^9jk: C = = = ^e'^^Sjk, IC' = 5°* = -5*° and 

(SpaT, = i{gp^ gau - ga" gpu) ■ (2.9) 

Here, the indices /c = 1, 2, 3 and e^^^ = +1. 

It follows from eqs. (2.8) and (2.9) that an infinitesimal orthochronous Lorentz transforma- 
tion is given by A^^ ~ (5^^ + e^-^ (after noting that 6""^ = -9u'')- Moreover, the infinitesimal 
boost parameter is C = "Otanh"^/? ~ f3v = (3, since /? <C 1 for an infinitesimal boost. Hence, 
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the actions of the infinitesimal boosts and rotations on the spacetime coordinates are 

(2.10) 

t' c^^t, 

{X ^ X X + f3t , 
(2.11) 
t t' c^t + (3-x, 

with exactly analogous transformations for any contravariant four- vector. 

With respect to the Lorentz transformation A, a general n-component field <I> transforms 
according to a representation R of the Lorentz group as <I>(x^) — )■ ^'{x'^) = Mj^(A)$(x^), 
where Mk(A) is the corresponding (finite) dij-dimensional matrix representation. Equivalently, 
the functional form of the transformed field $ obeys 

^'{x^) = M^(A)«I>([A- Y.^') , (2.12) 
after using eq. (2.6). For proper orthochronous Lorentz transformations, 

Mr = exp (^-'-e^,J^'•'^ ~ -ie-J-iC-K, (2.13) 

where Id^xd^ is the x da identity matrix and parameterizes the Lorentz transformation 
A [eq. (2.8)]. The six independent components of the matrix- valued antisymmetric tensor J^'^ 
are the d/j-dimensional generators of the Lorentz group and satisfy the commutation relations: 

^J^U ^ jXk^ ^ -^g^K JUX ^ gUX J^K _ g^X JUK _ gUK J^X^ _ (2.14) 

We identify J and K as the generators of rotations parameterized by 6 and boosts parameterized 
by C) respectively, where 

r = ^e'^''Jjk, K' = ,f\ (2.15) 

Here we focus on the simplest non-trivial irreducible representations of the Lorentz algebra. 
These are the two-dimensional (inequivalent) representations: (|,0) and (0, |). In the (^,0) 
representation, J = a/2 and K = —iS/2 in eq. (2.13), which yields 

M,i = M ~ l2x2 - - C-ff/2 , (2.16) 

where ff = (o"^ , o"^ , a^) are the Pauli matrices [cf. eq. (2.27)]. By definition M carries undotted 
spinor indices, as indicated by M^^^ . A two-component (^,0) spinor is denoted by ipa and 
transforms as ~^ Ma^ipjs, omitting the coordinate arguments of the fields, which are as in 
eq. (2.12). In our conventions for the location of the spinor indices, we sum implicitly over a 
repeated index pair in which one index is lowered and one index is raised. 

In the (0, ^) representation, J = —cr*/2 and K = —ia*/2 in eq. (2.13), so that its repre- 
sentation matrix is M*, the complex conjugate of eq. (2.16). By definition, the indices carried 
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by M* are dotted, as indicated by (M*)^'^. A two-component (0, 2) spinor is denoted by 
and transforms as Vjj, ~^ V'^j again suppressing the coordinate arguments of the fields, 

which are as in eq. (2.12). We distinguish between the undotted and dotted spinor index types 
because they cannot be directly contracted with each other to form a Lorentz invariant quantity. 

It follows that the (^,0) and (0, |) representations are related by hermitian conjugation. 
That is, if "i/^a is a (^,0) fermion, then (V'o)^ transforms as a (0, ^) fermion. This means that 
we can, and will, describe all fermion degrees of freedom using only fields defined as left-handed 
(^,0) fermions and their conjugates. In combining spinors to make Lorentz tensors [as in 
eq. (2.38)], it is useful to regard '(/'t as a row vector, and il^a as a column vector, with:'^ 

4 = (V-a)^. (2.17) 

The Lorentz transformation property of '0^ then follows from (V'a)^ (V'/3)^(-^^) o [with coor- 
dinate arguments of the fields again suppressed], where (M^)^^ = (M*)q,^ refiects the definition 
of the hermitian adjoint matrix as the complex conjugate transpose of the matrix. Again the 
coordinate arguments of the fields have been suppressed, and are as in eq. (2.12). 

In this review, we shall employ the dotted- index notation in association with the dagger 
to denote hermitian conjugation, as specified in eq. (2.17). This is the notation for hermitian 
conjugation of spinors found in most field theory textbooks (e.g., see refs. [65,88,114]). However, 
it should be noted that many references in the supersymmetry literature (e.g., see refs. [68-87]) 
employ the bar notation made popular by Wess and Bagger [68] where 11)^ = 1^^^ = (^a)^. 

Spinors labeled with one undotted or one dotted index are sometimes called spinors of 
rank one [or more precisely, spinors of rank (1,0) or (0,1), respectively]. One can also define 
spinors of higher rank, which possess more than one spinor index, with Lorentz transformation 
properties that depend on the number of undotted and dotted spinor indices [16, 19, 20, 23, 27- 
39,50,52,60,78,115]. In particular, for a spinor of rank (m,n) denoted by S^_^^^ ^ Pi^2-P ' 
each lowered undotted a- index transforms separately according to M^i"'^ in eq. (2.16) and each 
lowered dotted /3-index transforms according to {M*)^,^\ 

There are two additional spin-1/2 irreducible representations of the Lorentz group, (M^^)'^ 
and {M~^)^ , but these are equivalent representations to the (|,0) and the (0, ^) representations, 
respectively. The spinors that transform under these representations have raised spinor indices, 
■0" and 0^", with transformation laws — )• [{M~^)'^]°' pip^ and — )• [(M""'^)^]"^^^^, respec- 
tively (with coordinate arguments of the fields again suppressed) . It is convenient to rewrite the 
transformation law for the undotted spinor as tp"' — )• {M~^)is°^ . In combining spinors to make 
Lorentz tensors [as in eq. (2.39)], it is useful to regard as a row vector, and "0^" as a column 

^In the early literature that employed the van der Waerden spinor index notation (surveyed in Section 1), no 
dagger was used in conjunction with the dotted index. The advantage to attaching the dagger to the dotted spinor 
field is that it permits the development of a spinor-index-free notation for Lorentz-covariant spinor products [see 
eqs. (2.35)-(2.39) and the accompanying text]. 
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vector, with: 

^t« = (^«)t. (2.18) 

The Lorentz transformation property of V'^" then follows from (V"")^ [(-^~^)^]"/3(V''^)^- 

The spinor indices are raised and lowered with the two-index antisymmetric epsilon symbol 
with non-zero components,^ 

ei2 = -e2i = = -ei2 = 1 , (2.19) 

and the same set of sign conventions for the corresponding dotted spinor indices. In particular, 
we formally define e"'^ = (e"'^)* and e^^ = (ca/?)*- Viewed as a 2 x 2 matrix, the epsilon symbol 
with lowered undotted [dotted] indices is the inverse of the epsilon symbol with raised undotted 
[dotted] indices. Thus, consistent with eqs. (2.17) and (2.18), one can write:^'^ 

V'a = ea/3V'^ V" = e"%, 4 = e<i^V'^^ V^'^ = e'^'^V'^ , (2.20) 

which respects Lorentz covariance due to the properties of M given in eqs. (2.101) and (2.102). 
The epsilon symbols e"'^ i^ap) and e"^^ (^0/3)1 ^^'st introduced in this context in ref. [1], are also 
called the spinor metric tensors, as they raise (lower) the undotted and dotted spinor indices, 
respectively. Note that in raising or lowering an index of a spinor quantity, adjacent spinor 
indices are summed over when multiplied on the left by the appropriate epsilon symbol. 

The epsilon symbols can also be used to raise or lower undotted or dotted indices of spinors 
of higher rank. For example, for an object with two undotted indices it is natural to define 

= e7"g^/3^^^ ^ A^s = e^^e&pA^f" . (2.21) 

In the special case that A"'^ = il^'^x^ is a product of rank-one spinors, eq. (2.21) is not just 
natural but necessary, as it follows directly from eq. (2.20). However, in other cases there can be 

*For related earlier work on the epsilon symbol and its properties, see refs. [16, 17, 19, 116]. Various subsets of 
the subsequent identities in this section involving commuting and anticommuting two-component spinors, as well 
as the e symbol and the sigma matrices appear in many books and reviews (e.g., see refs. [18,68-83,85-88]) and 
in papers (e.g., see refs. [103-109]). 

''In the general relativity literature (see e.g., refs. [22,23,37,42,43,46,52,60,62,64]), the more common convention 
for the epsilon symbol (also adopted in refs. [19,28,30,36,45,47,92,109]) is e"'' = e„/3 with e^^ = -e^^ = 1, and 
similarly for the epsilon symbol with dotted spinor indices. In this convention, one writes i/j™ = e^^^jjp as above, 
but in contrast to eq. (2.20), '4'a ~ ii^f-fia, and similarly for the corresponding equations with dotted spinor 
indices. That is, in raising [lowering] an index of a spinor quantity, adjacent spinor indices are summed over 
when multiplied on the left [right] by the appropriate epsilon symbol. The various identities involving the epsilon 
symbols given in this review must then be modified by a minus sign for every epsilon symbol with lowered spinor 
indices. There are some benefits for this alternative convention; e.g., the minus signs appearing in eq. (2.22) 
are absent. However, one must keep track of other minus signs that arise because is the negative of the 
inverse of e"*^. In this review, we have adopted the convention of eq. (2.19), which is consistent with most of the 
supersymmetry literature. 

®In refs. [50,69], one finds yet another convention in which the spinor indices are raised and lowered by a 
two-index antisymmetric quantity, Cafi = —C"^ — C^^ — —C"^ — ("0)1 which play the role of the epsilon 
symbols. As in footnote 5, Cap is the negative inverse of C"*^ in which case i," = C'^Tpfi whereas 4,^ = ip'^Cpa, 
and similarly for the corresponding equations with dotted spinor indices. However, in this convention where C is 
pure imaginary, if ■0^'^ = (i/j")^ as in eq. (2.18), then = — (1/)^)^ in contrast to eq. (2.17). We choose not to 
pursue the alternative epsilon symbol conventions of footnotes 5 or 6 in this review. 
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a different sign associated (by convention) with raising and lowering spinor indices, because of 
the antisymmetry of the epsilon symbols (in contrast to the symmetry of the spacetime metric 
used to raise and lower spacetime indices). This sign convention can be defined independently 
for distinct higher-rank spinors (even in the case where the higher-rank spinors possess the same 
index structure). Indeed, as a consequence of our epsilon symbol conventions of eq. (2.19), the 
epsilon symbols themselves satisfy: 

,75 = -e^-e'^e^p , e^s = -e-y"^^/?^"^ - (2-22) 

in contrast to eq. (2.21). The above results (and similar ones with dotted indices) show that 
some care is required [33], since the extra overall minus signs of eq. (2.22) in comparison to 
eq. (2.21) might otherwise have been unexpected [e.g., see eqs. (2.40) and (2.41) below]. ^ This 
reflects an awkwardness imposed by the epsilon symbol conventions of eq. (2.19), rather than 
an inconsistency. Practitioners of spinor algebra in the conventions used in this review should 
be wary of this sign issue when using the epsilon symbols to explicitly raise or lower two or 
more spinor indices of higher-rank spinors.^ Fortunately, such manipulations are quite rare in 
practical calculations. 

We also introduce the two-index symmetric Kronecker delta symbol, 

51 = 52 = 1, 5l = 6l = 0, (2.23) 

and 6^ = {6a)*- Eq. (2.23) implies that the numerical values of the undotted and dotted 
Kronecker delta symbols coincide. The epsilon symbols with undotted and with dotted indices 
respectively satisfy: 



eape^' = -5l5l + d'jj, 6 .^6^^ = -^l^^ + , (2.24) 

from which it follows that: 



ea,e^^ = e^'e,a = SZ, e,,.^^ = = 6l , (2.25) 

ealSe^yS + £0765/3 + ea5e/37 = , ^a/^^-y^ + ^^7^613 + ^aS^i3j = • (2.26) 

In the literature, eq. (2.26) is often referred to as the Schouten identities.^ 



^It would be perhaps more transparent to simply replace the symbol ea/3 with e^^, in which case e"^ is used 
to raise spinor indices and is used to lower spinor indices (cf. ref. [38]). Although this convention avoids an 
apparent conflict between eqs. (2.21) and (2.22), it doubles the number of distinct epsilon symbols. We shall not 
adopt such an approach in this review. 

*In the alternative convention mentioned in footnote 5, this particular awkwardness is absent; the minus signs 
in the analogue of eq. (2.22) do not occur, in which case the rules for raising and lowering the spinor indices in 
eqs. (2.21) and (2.22) are identical. More generally, in the convention of footnote 5, the indices of all higher-rank 
spinors can be raised [lowered] via multiplication on the left [right] by the appropriate epsilon symbol, including 
the epsilon symbols themselves, with no extra signs. 

^The Schouten identities also follow from the observation that a rank-four spinor must vanish if it is antisym- 
metric with respect to more than two undotted or dotted two-component spinor indices. 
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To construct Lorentz invariant Lagrangians and observables, one needs to first combine 
products of spinors to make objects tfiat transform as Lorentz tensors. In particular, Lorentz 
vectors are obtained by introducing the sigma matrices cj^^ and ct^"^ defined by [1, 14, 17, 18] 

^0 -0 ( " " 1 ^1 —1 

fj = (T = , cr = —a = 





= -a^ = r , a' = -a'=\ . (2.27) 



Tlie sigma matrices are liermitian, and liave been defined above witli an upper (contravariant) 
index. We denote the 2x2 identity matrix by l2x2 and the three- vector of Pauli matrices by 
a = {a^ , (7^ , (T^). Hence, eq. (2.27) is equivalent to: 

fT^ = (12x2; ^), a'^ = (l2x2 ; -^) • (2.28) 

We also define the corresponding quantities with lower (covariant) indices: 

(y^_i = g^l,u(T'' = {^2xi; -ff) , o^^, = giMuO"" = (12x2; ff) ■ (2.29) 

The relations between and are 

<a = ^a^^aB^^^^ , ^'"^ = ^"^^ , (2.30) 



/3/9 



,a/3^M .7?M/3<^ ^ap^t. _ /2.31) 



Consider a spinor of rank (n, n) denoted by S^^^^ ^ ^^^^ ^ . The object obtained by multi- 
plying S by a'^i/^i"! . . .-^t^nPnOn j-^^g tr ansfomiation properties of an nth rank contravariant 
Lorentz tensor [29,32,115]. For example, there is a one-to-one correspondence between each 
bi-spinor V^^ and the associated Lorentz four-vector [1,17,19,20,28,29],^" 

y = ia^^^K., > K., = ■ (2-32) 

In particular, if y is a real four- vector then V^^ is hermitian (and vice versa). To clarify this 
last remark, consider the bi-spinor V^^ regarded as a 2 x 2 matrix. Then,^^'^^ 

= , {V*)^^ = {V^^r , (0)^^ ^ (y^ . )* = iv*)^^ . (2.33) 



^"in the general relativity literature [42,46,60,92], the more common normalization is = -^a^^"V^^, which 
yields V^^ = "75 ''^'""^m^/S' context, the -^o"^^ are often called the Infeld-van der Waerden symbols. 

^^As stressed in ref. [19], taking the transpose of V^p interchanges its rows and columns without altering the 
fact that the first spinor index is undotted and the second spinor index is dotted. Moreover, it is often useful to 
further simplify the notation by defining V^^ = (V^^)* [i.e., omitting the asterisk in {V*)ai3]. In this notation, 
an hermitian bi-spinor satisfies V^^ = Ki,3- 

^■^The reader is cautioned that some authors do not attach a significance to the relative placement of undotted 
and dotted indices [16], and thus adopt a notational style for higher-rank spinors in which all undotted spinor 
indices appear before the dotted indices (see, e.g., refs. [50, 69]). In this latter convention, one would define 
i^'')pa = i^a$y ■ However, we choose not to adopt this approach, as it is not particularly convenient for the 
matrix interpretation of a bi-spinor where the row index traditionally precedes the column index. 
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An hermitian bi-spinor satisfies V = V^ , or equivalently V^^ = {V*)^^. 

Rank-two spinors (with two undotted or with two dotted indices) can also be interpreted 
as 2 X 2 matrices. In the case of the rank- two spinor Wa^ , it is convenient to define: 

(lyT)/ ^ ^ (^*) . /3 ^ (^wjy ^ (^t)/3 . ^ ^wjy = (^*) ./3 . (2.34) 

Note that the matrix transposition of Wa^ interchanges the rows and colmims of W without 
altering the relative heights of the a and /3 indices. Similar results hold for Wa/j and VF"^ by 
either lowering or raising the relevant spinor indices with the appropriate epsilon symbol. 

When constructing Lorentz tensors from fermion fields, the heights of spinor indices must 
be consistent in the sense that lowered indices must only be contracted with raised indices. As 
a convention, descending contracted undotted indices and ascending contracted dotted indices, 

and (2.35) 

can be suppressed. In all spinor products given in this paper, contracted indices always have 
heights that conform to eq. (2.35). For example, in an index-free notation, we define: 





(2.36) 




(2.37) 




(2.38) 




(2.39) 



All the spinor-index-contracted products above have natural interpretations as products of ma- 
trices and vectors by regarding rja and r/^^" as column vectors and and as row vectors of the 
two-dimensional spinor space. However, the reader is cautioned that in the index-free notation 
(with undotted and dotted indices suppressed), the undaggered and daggered spinors cannot be 
uniquely identified as column or row vectors until their locations within the spinor product are 
specified. Nevertheless, the proper identifications are straightforward, as any spinor on the left 
end of a spinor product can be identified as a row vector and any spinor on the right end of a 
spinor product can be identified as a column vector. 

For an anticommuting two-component spinor ^, the product ip'^ip^ is antisymmetric with 
respect to the interchange of the spinor indices a and f3. Hence, this product of spinors must be 
proportional to e°'^ . Similar conclusions hold for the corresponding spinor products with raised 
undotted indices and with lowered and raised dotted indices, respectively. Thus, 

V^-V'^ = -ie^^V'V' , = h^p^il^ , (2.40) 

^t«^t/3 = , ^t^t ^ , (2.41) 
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where ^tp = ip^ipa and ^l)^^lJ^ = ip^^il^^" as in eqs. (2.36) and (2.37). Note that the minus signs 
above can be understood to be a consequence of the extra minus sign that arises when the indices 
of the epsilon symbol are lowered or raised [cf. eqs. (2.21) and (2.22)]. 

The behavior of the spinor products under hermitian conjugation (for quantum field oper- 
ators) or complex conjugation (for classical fields) is as follows: 

(^r?)t = ,?t^t ^ (2.42) 
(^CT^r?t)t = naf'Cl (2.43) 
(eta^77)t = ^V^^ (2.44) 

i^a^a^vy = ri^a^a^e} , (2.45) 

where we have used the hermiticity properties, (cr^)^ = and (ct^)^ = ct^. More generally, 

(^S77)t = ri'^T.rS} , (eSr/t)t = r?S,e^ , (2.46) 

where in each case S stands for any sequence of alternating a and a matrices, and is obtained 
from S by reversing the order of all of the a and a matrices, since the sigma matrices are 
hermitian. Eqs. (2.42)-(2.46) are applicable both to anticommuting and to commuting spinors. 

The properties of the two-component spinor fields under the discrete C, P and T transfor- 
mations are elucidated in refs. [39, 117]. The corresponding behaviors of the spinor products 
under C, P and T are easily obtained (and are left as an exercise for the reader). 

The following identities can be used to systematically simplify expressions involving prod- 
ucts of a and a matrices: ^'^ 

= 25^'''^^ , (2-47) 
= 2e./3e^;3 ' (2-48) 
-Maa-/3/3 ^ 2e"^e"^ , (2.49) 

Ka'' + a'^a'^]^^ = Ig^'^Sj , (2.50) 

[a'^cT^ + a^aT(} = '^9^"^^^ , (2-51) 

a^aV = g^'^cjf - g^'fa^ + g''Pa^' + ie^"'P''a^ , (2.52) 

a'^a'^aP = g'^'aP - g^^Pa" + g^Paf" - ie^'^P^'a^ . (2.53) 

In the literature, one sometimes sees eqs. (2.48) and (2.49) rewritten using the identity eab^cd = 

SacSbd — ^ad^bc- Howcver, as this latter result does not formally respect covariance with respect 

to the dotted and undotted indices, we shall not employ it here. 

^■^Since the Kronecker delta symbol is symmetric under the interchange of its two indices, naively there is nothing 
gained in writing Sa'^ and S^a, with the spinor indices staggered as shown, instead of and 5^, respectively. 
Nevertheless, we often prefer to employ the former rather than the latter as it provides some insight into the 
spinor index structure of the equation. For example, in eq. (2.50), a labels the row and /3 labels the column of 
the product of sigma matrices. Neither cr'^a" nor a^a*^ is symmetric under the interchange of the (suppressed) 
spinor indices (although the sum of the two is symmetric). By writing Sa^ on the right-hand side of eq. (2.50), 
one formally maintains the index structure of each of the separate terms of the equation. 
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Computations of cross-sections and decay rates generally require traces of alternating prod- 
ucts of a and a matrices (e.g., see ref. [104]): 

Tr[cj^a^] = Tip^'a"] = 2g^"' , (2.54) 
Tr[cj^a^cj^CT''] = 2 {g^'^g'"' - g^'Pg"'' + g^^^g^^ + ief'^P") , (2.55) 
Tiiaf'a^aPa''] = 2 {g^'^gP^ - g^Pg'"'' + g^^^^'' - ie^'^P'') . (2.56) 

Traces involving a larger even number of a and matrices can be systematically obtained from 
eqs. (2.54)-(2.56) by repeated use of eqs. (2.50) and (2.51) and the cyclic property of the trace. 
Traces involving an odd number of a and a matrices cannot arise, since there is no way to 
connect the spinor indices consistently. 

In addition to manipulating expressions containing anticommuting fermion quantum fields, 
we often must deal with products of commuting spinor wave functions that arise when evaluating 
the Feynman rules. In the following expressions we denote the generic spinor by Zj. In the 
various identities listed below, an extra minus sign arises when interchanging the order of two 
anticommuting fermion fields of a given spinor index height. It is convenient to introduce the 
notation: 

. f +1 , commuting spinors, 
(-1)^= (2.57) 
[ — 1 , anticommuting spinors. 

The following identities hold for the Zi'. 

ziZ2 = -{-l)^Z2Zi, (2.58) 

44 = -(-1)^44, (2.59) 

z^aPzl = (-1)^4^^-21 ' (2-60) 

z^aPa^Zi = -{-l)^Z2a''aPzi , (2.61) 

zlaPa'^zl = -i-l)^ zla'^aPzl , (2.62) 

zlaPaPa''z2 = [-1]^ Z2Cj''aPaP z\ , (2.63) 

and so on.^^ The hermiticity properties of the spinor products given in eqs. (2.42)-(2.46) hold 
for both commuting and anticommuting spinors, with no additional sign factor. 

Two-component spinor products can often be simplified by using Fierz identities. Due to the 
antisymmetry of the suppressed two-index epsilon symbol [or equivalently, using the Schouten 
identities given in eq. (2.26)], the following identities are obtained: 

{ziZ2){zzZi) = -iziZ3){ziZ2) - (^1 ^4) (^2^3) , (2-64) 

(44)(44) = -(44)(44) - (44)(44) , (2.65) 
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In particular, if z is a commuting spinor, then zz = z^ z'' = 0, as emphasized in refs. [16, 19]. 
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where we have used eqs. (2.58) and (2.59) to ehminate any residual factors of (—1)^. Similarly, 
eqs. (2.47)-(2.49) can be used to derive additional Fierz identities, 

{zia^zl){zla^,Z4) = -2(^1^4) (44) > (2-66) 

(zIa^Z2)(4^M^4) = 2{zlzl){z4Z2) , (2.67) 

{zia''zl){z3a^zl) = 2{zxzz){z\z\) . (2.68) 

Having eliminated all factors of ( — 1)"^, eqs. (2.64)-(2.68) hold for both commuting and anti- 
commuting spinors. 

From the sigma matrices, one can construct the antisymmetrized products:^^ 

{anoP ^ \ (ol^o^'^f' - al.^a^^f') , (2.69) 

{^n% = \ {^'"'^^^ - • (2-70) 

Equivalently, we can use eqs. (2.50) and (2.51) to write: 

{a^anJ = g^'Sj - 2i[ancP , (2.71) 

ia>^aT^ = g^'S"^ - 2i(a^-)"^ . (2.72) 

The components of a^^"^ and a^'^ are easily evaluated: 

(J ■> = (J J = -^j a ^ (J = —a = —a = a = ^^a . (2. mJ 

The matrices a^'^ and a^'^ satisfy self-duality relations, 

a^"' = -^ie'^'P^ap^ , a"" = \ie^"'P''ap^ . (2.74) 

The self-duality relations can be used to obtain the following two identities: 

g^Pa^"' _ g'^P^P'^ + ^w^^^ _ ieP'^^^a^P = , (2.75) 

g^Pai"' _ g'^PaP'' + gPPa'^'^ + ie'^'^'^A^^^ = . (2.76) 

A number of useful properties and identities involving a^'^ and a^'^ can be derived. For 
example, eq. (2.24) implies that: 

{^^0.^ = eare^^(cT'^")/ , {an""^ = e°"e^^(^'^")^, (2-77) 

e™(^^")«^ = e^^an,^ > e™(a^'^)^^ = e^.-ia^^'^Y^ , (2.78) 

e^pi^na" = t^Ao^-; , e'^\an''fi = e^^^o^^ . (2.79) 



^^The reader is cautioned that a'^" and cr''" are sometimes defined in tiie literature witiiout tiie factor of i in 
eqs. (2.69) and (2.70) (as in ref. [77]), or with an overall factor of \i (as in ref. [71]) instead of \i. 
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Using eqs. (2.47)-(2.53), the following identities can be obtained: 

{ct^JM,^ = + ^c^^^ = 2'5a"5/ - 5/<5/ , (2.80) 

{■^n^pM^r = + S^r = 25^^ 6"^^ - 6"^ 6\ , (2.81) 

{<Tne.H■^^.urr = 0, (2.82) 

a'^'aP = \i {g^Paf" - g'^Pa'' + ie^'^P^a^) , (2.83) 

a^'•'aP = \i {g''Pa>' - gPPa" - ie'^'P'^a^) , (2.84) 

aPa'^P = \i {gP^aP - gPPa" - ieP'^P'^a^) , (2.85) 

aPa-'P = \i {gP^aP - gPPa" + ieP'^P'^a^) , (2.86) 

^^U^pn ^ _ 1 ^g'^Pg^^^ _ gPPg'^^ + ^gM'^P^) + 1 ^ (^'^PfjM'^ + (j'^P _ g^^P^j'^^ _ ^'^^^'^P) , (2.87) 

^M^'^P'^ = _ 1 (^^'P^P'c _ gPPg-^^ _ i^i^yp^^ + 1^ {g'^PaP'' + ff'^^CT'^'' - 5^"^'^'' - g^'^aPP) . (2.88) 
Eqs. (2.87) and (2.88) and the antisymmetry of aP'^ and aP'^ yield the following trace formulae: 

Tr aP"" = Tr ct'^'^ = , (2.89) 

T^laP" aP""] = i [gPPg"'^ - gP^g^P - ieP^P"] , (2.90) 

TT[aP''aP''] = \ [gPPg'"^ - gP^g^P + ieP^P"] . (2.91) 

The properties of spinor products involving aP'^ and aP'^ are easily derived. Under hermitian 
conjugation (for quantum field operators) or complex conjugation (for classical fields), 

i^aP^rj)^ = ri^aP'^S} , (2.92) 

due to the hermiticity relation, {aP'^)^ = aP'^ . Next, we use eqs. (2.61) and (2.62) to obtain: 

z^aP'z2 = i-l)^Z2aP''zi , (2.93) 

zlaP^zl = {-\)^z\oP^z\ . (2.94) 

One can also derive additional Fierz identities, which follow from eqs. (2.80)-(2.82), 

(zifT^''z2) (230-^1.24) = -2{zxz^(z2Zz) - {zxZ2)[z-iZ^ , (2.95) 

{zXaP-zW-^^A) = -2(44)(44) - (44)(44) , (2-96) 

(zia'"^Z2)(4^^^4) = 0, (2.97) 



where we have again used eqs. (2.58) and (2.59) to eliminate any residual factors of (— 1) . Thus, 
eqs. (2.95)-(2.97) hold for both commuting and anticommuting spinors. A more comprehensive 
list of sigma matrix identities and their associated Fierz identities are given in Appendix B.l 
(see also Appendix B of ref. [77]). 

The aP^ and 'aP^ satisfy the commutation relations of the JP^ [cf. eq. (2.14)], and thus 
can be identified as the generators of the Lorentz group in the (^,0) and (0, ^) representations, 
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respectively. That is, for the (^,0) representation with a lowered undotted index (e.g. ipa), 
J'^'^ = a^^ , while for the (0, ^) representation with a raised dotted index (e.g. V'^")) J^'^ = a^'^ . 
In particular, the infinitesimal forms for the 4x4 Lorentz transformation matrix A and the 
corresponding matrices M and (M~^)^ that transform the (^,0) and (0, ^) spinors, respectively, 
are given by: 



I3ti 



M 

(M-i)t 



l2x2 
l2x2 



2 



a 



fj,u 



The inverses of these quantities are obtained (to first order in 9) by replacing 
above formulae. Using eqs. (2.77), (2.99) and (2.100), it follows that: 

(M-i)/ = 



(2.98) 
(2.99) 
(2.100) 
9 in the 

(2.101) 
(2.102) 



(M-it)7. 

These results can be used to demonstrate the covariance (with respect to Lorentz transfor- 
mations) of the spinor index raising and lowering properties of the epsilon symbols defined 
in eq. (2.20). The infinitesimal forms given by eqs. (2.98)-(2.100) can also be used [with the 
assistance of eqs. (2.83)-(2.85)] to establish the following two results: 

mVm = A^j.ct'", (2.103) 



M-V^(M-i)t = A^^a^ 



(2.104) 



Using the Lorentz transformation properties of the undotted and dotted two-component spinor 



fields, eqs. (2.103) and (2.104) can be used, respectively, to prove that the spinor products ^^a^ 
and ^a^T]^ transform as Lorentz four-vectors. 

As an example, consider a pure boost from the rest frame to a frame where = {Ep , p), 
which corresponds to 9ij = and = 6^^ = —6^^. We assume that the mass-shell condition 
is satisfied, i.e. = Ep = (|p|^ -|- m?)^/"^ . The matrices M^^ and [(M"-^)''"]"^ that govern the 
Lorentz transformations of spinor fields with a lowered undotted index and spinor fields with a 
raised dotted index, respectively, are given by: 



exp 



M 



exp 



p-a 

m 



where 



/p-a 



= exp(lC-^)=^^ 

{Ep + m) l2x2 - ff-P 
^2{Ep + m) 



for (i,0), 
for (0, i) , 



(2.105) 



/—^ {Ep + m)l2x2 + ff-P 
/p-a = 



m 



(2.106) 
(2.107) 
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These matrix square roots are defined to be the unique non-negative definite hermitian matri- 
ces (i.e., with non- negative eigenvalues) whose squares are equal to the non- negative definite 
hermitian matrices p-a and p-a, respectively.^® 

According to eq. (2.105), the spinor index structure of yjp-o and yjp-o corresponds to that 
of and [(M-i)t]"^, respectively. In this case, we can rewrite eqs. (2.106) and (2.107) as: 



a 



[\fp^ 



a' 



m] 



^ ' ap p 



m] 



(2.108) 
(2.109) 



since a =o^ = l2x2- Using eqs. (2.52) and (2.53), one can easily verify that: 



(2.110) 
(2.111) 



where implicit factors of and inside the square roots of eq. (2.110) have been suppressed. 

Due to the fact that p-a and p-'a are hermitian, we could have defined their hermitian 
matrix square roots by the hermitian conjugate of eq. (2.105). In this case, the spinor index 
structure of ^p-cr and y/p-a would correspond to that of [(M^]"^^ and [M"^]^'^, respectively. 
That is, instead of eqs. (2.108) and (2.109), we would now rewrite eqs. (2.106) and (2.107) in 
the following form: 



^''^{p-<T.,) + m6'^, 



[Vp^'_ 



[\/d^ p-a 



V^2(£;p + m) 
a^-(p-a^'^) + mS: 

ap ^ ' 



^2{Ep + m) 

Using eqs. (2.52) and (2.53), one can again confirm that: 

{^P^Y^yp^Y fi = (a^p-a)''^ , 



(2.112) 
(2.113) 

(2.114) 
(2.115) 



where implicit factors of and a^ inside the square roots of eq. (2.114) have been suppressed. 

The proper choice of the spinor index structure for ^p-a and ^Jp-a can always be determined 
for any covariant expression. That is, if we employ the spinor index-free notation (and suppress 
the factors of a^ and o^), it will always be clear from the context which spinor index structure 
for Jp-a and \Jp-'a is implicit. 



Note that p-a and -p-a are non-negative matrices due to the implicit mass-shell condition satisfied by p'' 



21 



As an example that will prove valuable later on, consider an arbitrary four- vector S^, 
defined in a reference frame where p^^ = (E ; p), whose rest frame value is S^, i.e. 

/ E/m p' /m \ 

5'^ = A^^5)^, with A= . (2.116) 

\^ ' ^ m{E + m) J 

Then, using eqs. (2.7), (2.104) and (2.105), it follows that: 

yjp-a S-a y/p-a = mSn-W , (2.117) 
^/p-a S-a \/p-a = mSji-a . (2.118) 

The spinor index structure of eqs. (2.117) and (2.118) is easily established: 

[v^] ^ [V?^]/ = mSR-a^" , (2.119) 

[y/l^w]^^ S-a^a[y^P^]°'l3 = mSR-ap^. (2.120) 

Using eqs. (2.108)~(2.116) and (2.52)-(2.53), one can directly verify the above results. 

The two-component spinor formalism established in this section will be applied to the 
quantum field theory of fermions in Minkowski space of one time and three space dimensions 
in this review. We also direct the reader's attention to Appendices G.l and G.2, which provide 
details of the correspondence between the two-component and four-component spinor notation. 

For certain applications, the spinor formalism in four-dimensional Minkowski space is not 
sufficient. For example, in order to obtain instanton solutions [118-120], it is necessary to for- 
mulate quantum field theory in Euclidean space. One also needs the Euclidean space formalism 
for a rigorous definition of the path integral [121, 122]. The Green functions derived from the 
Euclidean path integral can be related to the Green functions of the Minkowski space theory 
by a Wick rotation [123]. In addition, to evaluate the loop-corrected Green functions of the 
theory, it is often most convenient to apply a regularization scheme that involves dimensional 
continuation away from d = 4 spacetime dimensions [124] . Thus, we also need to generalize the 
spinor results of this section to d 7^ 4. 

The treatment of fermions in Euclidean space is subtle [125-127]. Here, we focus briefly 
on the mathematics of fermions in d = 4 Euclidean dimensions, where the relevant space- 
time symmetry group is S0(4) rather than S0(3,l). The two-dimensional representations of 
SO(3,l)=SL(2,C), denoted in this section by (^,0) and (0, ^), respectively, are complex repre- 
sentations that are related by hermitian conjugation. In contrast, the two-dimensional represen- 
tations of SO(4)=SU(2)xSU(2), also denoted by (|, 0) and (0, i), respectively,^'' are independent 
pseudo-real representations, i.e. not related by hermitian conjugation. A two-component spinor 



^^These S0(4) representations transform as a doublet under one of the SU(2) groups and as a singlet under the 
other SU(2) group. 
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notation can be formulated for fields that transform respectively under the (2)0) and (0,2) 
representations of S0(4). Details can be found in refs. [119, 128, 129]. 

In Feynman diagram calculations, one can adopt the standard procedure for the Wick 
rotation in order to evaluate the loop integrals in Euclidean space. We shall employ the standard 
Euclidean metric 5^^ in computing scalar products of four-vectors. Moreover, one can define 
Euclidean sigma matrices, = {—iff , a^) and = {iff , o"^), where aj^ = = l2x2- In 
this convention, the Wick-rotated versions of eqs. (2.50)-(2.56) are preserved [after making the 
replacements g'"^ — )• 6'^'^ and ie^^''^ — )• e^^''^, with ei234 _ = +1].^® Further details of our 
Euclidean space conventions are provided at the end of Appendix A. 

The generalization of the spinor results of this section to d 7^ 4, useful for dimensional 
continuation regularization schemes, is discussed in Appendix B.2. In particular, the identities 
of Appendix B.l used to derive Fierz identities [cf. eqs. (2.64)-(2.68) and (2.95)~(2.97)] and any 
identities involving the four-dimensional Levi-Civita e-tensor are not valid unless ^ is a Lorentz 
vector index in exactly four dimensions. In d 7^ 4 dimensions, as used for loop amplitudes in 
dimensional regularization and dimensional 

In our treatment of two-component spinor identities in d 7^ 4 dimensions given in Ap- 
pendix B.2, we take the Lorentz vector indices to formally run over d values, whereas the undot- 
ted and dotted spinor indices continue to take on two possible values. This is sufficient when used 
as a regularization procedure for divergent integrals that arise in loop computations. However in 
generic c?-dimensional field theories (where d is a positive integer), where d is an integer greater 
than 4, the two-component spinor formalism of this review is no longer applicable. Suitable 
methods for treating spinors in diverse spacetime dimensions and signatures [90,91,130-142] are 
briefly presented in Appendix G.3. 

3 Properties of fermion fields 

In this review, we refer to spin-1/2 particles as Majorana or Dirac fermions depending on the 
nature of the global symmetry^^ that governs the fermion Lagrangian and dictates the form of the 
fermion mass terms. A Majorana fermion is a two-component massive field that is completely 
neutral (i.e. a singlet with respect to the symmetry group) or transforms as a non-trivial real 
representation of the symmetry group (cf. footnote 31). A Dirac fermion consists of a pair 
of two-component massive fields that are oppositely charged with respect to a conserved 0(2) 
symmetry. As shown in Section 3.2, Dirac fermions arise when a multiplet of two-component 

^*In practical computations of one-loop matrix elements, one can carry out all the sigma matrix algebra in 
Minkowski space before Wick-rotating to Euclidean space in order to perform the loop integrals. 

^''A subgroup of the global symmetry group may be gauged (and hence promoted to a local symmetry). Degrees 
of freedom not associated with the gauged subgroup are typically referred to as flavor degrees of freedom. 
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fermions transforms as a complex or pseudo-real representation of the symmetry group. ^'^ 

The case of a massless fermion is special, as the absence of mass terms leads to an enhanced 
global symmetry group. Each physical spin-1/2 zero-mass eigenstate is fundamentally a two- 
component spinor. Thus, following the standard nomenclature used for massless neutrinos, it is 
common to employ the term massless Weyl fermion to describe any massless spin-1/2 particle. 

3.1 The two-component fermion field and spinor wave functions 

We begin by describing the properties of a free neutral massive anticommuting spin-1/2 field, 
denoted Cq(x), which transforms as (|,0) under the Lorentz group. The field therefore 
describes a Majorana fermion [3]. The free-field Lagrangian density is [16]: 



On-shell, ^ satisfies the free-field Dirac equation [1,2,14,143,144], 
Consequently after quantization, ^q, can be expanded in a Fourier series [143]: 



Xa{p, s)a{p, s)e 'P-'' + Vaip, s)a^ (jD, s)e'P-' 



(3.1.1) 



(3.1.2) 



(3.1.3) 



(27r)3/2(2£;p)i/2 

where Ep = (|p|^ -|- m^)^/^, and the creation and annihilation operators and a satisfy anti- 
commutation relations: 

{a{p, s), a^p', s')} = 6^{p- p)6ss' , 
and all other anticommutators vanish. It follows that 



(3.1.4) 



E 



d^p 



x{{p, s)a\p, s)e'P''' + yl{p, s)a{p, s)e 



-ip-x 



. (3.1.5) 



(27r)3/2(2^p)V2 

We employ covariant normalization of the one-particle states, i.e., we act with one creation 
operator on the vacuum with the following convention 

\p,s)^i2nf/\2Ep)'/^a\p,s)\0) , 



so that {p,s\p',s') = {2TTf {2Ep)5^ {p - p)5ss' ■ Therefore, 



{G\ia{x)\p,s) =Xa{p,s)e ^^'^ , 

{p,s\Ux)\0)=y^{p,s)e^P--, 



{0\di^)\p,s) = yi{p,s)e-^P-- 
(p,5|4(x)|0)=4(p,s)e^P-. 



(3.1.6) 

(3.1.7) 
(3.1.8) 



■^"Majorana and Dirac fermions can also be described in terms of four-component Majorana and Dirac spinor 
fields, as in Appendix G. However, keep in mind that the terms Majorana spinor and Dirac spinor are defined 
strictly in the context of the four-component spinor formalism as in Appendix G.l, or in the more general context 
of a d-dimensional spacetime as in Appendix G.3. 

■^^Two-component fermions are often called Weyl fermions, due to their association with the two-dimensional 
spinor representations of the Lorentz group introduced by Weyl in refs. [14, 15]. It is now common practice to 
define a Weyl spinor as the left or right-handed projection of a four-component spinor [as in eq. (G.l. 8)]. Of 
course, there is a one-to-one correspondence between these two definitions. 
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It should be emphasized that ^,a{x) is an anticommuting spinor field, whereas Xa and ya are 
commuting two-component spinor wave functions. The anticommuting properties of the fields 
are carried by the creation and annihilation operators. 

Applying eq. (3.1.2) to eq. (3.1.3), we find that the and ya satisfy momentum space 
Dirac equations. These conditions can be written down in a number of equivalent ways: 

, {p-cr)a0y'^^ = mxa , (3.1.9) 

-mya , ip-^f^Vp = -mxt" , (3.1.10) 

-my\ , yiiv^f^ = -Tfixf" , (3.1.11) 

m/ , ?/°(p-o-)^^ = mxt . (3.1.12) 

Using the identities [(p-(7)(p-a)]Q,^ = "p^ bcP and [(p-o')(p-(T)]"^ = one can check that 

both Xa and y^ must satisfy the mass-shell condition, = ir? (or equivalently, = Ep). We 
will later see that eqs. (3.1.9)-(3.1.12) are often useful for simplifying matrix elements. 

The quantum number s labels the spin or helicity of the spin- 1/2 fermion. We shall examine 
two approaches for constructing the spin-1/2 states. In the first approach, we consider the 
particle in its rest frame and quantize the spin along a fixed axis specified by the unit vector 
s = (sin 9 cos (j) , sin 6 sin (p , cos 9) with polar angle 9 and azimuthal angle (p with respect to a 
fixed z-axis.^^ The corresponding spin states will be called fixed-axis spin states. The relevant 
basis of two-component spinors Xs eigenstates of ^ff-s, i.e., 

^^•SXs = sXs^ s = ±^- (3.1.13) 

Explicit forms for the two-component spinors Xs their properties are given in Appendix C. 

The fixed-axis spin states described above are not very convenient for particles in relativistic 
motion. Moreover, these states cannot be employed for massless particles since no rest frame 
exists. Thus, a second approach is to consider helicity states and the corresponding basis of 
two-component helicity spinors Xx that are eigenstates of \S-p-, i.e., 

\ff.px^ = \Xx. A = ±i. (3.1.14) 

Here p is the unit vector in the direction of the three-momentum, with polar angle 9 and 
azimuthal angle cj) with respect to a fixed z-axis. That is, the two-component helicity spinors 
can be obtained from the fixed-axis spinors by replacing s by p and identifying 9 and (p as the 
polar and azimuthal angles of p. 

For fermions of mass m 7^ 0, it is possible to define the spin four-vector S^, which is specified 
in the rest frame by (0; s). The unit three- vector s corresponds to the axis of spin quantization 

■^^In the literature, it is a common practice to choose s = z. However in order to be somewhat more general, 
we shall not assume this convention here. 



{p-af^xp = 
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in the case of fixed-axis spin states. In an arbitrary reference frame, the spin four-vector satisfies 
S-p = and S-S = —1. After boosting from the rest frame to a frame in which = {E , p) 
[cf. eq. (2.116)], one finds: 

S'=(^;s + -^^^) . (3.1.15) 



m ' m{E + m) 
If necessary, we shall write S^{s) to emphasize the dependence of on s. 

The spin fom'-vector for helicity states is defined by taking s = p. Eq. (3.1.15) then 
reduces to 

5^ = 1 (IpI ; Ep) . (3.1.16) 

m 

In the non-relativistic limit, the spin four- vector for hehcity states is S''^ ~ (0 ; p), as expected. 
In the high energy limit (E ^ m), = p^ /m + 0{m/E). For a massless fermion, the spin 
four- vector does not exist (as there is no rest frame). Nevertheless, one can obtain consistent 
results by working with massive helicity states and taking the m — t- limit at the end of the 
computation. In this case, one can simply use = p^/m + 0{m/E); in practical computations 
the final result will be well-defined in the zero mass limit. In contrast, for massive fermions at 
rest, the helicity state does not exist without reference to some particular boost direction as 
noted in footnote 23. 

Using eqs. (2.117) and (2.118) with S*^ = (0 ; s), two important formulae are obtained: 

^p-a S-'a yjp-a = mff-s, (3.1.17) 

\J p-'o S-a \Jp-'a = —mff-s. (3.1.18) 

These results can also be derived directly by employing the explicit form for the spin vector 
[eq. (3.1.15)] and the results of eqs. (2.106) and (2.107). 

The two-component spinor wave functions x and y can now be given explicitly in terms of 
the Xs defined in eq. (C.1.11). First, we note that eq. (3.1.9) when evaluated in the rest frame 
yields xi = y'^^ and X2 = y^^- That is, as column vectors, Xa{p = 0) = y^°'{p = 0) can be 
expressed in general as some linear combination of the Xs — '^\)- Hence, we may choose 
(p = 0,s) = yt"(^=0,s) = y/mxs, where the factor of i/m reflects the standard relativistic 
normalization of the rest frame spin states. These wave functions can be boosted to an arbitrary 
frame using eq. (2.105). The resulting undotted spinor wave functions are given by: 

XaiP.s) = y/p^Xs^ a^"(p,s) = -2sx^,V^' (3.1.19) 

ya{p,s) = 2sy/p^X-s^ y"(p,s) = xlv^' (3.1.20) 

and the dotted spinor wave functions are given by 

x1'°(p,s) = -2sVp^X-^, x\{p, s) = x\\Pp^ , (3.1.21) 

2/t<i(^,s) = ^Xs , viiP^s) = 2sx1,VP^, (3-1-22) 



■^•^ Strictly speaking, p is not defined in the rest frame. In practice, helicity states are defined in some moving 
frame with momentum p. The rest frame is achieved by boosting in the direction of —p. 
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where ^"p-o and \J'p-'o are defined either by eqs. (2.108) and (2.109) or by eqs. (2.112) and 
(2.113), respectively (as mandated by the spinor index structure). Note that eqs. (3.1.19)- 
(3.1.22) imply that the x and y spinors are related: 

y(p, s) = 2sa;(p, -s) , y\p, s) = 2sx\p, -s) . (3.1.23) 

The phase choices in eqs. (3.1.19)-(3.1.22) are consistent with those employed for four- 
component spinor wave functions [see Appendix G]. We again emphasize that in eqs. (3.1.19)- 
(3.1.22), one may either choose Xs t)e an eigenstate of ct-s, where the spin is measured in the 
rest frame along the quantization axis s, or choose Xg eigenstate of S-p (in this case 

we shall write s = A), which yields the helicity spinor wave functions. 

The following equations can now be derived: 

{S-af^xp{p, s) = 2sy^''ip, s) , (S ■a)^^y^^ {p, s) = -2sx„(p, s) , (3.1.24) 

{S-<t)^^x^^{p, s) = -2sy^{p, s) , (S-af^y^ip, s) = 2sxt°(p, s) , (3.1.25) 

x^ip, s){S-a)^^ = -2^(p, s) , yiip, s)iS-af^ = 2sx^{p, s) , (3.1.26) 

xi{p,s){S-wf^ = 2sy^{p,s) , y"(p,s)(5-a)„^ = -2^(p,s) . (3.1.27) 

For example, using eqs. (3.1.17) and (3.1.18) and the definitions above for Xa{p, s) and y'^'^{p, s), 
we find (suppressing spinor indices) , 

y/p-a S -a x{p, s) = ^V'^ S-'a ^p-a Xs — f^^'^Xs — ^s^^Xs • (3.1.28) 

Multiplying both sides of eq. (3.1.28) by \fp^ and noting that ^Jv^^fp^ = m, we end up with 

S-ax{p, s) = 2sy/^Xs = '^sy^p, s) . (3.1.29) 

All the results of eqs. (3.1.24)-(3.1.27) can be derived in this manner. 

The consistency of eqs. (3.1.24)-(3.1.27) can also be checked as follows. First, each of these 
equations yields 

{S-aU{S-af^ = -5i , {S-af%S-a)^^ = -5^ , (3.1.30) 

after noting that 4s^ = 1 (for s = ±i). From eqs. (2.50) and (2.51) it follows that S-S = — 1, 
as required. Second, if one applies 

{p-aS-a + S-ap-a)J = 2p-S6j , (3.1.31) 
{p-aS-a + S-ap-af^ = 2p-S5^p, (3.1.32) 

to eqs. (3.1.9)-(3.1.12) and eqs. (3.1.24)-(3.1.27), it follows that p-S = 0. 



^*Explicit forms for two-component spinor wave functions have been exhibited a number of times in the Utera- 
ture. For example, see refs. [104,105] and Appendix I.l. 
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It is useful to combine the results of eqs. (3.1.9)~(3.1.12) and eqs. (3.1.24)-(3.1.27) as follows: 

(p'^ - 2smS^')afxp{p, s) = , (p^ - 2sm5^)a^^xt/^(p, s) = , (3.1.33) 

(p^ + 2smSna''^f'yp{p, s) = , {p^ + 2smS^)a^^.y^^ {p, s) = , (3.1.34) 

x"(p, s)a^^(p^ - 2sm5^) = , 4(p, s)af (p'^ - 2sm5'^) = , (3.1.35) 

2/"(p, s)<^(Pm + 2s"i5^) = , ylip, s)af (p^ + 2sm5^) = . (3.1.36) 

Eqs. (3.1.19)~(3.1.36) also apply to the helicity wave functions x{p,X) and y{p,\) simply by 
replacing s with A and Sf'is) [eq. (3.1.15)] with Sf'ip) [eq. (3.1.16)]. 

The above results are applicable only for massive fermions (where the spin four-vector 5^ 
exists). We may treat the case of massless fermions directly by employing helicity spinors in 
eqs. (3.1.19)-(3.1.22). Putting E = \p\ and m = 0, we easily obtain: 

Xc,{p,X) = V2E {^-X)Xx, x''{p,\) = V2E {l-X)xU, (3.1.37) 

y«(p,A) = V2^(i + A)x_A, y^{p,X) = V2E {^ + X)x{, (3.1.38) 



or equivalently, 



xt"(p,A) = V2^(i-A)x_A, xi{p,X) = V2E C^-X)x{, (3.1.39) 

y^^ip, X) = V2E {^ + X)xx, vUp, X) = V2E C2 + A)xl, • (3.1.40) 

It follows that: 

(i + A)x(p,A) =0, (i + A)xt(p,A) = 0, (3.1.41) 

(i-A)y(p,A) = 0, (i_A)yt(p-,A) = 0. (3.1.42) 

The significance of eqs. (3.1.41) and (3.1.42) is clear; for massless fermions, only one helicity 
component of x and y is non-zero. Applying this result to neutrinos, we find that massless 
neutrinos are left-handed (A = —1/2), while antineutrinos are right-handed (A = -1-1/2). 

Eqs. (3.1.41) and (3.1.42) can also be derived by carefully taking the m — )■ limit of 
eqs. (3.1.33) and (3.1.34) applied to the helicity wave functions x{p, A) and y{p, A) [i.e., replacing 
s with A]. We then replace mS^ with p^, which is the leading term in the limit of E ^ m. 
Using the results of eqs. (3.1.9) and (3.1.10) and dividing out by an overall factor of m (before 
finally taking the m — )• limit) reproduces eqs. (3.1.41) and (3.1.42). 

Having defined explicit forms for the two-component spinor wave functions, we can now 
write down the spin projection matrices. Noting that ^{l + 2sa-s)Xs' ~ ^(1 + 4S'S')Xs' = ^ss'Xs' 
(since s, s' = ±^), one can write: 

XsXl = Ul + 2sa.s)Y, Xs'xl = k{l + 2sa.s), (3.1.43) 

s' 
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where at the second step, we have employed the completeness relation given in eq. (C.1.21) 
Making use of eq. (3.1.17) for a-s, it follows that 



IH Jp-a b-a Jp-(T \ . 

m 



(3.1.44) 



Hence, with both spinor indices in the lowered position. 



x{p, s)x\p, s) = y/p-a 



2^P-(y 



1 ^ 2s , ^ _ , 

1 H Jp-ab-aJp-a 

m 



2s 



ip-a 



p-a -\ p-aS-ap-a 



m 



\ [p-a — 2smS-a] . 



(3.1.45) 



In the final step above, we simplified the product of three dot products by noting that p-S = 
implies that S-a p-a = —p-a S-a. The other spin projection formulae for massive fermions can 
be similarly derived. The complete set of such formulae is given below:^^ 



Xaip, s)x^-{p, s) = i(p^ - 2smSfj,)a'^^ , 
y^Hp, s)y^{p, s) = i(p'^ + 2smSnaf,'' , 
Xa{p,s)y^{p,s) = \ {mScf - 2s[S -a p-a]^^^ , 

y^^ip, s)xUp, s) = i f . + 2s[S-ap-af 



(3.1.46) 
(3.1.47) 
(3.1.48) 

^ -r ^^L^-iy /y-iyj . (3.1.49) 

By taking the hermitian conjugate of the above results, one obtains an equivalent set of formulae. 



x^'^ip, s)x'\p, s) = \{p^- 2smS^')af,'^ , (3.1.50) 
VaiP, s)y^^{p, s) = i(p^, + 2smS^)a'^ - , (3.1.51) 
y«(p, s)x^{p, s) = -\ (m5a^ + 2s[S-ap-a]o 



xt"(p, s)yl{p, s) = -\ m5". - 2s\S-ap-a^ 



(3.1.52) 
(3.1.53) 

For the case of massless spin-1/2 fermions, we must use helicity spinor wave functions. The 
corresponding massless projection operators can be obtained directly from the explicit forms for 
the two-component spinor wave functions given in eqs. (3.1.37)-(3.1.40): 



x^{p, X)x^.{p, A) = (i - X)p-a^^ , 
yt"(p,A)/(p,A) = (i + A)p•a"^ 
Xa{p, X)y'^ (p, X) = 0, 



y^''{p,X)xl{p,X)=0, 



t 



/3 



xt-(p,A)x^(p,A) = (i-A)p-a 
VaiP, X)y^^ip, A) = (i + A)p-CT 

ya{p, X)x'^ {p, X) = 0, 
a;^"(p,A)y^(p,A) = 0. 



/3 
a/3 ' 



(3.1.54) 
(3.1.55) 
(3.1.56) 
(3.1.57) 



Similar formulae for the products of two-component spinor wave functions are given in ref. [104]. 
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As a check, one can verify that the above results follow from eqs. (3.1.46)-(3.1.53), by replacing 
s with A, setting mS^ = p^, and taking the jn — )• limit at the end of the computation. 

Having listed the projection operators for definite spin projection or helicity, we may now 
sum over spins to derive the spin sum identities. These arise when computing squared matrix 
elements for unpolarized scattering and decay. There are only four basic identities, but for 
convenience we list each of them with the two-index height permutations that can occur in 
squared amplitudes by following the rules given in this paper. The results can be derived by 
inspection of the spin projection operators, since summing over s = ±i simply removes all terms 
linear in the spin four- vector S^. 

Y,Xaip,s)xyP,s)=p-c7^^, J^xt"(p,s)x^(p,s)=p•a°^ (3.1.58) 

s s 

^y^''{p,s)y^{p,s)=p-a^^, Y,ya{p,s)yl{p,s)=p-a^^, (3.1.59) 

s s 

^Xa{p,s)y'^{p,s) = mSa'^ , ^ya{p,s)x'^{p,s) = -m5j , (3.1.60) 

s s 

Y,y^^{P.s)x\{p,s) = m5^^, E:rt°(p,s)yt(^,5) = . . (3.1.6I) 

s s 

These results are applicable both to spin sums and helicity sums, and hold for both massive and 
massless spin- 1/2 fermions. 

One can generalize the above massive and massless projection operators by considering 
products of two-component spinor wave functions, where the spin or helicity of each spinor can 
be different. These are the Bouchiat-Michel formulae [112], which are derived in Appendix H.3. 

3.2 Fermion mass diagonalization in a general theory 

Consider a collection of free anticommuting two-component spin-1/2 fields, iai{x), which trans- 
form as (|,0) fields under the Lorentz group. Here, a is the spinor index, and i labels the 
distinct fields of the collection. The free-field Lagrangian is given by (e.g., see ref. [5]): 

if = ii'^'a^'d^ii - \M''i^iJ - ^M,,e^*|tj ^ (3.2.1) 

where 

Mij = {M'^y. (3.2.2) 

Note that M is a complex symmetric matrix, since the product of anticommuting two-component 
fields satisfies ^j^j = ^j^i [with the spinor contraction rule according to eq. (2.35)]. 

In eq. (3.2.1), we have employed the U(A^)-covariant tensor calculus [44, 145] for "fiavor- 
tensors" labeled by the flavor indices i and j. Each left-handed (^,0) fermion always has an 
index with the opposite height of the corresponding right-handed (0, ^) fermion. Raised indices 
can only be contracted with lowered indices and vice versa. Flipping the heights of all flavor 
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indices of an object corresponds to complex conjugation, as in eq. (3.2.2). In particular, we 
generalize eq. (2.17) as follows:^^ 

4' = (V'm)^ ■ (3.2.3) 

If M = 0, then the free-field Lagrangian is invariant under a global U(A^) symmetry. That is, 
for a unitary matrix U, with matrix elements Ui^ , and its hermitian conjugate defined by: 

{U^y = {U,r ^Uh, (3.2.4) 

with Ui^{U^)k-' = Sj, the massless free-field Lagrangian is invariant under the transformations: 

i Wij , f * U',i^^ . (3.2.5) 

For M 7^ 0, eq. (3.2.1) remains formally invariant under the global U(A^)-symmetry if M acts 
as a spurion field [146] with the appropriate tensorial transformation law, M^^ — > U^i^U^ iM^^ . 

Expressions consisting of flavor- vectors and second-rank flavor-tensors have natural inter- 
pretations as products of vectors and matrices. As a result, the flavor indices can be suppressed, 
and the resulting expressions can be written in an index-free matrix notation. To accomplish 
this, one must first assign a particular flavor index structure to the matrices that will appear in 
the index-free expression. For example, given the second-rank flavor-tensors introduced above, 
we define the matrix elements of M to be JVP^ and the matrix elements of U to be UiK Note 
that has the same fiavor-index structure as U . 

As a simple example, in an index-free notation eq. (3.2.5) reads: ^ — > U£, and — > £}U'^ . 
A slightly more complicated example is exhibited below: 

U\M^^ = {U%'M^^ = {U*Mf , (3.2.6) 

where we have used (f/^)"*" = U* in obtaining the final result. That is, in matrix notation with 
suppressed indices, W^kM^^ corresponds to the matrix U*M. Thus, in an index-free notation, 
the tensorial transformation law for the spurion field M is given by M — > U*MU'^. 

We can diagonalize the mass matrix M and rewrite the Lagrangian in terms of mass eigen- 
states ^ai and (real non- negative) masses mj. To do this, we introduce a unitary matrix Q, 

L = ^i'ik , (3.2.7) 

■^^In the case at hand, we have more specifically chosen all of the left-handed fermions to have lowered flavor 
indices, which implies that all of the right-handed fermions have raised flavor indices. However, in cases where 
a subset of left-handed fermions transform according to some representation i? of a (global) symmetry and a 
different subset of left-handed fermions transform according to the conjugate representation R* , it is often more 
convenient to employ a raised flavor index for the latter subset of left-handed fields. 

^^The reader should not be tempted to substitute (7^ for U in eq. (3.2.4), as the resulting flavor- index structure 
for U and would then disagree with the original flavor-index assignments. 
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and demand that NP^Q.i^Q.j^ = m^S^^ (no sum over k), where the are real and non-negative. 
Equivalently, in matrix notation with suppressed indices, ^ = and^® 

0"^M0 = m = diag(mi,m2, . . .)• (3.2.8) 

This is the Takagi diagonahzation [111,147] of an arbitrary complex symmetric matrix, which 
is discussed in more detail in Appendix D.2. To compute the values of the diagonal elements 
of m, note that 

nUd^fMn = m} . (3.2.9) 

Indeed M.'^M is hermitian and thus it can be diagonalized by a unitary matrix. Hence, the 
elements of the diagonal matrix m are the non-negative square roots of the corresponding 
eigenvalues of M^M. However, in cases where M'^M has degenerate eigenvalues, eq. (3.2.9) 
cannot be employed to determine the unitary matrix that satisfies eq. (3.2.8). A more general 
technique for determining O that works in all cases is given in Appendix D.2. 
In terms of the mass eigenstates, 

^ = ii^'a^d^ii - \rrn{iiii + i^'i^') , (3.2.10) 

where the sum over % is implicit. If the mj 7^ are non-degenerate, then the corresponding field 
describes a neutral Majorana fermion consisting of two on-shell real degrees of freedom. The 
case of mass degeneracies will be treated explicitly below. If mj = 0, then we shall denote the 
corresponding field as a massless Weyl fermion [15]. 

Each can now be expanded in a Fourier series, exactly as in eq. (3.1.3): 

= E / (2vr)3/2'^(2^^^)i/2 [^a(P,s)a,(p,.)e-^- + y„(p,.)al(p,.)e^^-] , (3.2.11) 

where Kjp = (|p|^ + m?)"^/^, and the creation and annihilation operators, a| and Oj satisfy 
anticommutation relations: 

{ai(p,s),a](p',s')} = 5\p-p')5ss'5^j . (3.2.12) 

We employ covariant normalization of the one-particle states, i.e., we act with one creation 
operator on the vacuum with the following convention 

\p, i, s) = {27rf/\2Eip)'/^al{p, s) |0) , (3.2.13) 

so that {p,i,s\p',j,s') = {2Trf{2Eip)S^{p-p')6ij6ss'- 



^^In general, the are not the eigenvalues of M. Rather, they are the singular values of the matrix M, which 
are defined to be the non- negative square roots of the eigenvalues of M. See Appendix D for further details. 
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In the case of two mass-degenerate massive fermion fields, mi = m2 7^ 0, eq. (3.2.10) 
possesses a global internal 0(2) flavor symmetry, — )• Oj-'^j {i = 1,2), where O'^O = l2x2- 
Corresponding to this symmetry is a conserved hermitian Noether current: 



(3.2.14) 



with a corresponding conserved charge, Q = f J^d^x. In the .^i-.^2 basis, the Noether current is 
off-diagonal. However, it is convenient to define a new basis of fields: 



x = -^(6 + ^6), 



V = ^(6 - «6) • 



With respect to the basis, the Noether current is diagonal: 



(3.2.15) 



(3.2.16) 



That is, the fermions x &iid rj are eigenstates of the charge operator Q with corresponding 
eigenvalues ±1. In terms of the fermion fields of definite charge, the free-field fermion Lagrangian 
[eq. (3.2.10) with i = 1,2 and mi = m2 = m] is given by [16]:^^ 



On-shell, x ^^id r/ satisfy the free-field Dirac equations: 

ia^d^X ~ = ) io'^d^i] — mx^ = . 



(3.2.17) 



(3.2.18) 



In the x^V basis, the global internal S0(2) symmetry (which is continuously connected to the 
identity) is realized as the U(l) symmetry x ~^ c*^x V ~^ e~*^r/, where 9 is the rotation 
angle that defines the S0(2) rotation matrix. 

Together, x ^-^d r]"^ constitute a single Dirac fermion. We can then write: 



Vaix) = 



(27r)3/2(2Ep)l/2 
(27r)3/2(2Ep)l/2 



x„(p, s)a{p, s)e 'P-^ + ya{p, s)b'^ {p, s)e*P-^ 
Xa{p, s)b{p, s)e-'P-'' + Vaip, s)a^{p, s)e'P"' 



(3.2.19) 
(3.2.20) 



where Ep = (|p|^ + m^)^/^, the creation and annihilation operators, a\ b\ a and b satisfy 
anticommutation relations: 



{a{p,s),a\p',s')} = {b{p,s),b\p\s')} = 5='(p-p')V 



(3.2.21) 



■^^ Although the fermion mass matrix is not diagonal in the x~V basis, this is not an obstacle to the subsequent 
analysis, as one only needs a diagonal squared-mass matrix, to ensure that the denominators of propagators 

are diagonal. Eq. (3.2.15) provides the explicit Takagi diagonalization of the Dirac fermion matrix (Jg). See 
Appendix D.3 for the mathematical interpretation of this special case. 
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and all other anticommutators vanish. We now must distinguish between two types of one- 
particle states, which we can call fermion (F) and antifermion (F): 

\p,s;F) = {27rf/\2Ep)'/'aHp,s)\0) , \p,s;F) = {27Tf\2Ep)'/H\p,s)\0) . (3.2.22) 

Note that both ri{x) and x^(^) can create \p,s;F) from the vacuum, while r]^(x) and xi^) can 
create \p, s; F). The one-particle wave functions are given by: 

(0| xaix) \p, s; F) = x«(p, s)e~'P-^ , (0| r?t (x) \p, s; F) = y^p, s)e-'P-- , (3.2.23) 

{F;p, s\ na{x) |0) = y,(p, s)e'P-^ , (F;p, s\ xi{x) |0) = x\{p, s)e'P-- , (3.2.24) 

(0| 7?„(rE) \p, s; F) = x,(p, s)e-'P-- , (0| xlix) |p, s;F) = y^ip, s)e-^P-- , (3.2.25) 

(F;p,s|xa(x)|0) =?/„(p,s)e^f■^ s| ^(x) |0) = ^^(p, s)e^P■^ (3.2.26) 

and the eight other single-particle matrix elements vanish. 

More generally, consider a collection of free anticommuting charged Dirac fermions, which 
can be represented by pairs of two-component fields Xaiix), Vaix). These fields transform in 
(possibly reducible) representations of the unbroken symmetry group that are conjugates of each 
other. This accounts for the opposite flavor index heights of Xi &iid fj^ [cf. footnote 26]. The 
free-field Lagrangian is given by 

= ix^'a^'^^x^ + 4^^d^v' " M'jXiV' " M,^x^ , (3.2.27) 

where M is an arbitrary complex matrix with matrix elements M*j, and 

Mi^ = (M'j)* . (3.2.28) 

If M = 0, then the free-field Lagrangian is invariant under a global U(A^)xU(A^) symmetry. 
That is, for a pair of unitary matrices Ul and Un, with matrix elements given respectively by 
{UL)i-^ and [URYj, and the corresponding hermitian conjugates defined by: 

iul)/ = im^r = , (uj^y, = [{UnYj]* = , (3.2.29) 

the massless free-field Lagrangian is invariant under the transformations: 

Xi^iUiVXj, X^'^iUiT^X^', f^iURfjrf, r)l^(Wr)]. (3.2.30) 

For M 7^ 0, eq. (3.2.27) remains formally invariant under the U(A^)xU(A^) symmetry if M acts as 
a spurion field [146] with the appropriate tensorial transformation law, M*j — )■ {UlY kiUn) / M'' £ 
(or equivalently, in an index-free matrix notation with suppressed flavor indices, M — t- U^MUj^). 

In order to diagonalize the mass matrix, we introduce the mass eigenstates Xi and r/* and 
unitary matrices L and R, with matrix elements given respectively by Lj^ and i?*^, such that 

Xi = U\k , ff = R'kv'' , (3.2.31) 
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and demand that M^jLi^R^i = mk5^ (no sum over k), where the rrik are real and non-negative. 
Equivalently, in matrix notation with suppressed indices, x = Lx , fj = Rij and 

L'^MR = m = diag(mi, ma, . . .), (3.2.32) 

with the nii real and non-negative (cf. footnote 28). The singular value decomposition of linear 
algebra, discussed more fully in Appendix D.l, states that for any complex matrix M, unitary 
matrices L and R exist such that eq. (3.2.32) is satisfied. It then follows that: 

lJ{MM'<)L* = R\M^M)R = m^. (3.2.33) 

That is, since MM"^ and M'^ M are both hermitian, they can be diagonalized by unitary matrices. 
The diagonal elements of m are therefore the non-negative square roots of the corresponding 
eigenvalues of MM^ (or equivalently, M^M). In terms of the mass eigenstates, 

if = ix^'a^d^Xi + iril^^'d^Tf - miixnf + X^SJ) • (3.2.34) 

The mass matrix now consists of 2 x 2 blocks ( ^. ™' ) along the diagonal. More importantly, 
the squared-mass matrix is diagonal with doubly degenerate entries mf that will appear in the 
denominators of the propagators of the theory. For irii ^ 0, each Xi^^* P^h describes a charged 
Dirac fermion consisting of four on-shell real degrees of freedom. In addition, eq. (3.2.34) 
yields an even number of massless Weyl fermions. 

Given an arbitrary collection of two-component left-handed (^,0) fermions, the distinction 
between Major ana and Dirac fermions depends on whether the Lagrangian is invariant under a 
global (or local) continuous symmetry group G, and the corresponding multiplet structure of the 
fermion fields [148]. If no such continuous symmetry exist, then the fermion mass eigenstates 
will consist of Majorana fermions. If the Lagrangian is invariant under a symmetry group G, 
then the collection of two-component fermions will break up into a sum of multiplets that 
transform irreducibly under G. As described in Appendix E, a representation R can be either 
a real, pseudo-real, or complex representation of G. If a multiplet transforms under a real 
representation of G, then the corresponding fermion mass eigenstates are Majorana fermions. If 
a multiplet transforms under a complex representation of G, then the corresponding fermion mass 
eigenstates are Dirac fermions. In particular [as noted above eq. (3.2.27)], if the Xi transform 
under the representation i?, then the rf transform under the conjugate representation R* . 

■^"Of course, one could always choose instead to treat the Dirac fermions in a non-charge-eigenstate basis 
with a fully diagonalized mass matrix, as in eq. (3.2.10). Inverting eq. (3.2.15) for each Dirac fermion yields 
^2i-i = {Xi + '?')/V2 and S,2i ~ iiVi ~ X*)/v^- However, it is rarely, if ever, convenient to do so; practical 
calculations only require that the squared-mass matrix M is diagonal, and it is of course more convenient to 
employ fields that carry well-defined charges. 

^^This is a slight generalization of the more restrictive definition that requires Majorana fermions to transform 
trivially under the group G. Gluinos, which transform under the (real) adjoint representation of the color SU(3) 
group, are Majorana fermions according to our more general definition. 
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The case where a multiplet of two-component left-handed fermions transform under a 
pseudo-real representation of G has not been explicitly treated above. The simplest exam- 
ple of this kind is a model of 2n multiplets (or "flavors") of two-component SU(2)-doublet^^ 
fermions, ipia (where i = 1,2, ...,2n labels the flavor index and a labels the SU(2) doublet 
index). The free-field Lagrangian is given by: 

if = i^tiv^a^v;^^ - 1 [u'^e'^^Mjb + h.c.) , (3.2.35) 

where e"'' is the antisymmetric SU(2)-invariant tensor, defined such that e^^ = — e^^ = As 
("'^'i'ia'i'jh is antisymmetric under the interchange of flavor indices i and j, it follows that M is 
a complex antisymmetric matrix. To identify the fermion mass eigenstates V'jaj we introduce a 
unitary matrix U (with matrix elements Ui^) such that if^ia = Ui^tpja and demand that: 

U^MV . iV . dia. { -) . [_l 7) , . . . , [_l 7) } , (3.2.3«) 

where N is written in block-diagonal form consisting of 2 x 2 matrix blocks appearing along the 
diagonal, and the nrij are real and non-negative. Eq. (3.2.36) corresponds to the reduction of a 
complex antisymmetric matrix to its real normal form [149], which is discussed in more detail 
in Appendix D.4. In order to compute the m/j, we first note that 

U'^M'^MU = diag(m? , , , , . . . , , ml) . (3.2.37) 

Hence, the rrij are the non-negative square roots of the corresponding eigenvalues of M'^ M. 
Since the dimension of the doublet representation of SU(2) provides an additional degeneracy 
factor of 2, eq. (3.2.37) implies that the mass spectrum consists of 2n pairs of mass-degenerate 
two-component fermions, which are equivalent to 2n Dirac fermions. In particular, 

2n n 
if = ^ ^V't-^^5^V'^a - a^2^, b + h.C.) . (3.2.38) 

i=l 1=1 

In the general case of a pseudo-real representation R (of dimension dji), the SU(2)-invariant 
e-tensor is replaced by a more general x da unitary antisymmetric matrix, C [defined in 
eq. (E.1.9)]. Thus, the analysis above can be repeated virtually unchanged. By defining 

Xia = i^2^-l,a, ?r = C"V2»,fe, i = 1, 2, . . . , n ; a = 1, 2, . . . , djj , (3.2.39) 
with an implicit sum over the repeated index b, the resulting Lagrangian given by 

n 

i=l 

■'■^The doublet representation of SU(2) is pseudo-real. 
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describes a free field theory of ndn Dirac fermions [cf. eq. (3.2.34)]. Therefore, if a multiplet of 
two-component left-handed fermions transforms under a pseudo-real representation of G, then 
the corresponding fermion mass eigenstates are Dirac fermions [148]. If eq. (3.2.35) contains 
an odd number of pseudo-real fermion multiplets, then the (antisymmetric) mass matrix M is 
odd-dimensional and thus has an odd number of zero eigenvalues [according to eq. (D.4.1)]. But 
as dji must be even, it follows that the pseudo-real fermion multiplet contains an even number 
of massless Weyl fermions. 

In conclusion, the mass diagonalization procedure of an arbitrary field theory of fermions 
yields (in general) a set of massless Weyl fermions, a set of massive neutral Major ana fermions 
[as in eq. (3.2.10)], and a set of massive charged Dirac fermions [as in eq. (3.2.34)]. The Feynman 
rules for these mass eigenstate two-component fermion fields are given in Section 4. 

For completeness, we review the squared-mass matrix diagonalization procedure for scalar 
fields. First, consider a collection of free commuting real spin-0 fields, (pi{x), where the flavor 
index i labels the distinct scalar fields of the collection. The free-field Lagrangian is given by'^^ 

if = ^^^ip^^^'^i - \Mf^^,^j , (3.2.41) 

where is a real symmetric matrix. We diagonalize the scalar squared-mass matrix by 
introducing mass eigenstates (pi and the orthogonal matrix Q such that (pi = Qijfj, with 
M?jQikQji = rnl6ke (no sum over k). In matrix form, 

Q'^M^Q = m^ = diag(m?, mi, . . .) , (3.2.42) 

where the squared-mass eigenvalues are real.'^^ This is the standard diagonalization problem 
for a real symmetric matrix. 

Next, consider a collection of free commuting complex spin-0 fields, ^i{x). For complex 
fields, we follow the conventions for fiavor indices enunciated below eq. (3.2.2) [e.g. = (<&i)^]. 
The free-field Lagrangian is given by 

^ = df,¥d''^i - (m2)^j4,I>J' , (3.2.43) 

where is an hermitian matrix [i.e., {M'^Yj = (M'^)j^ in the notation of eq. (3.2.29)]. 

We diagonalize the scalar squared-mass matrix by introducing mass eigenstates and the 
unitary matrix W such that = Wi'^^k (and = W\^''), with {M'^yjWi^W^ i = m\6^ (no 
sum over k). In matrix form, 

W^M'^W = = diag(m?, m^, . . .) . (3.2.44) 

where the squared-mass eigenvalues m| are real (cf. footnote 34). This is the standard diago- 
nalization problem for an hermitian matrix. 

^''Since the scalar fields are real, there is no need to distinguish between raised and lowered flavor indices, 
'^''if the vacuum corresponds to a local minimum (or flat direction) of the scalar potential, then the squared-mass 
eigenvalues of are real and non-negative. 
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4 Feynman rules with two- component spinors 



In order to systematically perform perturbative calculations using two-component spinors, we 
present the basic Feynman rules. The Feynman rules for the Standard Model (and its see- 
saw extension) and the MSSM (including possible R-parity-violating interactions) are given in 
Appendices J, K and L. Feynman rules for two-component spinors have also been treated in 
refs. [49,106,109]. 

4.1 External fermion and boson rules 

Consider a general theory, for which we may assume that the mass matrix for fermions has been 
diagonalized as discussed in Section 3.2. The rules for assigning two-component external state 
spinors are then as follows: 

• For an initial state (incoming) left-handed (^,0) fermion: x 

• For an initial state (incoming) right-handed (0, |) fermion: 

• For a final state (outgoing) left-handed (^,0) fermion: 

• For a final state (outgoing) right-handed (0, ^) fermion: y 

where we have suppressed the momentum and spin arguments of the spinor wave functions. 
These rules are summarized in the mnemonic diagram of Fig. 4.1.1. 



Initial State 




Final State 



Figure 4.1.1: The external wave function spinors should be assigned as indicated here, for 
initial state and final state left-handed (^,0) and right-handed (0, \ ) fermions. 

In general, the two-component external state fermion wave functions are distinguished by 
their Lorentz group transformation properties, rather than by their particle or antiparticle status 
as in four-component Feynman rules. This helps to explain why two-component notation is 
especially convenient for (i) theories with Majorana particles, in which there is no fundamental 
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distinction between particles and antiparticles, and (ii) theories like the Standard Model and 
MSSM in which the left and right-handed fermions transform under different representations of 
the gauge group and (iii) problems with polarized particle beams. 

In contrast to four-component Feynman rules (given in Appendix G.5), the direction of 
the arrows do not correspond to the flow of charge or fermion number. The two-component 
Feynman rules for external fermion lines simply correspond to the formulae for the one-particle 
wave functions exhibited in eqs. (3.1.7) and (3.1.8) [with the convention that \p,s) is an initial 
state fermion and {p,s\ is a final state fermion]. In particular, the arrows indicate the spinor 
index structure, with fields of undotted indices fiowing into any vertex and fields of dotted 
indices fiowing out of any vertex. 

The rules above apply to any mass eigenstate two-component fermion external wave func- 
tions. It is noteworthy that the same rules apply for the two-component fermions governed by 
the Lagrangians of eq. (3.2.10) [Majorana] and eqs. (3.2.34) or (3.2.40) [Dirac]. 

The corresponding rules for external boson lines are well-known (see, e.g ref. [114]). 

• For an initial state (incoming) or final state (outgoing) spin-0 boson : 1 

• For an initial state (incoming) spin-1 boson of momentum k and helicity A : e^(fc , A) 

• For a final state (outgoing) spin-1 boson of momentum k and helicity A : e^{k , A)* 

The explicit form of the helicity ±1 (massless or massive) spin-1 polarization vector is given 
in eq. (1.2.41). The helicity zero massive spin-1 polarization vector is given in eq. (1.2.43). 

4.2 Propagators 

Next we turn to the subject of fermion propagators for two-component fermions. A derivation of 
the two-component fermion propagators using path integral techniques is given in Appendix F. 
Here, we will follow the more elementary approach typically given in an initial textbook treat- 
ment of quantum field theory. 

Fermion propagators are the Fourier transforms of the free-field vacuum expectation values 
of time-ordered products of two fermion fields. They are obtained by inserting the free-field 
expansion of the two-component fermion field and evaluating the spin sums using the formulae 
given in eqs. (3.1.58) and (3.1.61). For the case of a single neutral two-component fermion field 
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Figure 4.2.1: Feynman rules for propagator lines of a neutral two-component fermion with 
mass m. (For simplicity, the +ie terms in the denominators are omitted in all propagator rules.) 

i{x) of mass m, eqs. (3.2.11) and (3.2.12) yield [49,106,108,109,143,150]: 
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p-^^p, (4.2.1) 
(4.2.2) 
(4.2.3) 
m6a'^ , (4.2.4) 



where FT indicates the Fourier transform from position to momentum space. These results 
have a clear diagrammatic representation, as shown in Fig. 4.2.1. Note that the direction of the 
momentum flow p^ here is determined by the creation operator that appears in the evaluation 
of the free- field propagator. Arrows on fermion lines always run away from dotted indices at a 
vertex and toward undotted indices at a vertex. 

There are clearly two types of fermion propagators. The first type preserves the direction of 
arrows, so it has one dotted and one undotted index. For this type of propagator, it is convenient 
to establish a convention where p'^ in the diagram is defined to be the momentum flowing in the 
direction of the arrow on the fermion propagator. With this convention, the two rules above for 
propagators of the first type can be summarized by one rule, as shown in Fig. 4.2.2. Here the 
choice of the a or the a version of the rule is uniquely determined by the height of the indices 



^^The Fourier transform of a translationally invariant function f{x, y) = f{x — y) is given by 



f{x,y) = 



{2tt 



In the notation of the text above, f{x, y)j 



where 
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or 

p2 _ p2 _ 

Figure 4.2.2: This rule summarizes the results of both Figs. 4.2.1(a) and (b) for a neutral 
two-component fermion with mass m. 

on the vertex to which the propagator is connected. These heights should always be chosen 
so that they are contracted as in eq. (2.35). It should be noted that in diagrams (a) and (b) 
of Fig. 4.2.1 as drawn, the indices on the a and a read from right to left. In particular, the 
Feynman rules for the propagator can be employed with the spinor indices suppressed provided 
that the arrow-preserving propagator lines are traversed in the direction parallel [antiparallel] 
to the arrowed line segment for the a [a] version of the rule, respectively. 

The second type of propagator shown in diagrams (c) and (d) of Fig. 4.2.1 does not preserve 
the direction of arrows, and corresponds to an odd number of mass insertions. The indices on (5"^ 
and are staggered as shown to indicate that a and a are to be contracted with expressions 
to the left, while /3 and /3 are to be contracted with expressions to the right, in accord with 
eq. (2.35).37 



p 

► 

► 



< X » 

Figure 4.2.3: Fermion mass insertions (indicated by the crosses) can be treated as a type of 
interaction vertex, using the Feynman rules shown here. 

Starting with massless fermion propagators, one can also derive the massive fermion propa- 
gators by employing mass insertions as interaction vertices, as shown in Fig. 4.2.3. By summing 
up an infinite chain of such mass insertions between massless fermion propagators, one can 
reproduce the massive fermion propagators of both types. 

The above results for the propagator of a Majorana fermion can be generalized to a mul- 
tiplet of mass eigenstate Majorana fermions, 5,aa{x) [such as a color octet of gluinos], which 
transforms as a real representation of a (gauge or flavor) group G (where a = 1,2, ... ,dji for 
a representation of dimension dji). In this case, the Feynman graphs given in Figs. 4.2.1-4.2.3 
are modified simply by specifying a group index a and b at either end of the propagator line. The 
corresponding Feynman rules then includes an additional Kronecker delta factor in the group 

•^^The second form of the rule in Fig. 4.2.2 arises when one flips diagram (b) of Fig. 4.2.1 around by a 180° 
rotation (about an axis perpendicular to the plane of the diagram), and then relabels p — > —p, d — > /3 and /3 — >■ a. 

''^As in Fig. 4.2.2, alternative and equivalent versions of the rules corresponding to diagrams (c) and (d) of 
Fig. 4.2.1 can be given for which the indices on the Kronecker deltas are staggered as S'^a and (5a". These versions 
correspond to flipping the two respective diagrams by 180° and relabeling the indices d — >■ /? and /3 — >■ a. 



/5 
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indices. In particular, if we associate the index a with the spinor indices a, a and the index b 
with the spinor indices /3, /3, then the rules exhibited in Fig. 4.2.1(a) and (b) would include the 
following Kronecker delta factors: 

(a) 5l (6) 6t, (4.2.5) 

and the factors of m in the rules exhibited in Fig. 4.2.1(c) and (d) would be replaced by 

(c) 5,W^5^ = mX', (d) 5lm,X = mJab, (4.2.6) 

(with no sum over the repeated index a), where m'^'^ and rricd = Trf'^ are diagonal matrices with 
real non-negative diagonal elements nic. Here, we have introduced the separate symbol rricd in 
order to maintain the convention that two repeated group indices are summed when one index 
is raised and one index is lowered. Of course, if the Lagrangian is invariant under the symmetry 
group G, then a multiplet of Majorana fermions corresponding to an irreducible representation 
R has a common mass m = ma- 
lt is convenient to treat separately the case of charged massive fermions. Consider a charged 
Dirac fermion of mass m, which is described by a pair of two-component fields xi^) ^-nd 'i]{x) 
[cf. eq. (3.2.17)]. Using the free-field expansions [eqs. (3.2.19) and (3.2.20)] and the spin sums 
[eqs. (3.1.58)-(3.1.61)], the two-component free-field propagators are obtained: 

(0| Txa{x)xliy) |0)pT = (0| Trj^{x)r]\{y) |0)pT = ^^P'^o.^ , (4-2.7) 
(0| Txt"(x)x^(y) |0)pT = (0| rr/t°(x)r?/^(y) |0)pT = ^^p-^^ , (4.2.8) 
(0| Txa{x)7i''{y) |0)pT = (0| rr?„(x)x^(y) |0)pT = -^^m6j , (4.2.9) 

(0| Txt"(x)r?t (y) |0)pT = (0| Trj^Hx)xl{y) |0)pT = ^^^^"^ . (4.2.10) 

For all other combinations of fermion bilinears, the corresponding two-point functions vanish. 
These results again have a simple diagrammatic representation, as shown in Fig. 4.2.4. Note that 
for Dirac fermions, the propagators with opposing arrows (proportional to a mass) necessarily 
change the identity (x or rj) of the two-component fermion, while the single-arrow propagators 
are diagonal in the fields. In processes involving such a charged fermion, one must of course 
distinguish between the x ^-nd r/ fields. 

The above results for the propagator of a Dirac fermion can be generalized to a multiplet of 
mass eigenstate Dirac fermions, Xai^ which transform under a (gauge or flavor) group G. In 
this case, the Feynman graphs given in Fig. 4.2.4 are modified simply by specifying a group index 
i and j at either end of the propagator line. The corresponding Feynman rules then include an 
additional Kronecker delta factor in the group indices. In particular, if we associate the group 
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(a) 



X — 



or 



X 
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i2 — m'^ 



(b) 



V — 
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a 



pz 



(c) 



X- 



/3 



a 



(d) 



X 



p2 _ ruj2 



-5 ^ 



pz 



Figure 4.2.4: Feynman rules for propagator lines of a pair of charged two-component fermions 
with a Dirac mass m. As in Fig. 4.2.2, the direction of the momentum is taken to flow from the 
dotted to the undotted index in diagrams (a) and (b). 

index i with the spinor indices a, a and the index j with the spinor indices /?, /3, then the rules 
exhibited in Fig. 4.2.4(a) and (b) would include the following Kronecker delta factors: 

(a) 6i (6) 6), (4.2.11) 

and the factors of m in the rules exhibited in Fig. 4.2.4(c) and (d) would be replaced by 

(c) dfrn^Si = midj , {d) 6\m'j] = mi5i, (4.2.12) 



where m „ and m^" 



m 



are diagonal matrices with real non- negative diagonal elements m^, 



and there is no sum over the repeated index i. (Here, we have introduced the separate symbol 
in order to maintain the convention that two repeated group indices are summed when one 

index is raised and one index is lowered.) As before, if the Lagrangian is invariant under the 

symmetry group G, then an irreducible multiplet of Dirac fermions has a common mass m = rrii. 
For completeness, we exhibit in Fig. 4.2.5 the Feynman rules for the propagators of the 

(neutral or charged) scalar boson and gauge boson in the gauge, with gauge parameter [151] . 



u, b 



p^ 



(1-c) 



p^ — ^m? 



irab 



Figure 4.2.5: Feynman rules for the (neutral or charged) scalar and gauge boson propagators, 
in the gauge, where p^ is the propagating four-momentum. In the gauge boson propagator, 
^ = 1 defines the 't Hooft-Feynman gauge, ^ = defines the Landau gauge, and ^ — )• oo defines 
the unitary gauge. For the propagation of a non-abelian gauge boson, one must also specify the 
adjoint representation indices a, b. 
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4.3 Fermion interactions with bosons 

We next discuss the interaction vertices for fermions with bosons. Renormalizable Lorentz- 
invariant interactions involving fermions must consist of bihnears in the fermion fields, which 
transform as a Lorentz scalar or vector, coupled to the appropriate bosonic scalar or vector field 
to make an overall Lorentz scalar quantity. 

Let us write all of the two-component left-handed (^,0) fermions of the theory as ipi, where 
i runs over all of the gauge group representation and flavor degrees of freedom. In general, the 
(^, 0)-fermion fields V'i consist of Majorana fermions ^j, and Dirac fermion pairs Xi &iid 77* after 
mass terms (both explicit and coming from spontaneous symmetry breaking) are taken into 
account. Likewise, consider a multiplet of scalar fields where I runs over all of the gauge 
group representation and flavor degrees of freedom. In general, the scalar fields (pj consist of 
real scalar fields (pj and pairs of complex scalar fields and = (4*/)^. In matrix form, 




(4.3.1) 



By dividing up the fermions into Majorana and Dirac fermions and the spin-zero fields into real 
and complex scalars, we are assuming implicitly that some of the indices / and i correspond to 
states of a definite (global) U(l)-charge (denoted in the following by qj and qi, respectively). 

The most general set of Yukawa interactions of the scalar fields with a pair of fermion fields 
is then given by: 

^int = -^Y'^''4>iMk - \Yijk¥4'^'i^^^ , (4.3.2) 

where l/j^ = (y^-?*^)* . We have suppressed the spinor indices here; the product of two-component 
spinors is always performed according to the index convention indicated in eq. (2.35). The 
Yukawa Lagrangian [eq. (4.3.2)] must be invariant under: 

(4.3.3) 

where the Qi are the U(l)-charges of the corresponding Dirac fermions and the qj are the U(l)- 
charges of the corresponding complex scalars. Consequently, the form of the Y^^^ is constrained: 

Y^^'' = , unless qi + qj + qk = . (4.3.4) 

Of course, any other conserved symmetries will impose additional selection rules on the Yukawa 
couplings Y^^^. 

The hatted fields are the interaction eigenstate fields. However, in general the mass eigen- 
states can be different, as discussed in Section 3.2. The computation of matrix elements for 
physical processes is more conveniently done in terms of the propagating mass eigenstate fields. 
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(a) 



J, a 




iY^^''6j or - iY^^''5i3'' 



J, a 



(b) 




-iYijkS°'^ or 



YijkS^c 



Figure 4.3.1: Feynman rules for Yukawa couplings of scalars to two-component fermions in 
a general field theory. The choice of which rule to use depends on how the vertex connects to 
the rest of the amplitude. When indices are suppressed, the spinor index part is always just 
proportional to the identity matrix. 

The mass eigenstate basis ■0 is related to the interaction eigenstate basis ■0 by a unitary rotation 
Ui^ on the flavor indices. In matrix form: 
















Xi 


= uij = 





LP 








^0 






(4.3.5) 



where Jl, L, and R are constructed as described previously in Section 3.2 [see eqs. (3.2.8) and 
(3.2.32)]. Likewise, the mass eigenstate basis (j) is related to the interaction eigenstate basis (j) 
by a unitary rotation Vi'^ on the flavor indices. In matrix form. 


















= V(t) = 









Uv 




I 
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(4.3.6) 



where j = (VF/-^)*, and Q and W are constructed according to eqs. (3.2.42) and (3.2.44). 
Thus, we may rewrite eq. (4.3.2) in terms of mass eigenstate fields: 

where 



(4.3.7) 



V/uJUn^Y-^'^'^ . (4.3.8) 

Note that eq. (4.3.4) implies that Y^^^ = unless qi + qj + = 0. The corresponding Feynman 
rules that arise from the Yukawa interaction Lagrangian are shown in Fig. 4.3.1. If the scalar 
(pi is complex, then one can associate an arrow with the flow of analyticity, which would point 
into the vertex in (a) and would point out of the vertex in (b). That is, the arrow on the scalar 
line keeps track of the height of the scalar flavor index entering or leaving the vertex. 
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In Fig. 4.3.1, two versions are given for each Feynman rule. The choice of which rule to use 
is dictated by the height of the indices on the fermion lines that connect to the vertex. These 
heights should always be chosen so that they are contracted as in eq. (2.35). However, when all 
spinor indices are suppressed, the scalar-fermion-fermion rules will have an identical appearance 
for both cases, since they are just proportional to the identity matrix of the 2x2 spinor space. 

To provide a more concrete example of the above results, consider a real neutral scalar field 
<j) and a (possibly) complex charged scalar field $ (with U(l)-charge q^) that interact with a 
multiplet of Majorana fermions and Dirac fermion pairs Xj s-^icl r/-' (with U(l)-charges qj and 
— Qj, respectively). We assume that all fields are given in the mass eigenstate basis. The Yukawa 
interaction Lagrangian is given by: 

-[{^^lYjii^ + {^^2)iji'\^']^ - [i^^2f^^Xj + i^i)i'C^'v]W , (4.3.9) 

where A is a complex symmetric matrix, and k, ki and K2 are complex matrices such that = 
unless q^ = qj — qi and {t^iYj = {n2)ij = unless q^ = qj [flavor index conventions are specified 
in eqs. (3.2.2) and (3.2.28)]. The corresponding Feynman rules of Fig. 4.3.1(a) are obtained by 
identifying Y^^^ = X^^ , k^j, [niYj and {1^2)^'^ for the undotted fermion vertices (p^iCj, ^XiV'^ ^ ^^iV'^ 
and ^>^^,jXj, respectively.^^ The corresponding Feynman rules of Fig. 4.3.1(b) for the dotted 
fermion vertices are governed by the complex-conjugated Yukawa couplings, Y/j^ = (Y^^^)* . 

The renormalizable interactions of vector bosons with fermions and scalars arise from gauge 
interactions. These interaction terms of the Lagrangian derive from the respective kinetic energy 
terms of the fermions and scalars when the derivative is promoted to the covariant derivative: 

{D^y = 6^d^ + i5,A^(T-) J , (4.3.10) 

where the index a labels the real (interaction eigenstate) vector bosons Aa and is summed over. 
The index a runs over the adjoint representation of the gauge group, and the {T°')i^ are 
hermitian representation matrices of the generators of the Lie algebra of the gauge group acting 
on the left-handed fermions (for further details, see Appendix E). For a U{1) gauge group, the 
T" are replaced by real numbers corresponding to the U(l) charges of the left-handed (^,0) 
fermions. There is a separate coupling Qa for each simple group or U(l) factor of the gauge 
group G^^ 

■^^For the $^^iXj vertex, we should reverse the direction of the arrow on the scalar line in Fig. 4.3.1(a) [and 
likewise for the corresponding hermitian-conjugated vertex of Fig. 4.3.1(b)], in which case all arrows on the charged 
scalar and fermion lines would represent the direction of flow of the conserved U(l)-charge. 

''^Since the adjoint representation is a real representation, the height of the adjoint index a is not significant. 
The choice of a subscript or superscript adjoint index is based solely on typographical considerations. 

■'"That is, the generators T" separate out into distinct classes, each of which is associated with a simple group 
or one of the U(l) factors contained in the direct product that defines G. In particular, Qa = Qb if T"" and T'' are 
in the same class. If G is simple, then Qa = g for all a. 
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In the gauge-interaction basis for the left-handed (gjO) two-component fermions the corre- 
sponding interaction Lagrangian is given by 

^i„t = -gaAi'J^'a^iT'')^^ . (4.3.11) 

In the case of spontaneously broken gauge theories, one must diagonalize the vector boson 
squared-mass matrix. The form of eq. (4.3.11) still applies where are gauge boson fields 
of definite mass, although in this case for a fixed value of a, QaT'^ [which multiplies A'^ in 
eq. (4.3.11)] is some linear combination of the original QaT'^ of the unbroken theory. That is, 
the hermitian matrix gauge field {A^)i^ = A'^{T°')i^ appearing in eq. (4.3.11) can always be 
re-expressed in terms of the physical mass eigenstate gauge boson fields. 

If an unbroken U(l) (global or local) symmetry exists, then the physical gauge bosons will 
be eigenstates of the conserved U(l)-charge.^^ If the U(l) symmetry group is orthogonal to the 
gauge group under which the Aa transform, then all the gauge bosons are neutral with respect to 
the U(l)-charge. For example, in the case of the interaction of a gluon with a pair of Majorana 
fermion gluinos, the gluon is a gauge boson that transforms under the SU(3) color group, which 
is orthogonal to the conserved U(1)em- That is, gluinos are color octet, electrically neutral 
fermions. In contrast, in the case of the interaction of a with pair of Majorana neutralinos, 
U(1)em is not orthogonal to the electroweak SU(2)xU(l) gauge group. Nevertheless, the Z^- 
gauge boson interactions of the neutralinos are allowed as they conserve electric charge. 

To obtain the desired Feynman rule, we rewrite eq. (4.3.11) in terms of mass eigenstate 
fermion fields. The resulting interaction Lagrangian can be rewritten as 

ifint = -A^ij^' MGnUj , (4.3.13) 

where the Aa are the mass eigenstate gauge fields (of definite U(l)-charge, if relevant), and 

(G«),^■ = <7af/^(T")fc™C/^^ (4.3.14) 

or in matrix form, = gaU'^T°'U (no sum over a). For values of a corresponding to the 
neutral gauge fields, the are hermitian matrices. The corresponding Feynman rule is shown 
in Fig. 4.3.2. 

In terms of the physical gauge boson fields, A^T" consists of a sum over real neutral gauge fields multiplied 
by hermitian generators, and complex charged gauge fields multiplied by non-hermitian generators. For example, 
in the electroweak Standard Model, G=SU(2) xU(l) with gauge bosons and generators and T" = ir" for 
SU(2) and B^, and Y for U(l), where the r" are the usual Pauli matrices. After diagonalizing the gauge boson 
squared-mass matrix [151]: 

gW^T"- + g'B^Y = J-{W+T+ + W^T") + — ^ (T^ - Qsin" Ow) + eQA^ , (4.3.12) 
V2 cos ow 

where Q = + Y is the generator of the unbroken U(1)em, = ± iT'^, and e = g sin 9w = g' cos 6w. The 
massive gauge boson charge-eigenstate fields of the broken theory consist of a charged massive gauge boson pair, 
W"^ = {W^ =F iW'^)/V2, a neutral massive gauge boson, Z = W cos Ow — B sin 6w, and the massless photon, 
A = W^sindw + Bcosew- 



47 



iiG^^af or 

Figure 4.3.2: The Feynman rules for two-component fermion interactions with gauge bosons. 
The choice of which rule to use depends on how the vertex connects to the rest of the amplitude. 
The are defined in eq. (4.3.14). The index a runs over both neutral and charged (mass 
eigenstate) gauge bosons, consistent with charge conservation at the vertex. 

The above treatment of the gauge interactions of (two-component) fermions is general. 
Nevertheless, it is useful to consider separately three cases where the gauge bosons couple to 
a pair of Majorana fermions, a pair of Dirac fermions, and a fermion pair consisting of one 
Majorana and one Dirac fermion. 

First, consider the gauge interactions of neutral Majorana fermions. The Majorana fermions 
consist of left-handed (^,0) interaction eigenstate fermions that transform under a real rep- 
resentation of the gauge group. After converting from the interaction eigenstates to the mass 
eigenstates using eq. (3.2.7), the Lagrangian for the gauge interactions of Majorana fermions 
is given by: 

^^, = -Al£}'a^{G'')Hj, (4.3.15) 
where the A'^ are neutral (real) mass eigenstate gauge fields, and 

{G'')ii = gan\{T^)k'^nJ , (4.3.16) 

or in matrix form, = ga^'^T°'Q. (no sum over a). Note that the G"" are hermitian matrices. 
The corresponding Feynman rule takes the same form as the generalized rule shown in Fig. 4.3.2, 
with o restricted to values corresponding to the neutral mass eigenstate gauge bosons. 

Next, consider the gauge interactions of charged Dirac fermions. The Dirac fermions consist 
of pairs of left-handed (^, 0) interaction eigenstate fermions Xi and ff that transform as conjugate 
representations of the gauge group (hence the opposite flavor index heights). The fermion mass 
matrix couples x ^'^^ V type fields as in eq. (3.2.27). In the coupling to the interaction eigenstate 
gauge fields, if the {T"')i-' are matrix elements of the hermitian representation matrices of the 
generators acting on the Xi, then the f}* transform in the complex conjugate representation with 
the corresponding generator matrices — (T"")* = — (T")"*", i.e. with matrix elements — (T°)j\ 
Hence, the Lagrangian for the gauge interactions of Dirac fermions can be written in the form: 

^int = -gaA^^x^' a,{T%^x, + 9aA>^i a^{T-)j'v^ . (4.3.17) 

We now rewrite eq. (4.3.17) in terms of mass eigenstate fermion fields using eq. (3.2.31), and 
express the hermitian matrix gauge field A^ = AaT"' in terms of mass eigenstate gauge fields 
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(a) 'WWX^ -i{Gl\iaf or i{Gl)ii a^p, 




(b) 'WWX^ or -i{G\)iU 



Figure 4.3.3: The Feynman rules for the interaction of a gauge boson and a pair of Dirac 
fermions (each formed by x ^^^^ V of the appropriate flavor index) . The fermion lines are labeled 
by the corresponding two-component left-handed (^,0) fermion fields. The matrices and 
depend on the group generators for the representation carried by the Xi according to eqs. (4.3.19) 
and (4.3.20). The index a runs over both neutral and charged (mass eigenstate) gauge bosons, 
consistent with charge conservation at the vertex. 

(of definite U(l)-charge, if relevant). The resulting interaction Lagrangian is then given by: 

^int = -A^, [x^'w.iGD^x, - vjw,{G'k),w] , (4.3.18) 

where AaG'^ and AaGj^ are hermitian matrix-valued gauge fields, with: 

(G2),^■ = <7aL^(T«)fc™L^^ (4.3.19) 
(Gji)/ = QaR^j {T'')jRk' . (4.3.20) 

In matrix form, eqs. (4.3.19) and (4.3.20) read: = QaL'^T'^L and G% = gaB)T°-R (no sum 
over a). For values of a corresponding to the neutral gauge fields, and are hermitian 
matrices. The corresponding Feynman rules for the gauge interactions of Dirac fermions are 
shown in Fig. 4.3.3. Note that Xi with its arrow pointing out of the vertex and rf with its arrow 
pointing into the vertex represent the same Dirac fermion. 

Finally, consider the interaction of a charged vector boson W (with U(l)-charge qy^) with 
a fermion pair consisting of one Majorana and one Dirac fermion. As before, we denote the 
Majorana fermion by and the Dirac fermion pair by Xj ^"^^ V'' (with U(l)-charges qj and 
—qj, respectively). All fields are assumed to be in the mass eigenstate basis. The interaction 
Lagrangian is given by:^^ 

^int = -W,[{Gi),'x^^a'^Ci - {G2h^^'aW] " W^iGiYi e^^x, - {G2fr,y^^] , (4.3.21) 

where Gi and G2 are arbitrary complex matrices, with (GiYj = [(Gi)j-']* and (G2)*-' = [{G2)ij]* , 
such that (Gi)/ = {G2)ij = unless q^r = qj. The interactions of eq. (4.3.21) yield the Feynman 



The sign in front of G2 is conventionally chosen to match the sign of the term proportional to in eq. (4.3. 18) . 
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Figure 4.3.4: The Feynman rules for the interactions of a charged vector boson (with U(l)- 
charge q^y) with a fermion pair consisting of one Majorana fermion and one Dirac fermion 
formed by Xj and r]^ (with corresponding U(l)-charges qj and —qj)- The fermion hnes are labeled 
by the corresponding two-component left-handed (^,0) fermion fields. The matrix couplings Gi 
and G2 are defined in eq. (4.3.21). Note that (Gi)/ = {G2)ij = unless q^^ = qj. The arrows 
indicate the direction of flow of the U(l)-charges of the fermion and boson fields. 

rules exhibited in Fig. 4.3.4. Note that rules (c) and (d) are the complex conjugates of rules 
(a) and (b), respectively, corresponding to a reversal of the flow of the U(l)-charge through the 
interaction vertex. 

In Figs. 4.3.2-4.3.4, two versions are given for each of the boson-fermion-fermion Feynman 
rules. The correct version to use depends in a unique way on the heights of indices used to 
connect each fermion line to the rest of the diagram. For example, the way of writing the 
vector-fermion- fermion interaction rule depends on whether we used il^^^a^ipj, or its equivalent 
form —'ipja^tp^^ , in eq. (4.3.11). Note the different heights of the undotted and dotted spinor 
indices that adorn and a^. The choice of which rule to use is thus dictated by the height of 
the indices on the lines that connect to the vertex. These heights should always be chosen so 
that they are contracted as in eq. (2.35). 

The application of the rules of this subsection will be exhibited in Section 4.5. Many 
additional examples involving Standard Model and MSSM processes can be found in Section 6. 

4.4 General structure and rules for Feynman graphs 

When computing an amplitude for a given process, all possible diagrams should be drawn that 
conform with the rules given in Sections 4.1-4.3 for external wave functions, propagators, and 
interactions, respectively. Starting from any external wave function spinor (or from any vertex 
on a fermion loop), factors corresponding to each propagator and vertex should be written down 
from left to right, following the line until it ends at another external state wave function (or at 
the original point on the fermion loop). If one starts a fermion line at an x or y external state 
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spinor, it should have a raised undotted index in accord with eq. (2.35). Or, if one starts with 
an or y\ it should have a lowered dotted spinor index. Then, all spinor indices should always 
be contracted as in eq. (2.35). If one ends with an a; or y external state spinor, it will have a 
lowered undotted index, while if one ends with an or spinor, it will have a raised dotted 
index. For arrow-preserving fermion propagators and gauge vertices, the preceding determines 
whether the a or a rule should be used. 

With only a little practice, one can write down amplitudes immediately with all spinor 
indices suppressed. In particular, the following must be satisfied: 

• For any scattering matrix amplitude, factors of a and a must alternate. If one or (4.4.1) 
more factors of o and/or a are present, then x and y must be followed [preceded] 

by a cj [ct], and x'^ and y"!" must be followed [preceded] by a a [a]. 

These requirements automatically dictate whether the a or version of the rule for arrow- 
preserving fermion propagators and gauge vertices are employed in any tree-level Feynman 
diagram. In loop diagrams, we must add one further requirement that governs the order of the 
fj and a factors as one traverses around the loop. 

• Arrow-preserving propagator lines must be traversed in a direction parallel [anti- (4.4.2) 
parallel] to the arrowed line segment for the a [cj] version of the propagator rule.^'^ 

For fermion lines that are not closed loops, this last requirement is realized automatically 
provided that the requirements of eq. (4.4.1) are satisfied. However, for closed fermion loops, one 
must use the correct fermion propagator corresponding to the direction around the loop one has 
chosen to follow in writing down the spinor trace with suppressed indices. For example, having 
employed a a [ct] rule at one vertex attached to the loop, one must then traverse the loop from 
that vertex point in a direction parallel [antiparallel] to the arrow-preserving propagator lines 
in the loop. Indeed, this rule is crucial for obtaining the correct sign for the triangle anomaly 
calculation in Section 6.26. 

Symmetry factors for identical particles are implemented in the usual way. Fermi-Dirac 
statistics are implemented by the following rules: 

• Each closed fermion loop gets a factor of —1. 

• A relative minus sign is imposed between terms contributing to a given amplitude whenever 
the ordering of external state spinors (written left-to-right in a formula) differs by an odd 
permutation. 

Amplitudes generated according to these rules will contain objects of the form: 

a = zxY.Z2 (4.4.3) 
^^This rule is simply a consequence of the order of the spinor indices in Fig. 4.2.2, as noted in Section 4.2. 
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where zi and Z2 are each commuting external spinor wave functions x, x', y, or y', and S is a 
sequence of alternating a and a matrices. The complex conjugate of this quantity is obtained 
by applying the results of eqs. (2.42)-(2.46), and is given by^^ 

a* = zl^rzl (4.4.4) 

where is obtained from E by reversing the order of all the a and a matrices, and using the same 
rule for suppressed spinor indices. [Notice that this rule for taking complex conjugates has the 
same form as for anticommuting spinors; cf. eqs. (2.42)-(2.46).] We emphasize that in principle, 
it does not matter in what direction a diagram is traversed while applying the rules. However, 
for each diagram one must include a sign that depends on the ordering of the external fermions. 
This sign can be fixed by first choosing some canonical ordering of the external fermions. Then 
for any graph that contributes to the process of interest, the corresponding sign is positive 
(negative) if the ordering of external fermions is an even (odd) permutation with respect to the 
canonical ordering. If one chooses a different canonical ordering, then the resulting amplitude 
changes by an overall phase (is unchanged) if this ordering is an odd (even) permutation of the 
original canonical ordering. This is consistent with the fact that the 5'-matrix element is only 
defined up to an overall sign, which is not physically observable. 

Note that different graphs contributing to the same process will often have different external 
state wave function spinors, with different arrow directions, for the same external fermion. 
Furthermore, there are no arbitrary choices to be made for arrow directions, as there are in some 
four-component Feynman rules for Majorana fermions (as discussed in Appendix G.) Instead, 
one must add together all Feynman graphs that obey the rules. 

4.5 Basic examples of writing down diagrams and amplitudes 

Some simple examples will help clarify the rules of Section 4.4. In the tree-level Feynman graphs 
of this subsection, we label all two-component fermion lines by their corresponding left-handed 
(i,0) fields. (We shah propose a slightly different labeling convention in Section 5.) A larger 
number of examples, drawn from practical calculations, are given in Section 6. 

^''For Lorentz-scalar quantities of the form given by eq. (4.4.3), there is no distinction between complex conju- 
gation and hermitian conjugation. 

''^For a process with exactly two external fermions, it is convenient to apply the Feynman rules by starting from 
the same fermion external state in all diagrams. That way, all terms in the amplitude have the same canonical 
ordering of fermions and there are no additional minus signs between diagrams. However, if there are four or more 
external fermions, it often happens that there is no way to choose the same ordering of external state spinors for 
all graphs when the amplitude is written down. Then the relative signs between different graphs must be chosen 
according to the relative sign of the permutation of the corresponding external fermion spinors. This guarantees 
that the total amplitude is antisymmetric under the interchange of any pair of external fermions. 

^^The S'-matrix element is related to the invariant matrix element A4fi by Sfi = + (27r)*5''''-' (p/ — pi) iA4 fi , 
where pf (pi) is the total four- momentum of the final (initial) state. \i f ^ i (i.e. the final and initial states are 
distinct), then 5fi = in which case the invariant matrix element is only defined up to an overall (unphysical) 
sign. However, if / = i, the most convenient choice for the canonical ordering of external fermions is the one that 
yields = 5fi (with no extra minus sign), which then fixes the absolute sign of the invariant matrix element. 
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4.5.1 Scalar boson decay to fermion pairs 



Let us first consider a theory with a multiplet of uncharged, massive (^jO) fermions ^j, and a 
real scalar (p, with interaction 




where Xij = (A*-')* and A*-' = A-'*. Consider the decay (f) — )■ Ci{Pi, si)S,j{p2, S2) [for a fixed choice 
of i and j], where by £,i{p, s) we mean the one particle state given by eq. (3.2.13). 



Figure 4.5.1: The two tree-level Feynman diagrams contributing to the decay of a neutral 
scalar into a pair of Major ana fermions. 

Two diagrams contribute to this process, as shown in Fig. 4.5.1. The matrix element is: 



The second line could be written down directly by recalling that the sum over suppressed spinor 
indices is taken according to eq. (2.35). Note that if we reverse the ordering for the external 
fermions, the overall sign of the amplitude changes sign. This is easily checked, since for the 
commuting spinor wave functions (x and y), the spinor products in eq. (4.5.2) change sign when 
the order is reversed [see eqs. (2.58) and (2.59)]. This overall sign is not significant and depends 
on the order used in constructing the two particle state. One could even make the choice of 
starting the first diagram from fermion 1, and the second diagram from fermion 2: 



Here, the first term establishes the canonical ordering of fermions (12), and the contribution from 
the second diagram therefore includes the relative minus sign in parentheses. Indeed, eqs. (4.5.2) 
and (4.5.3) are equal. In the computation of the total decay rate for the case of i = j, one must 
multiply the integral over the total phase space by 1/2 to account for the identical particles. 

Next, we consider a theory of a massive neutral scalar boson that couples to a multiplet of 
Dirac fermions. We denote the corresponding two-component fields by Xi and r/*. For simplicity, 
we take all the U(l)-charges of the Xi to be equal (and opposite to the charges of the 77*). The 
corresponding U(l)-invariant interaction is: 




iM = y{pi, si)'^{-iy^6j)y{p2, 52)/? + {p^, si)c,{-i\ij6'^ p)x\p2, S2) 
= -i>^'^y{Pi,si)y{P2i S2) - iXijX^Pi, si)x1'(p2, S2) . 



(4.5.2) 



iM = -iX'-^y{pi,si)y{p2, S2) - {-l)iXijx'' {p^, S2)x^Pi,si) . 



(4.5.3) 



int — 



(4.5.4) 
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Xj{P2,S2) 



^ V'{Pi,si) ^ Xi{Pi,si) 

Figure 4.5.2: The two tree-level Feynman diagrams contributing to the decay of a neutral 
scalar into a pair of Dirac fermions. The ^^'^ Xj~'n'' pairs, each with oppositely directed 

arrows, comprise Dirac fermion states with flavor indices i and j, respectively. 

where Kj-' = Consider the decay (f) — )■ si)/"'(p2) •S2) [for a fixed choice of i and j], 

where by f{p, s) and f{p, s) we mean the one particle states given by eq. (3.2.22). Two diagrams 
contribute to this process, as shown in Fig. 4.5.2. Note that the outgoing fermion lines are 
distinguished by their U(l)-charges. The matrix element is then given by 

iM = -iK>iy{pi,si)y{p2, S2) - iKi^x^{pi, si)x\p2, S2) ■ (4.5.5) 

The matrix element for (j) — )• fi{Pi, Si)f^{p2, S2) is identical to that of (/> — )• Ci{Pi^ si)S,j{P2, •S2) 
after replacing A*-' with However for fixed i = j, the rate for scalar boson decay to 
is twice that of ^j^j due to the final state identical particles in the latter case, as noted above. 
One also arrives at the same conclusion if one treats a single Dirac fermion as a pair of mass- 
degenerate two-component fields ^1 and ^2 [cf- eq. (3.2.15)]. Due to the U(l)-symmetry, the 
scalar Yukawa interactions are diagonal in the ^1-^2 basis, so the rate for scalar decay into the 
Dirac fermion pair is equal to the incoherent sum of the rate for decay into .^1.^1 and ^2^2- 

4.5.2 Fermion pair annihilation into a scalar boson 

It is also instructive to consider the corresponding 2—7-1 scattering (annihilation) processes 
CiPiT si)£,{p2, S2) — )• 4> and /(Pi, si)/(p25 •S2) ~^ 4'i respectively. The corresponding amplitudes 
are given by eqs. (4.5.2) and (4.5.5) with ?/ — )■ x and — )■ y"^ (for simplicity, we neglect flavor). 
In the computation of the cross-sections, there is no extra factor required to account for the case 
of identical particles in the initial state. That is, the cross-section for /(Pi, si)/(p2) ■S2) —)•(/> is 
equal to the cross-section for (,{Pi, si)^{p2, S2) — )■ </> after replacing A with k. 

This may at first seem puzzling given that a Dirac fermion can be represented by a pair 
of mass-degenerate two-component fields xi ai^d X2- But, recall the standard procedure for the 
calculation of decay rates and cross-sections in field theory — average over unobserved degrees of 
freedom of the initial state and sum over unobserved degrees of freedom of the final state. This 
mantra is well-known for dealing with spin and color degrees of freedom, but it is also applicable 
to degrees of freedom associated with global internal symmetries. Thus, the cross-section for the 
annihilation of a Dirac fermion pair into a neutral scalar boson can be obtained by computing the 
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average of the cross-sections for si)^i(p2, S2) <A and ^2(^1, •51)^2(^2, •S2) — ^ (p- Since the 

annihilation cross-sections for ^1^1 and ^2^,2 are equal, we confirm the annihilation cross-section 
for the Dirac fermion pair obtained above in the x~V basis. Since the latter is conceptually 
simpler, subsequent computations involving Dirac fermions will be performed in the x~V basis. 

The annihilation rate of fermions enters in the analysis of the event flux due to the anni- 
hilation of dark matter in the halo of our galaxy. Let us compare the rates in the case that 
the dark matter is either a Majorana or a Dirac fermion. Suppose the annihilation involves two 
fermions whose number densities are ni and n2 respectively. Then the observer on Earth who 
integrates along the line of sight to the annihilation events that are detected sees a flux of events 
proportional to [152] 



where frei is the relative velocity of the annihilating initial state particles, cJann is the annihilation 
cross-section and (• • • ) refers to a thermal average [153] over the velocity distribution of dark 
matter particles in the halo. We now compare the case of the annihilation of a single species of 
Majorana particles and the annihilation of a Dirac fermion-antifermion pair (assumed to have 
the same mass and couplings). We assume that the number density of Dirac fermions and 
antifermions and the corresponding number density of Majorana fermions are all the same (and 
denoted by n). Above, we showed that fXann is the same for the annihilation of a single species of 
Majorana and Dirac fermions. For the Dirac case, nin2 = n?. For the Majorana case, because 
the Majorana fermions are identical particles, given initial state fermions in a volume V, there 
are A^(A^ — l)/2 possible scatterings. In the thermodynamic limit where A^, 1/ — )• 00 at fixed 
n = N/V, we conclude that nin2 = i^'n? for a single species of annihilating Majorana fermions. 
Hence the event flux rate for the annihilation of a Dirac fermion-antifermion pair is double that 
of a single species of Majorana fermions. The extra factor of 1 /2 can also be understood by 
noting that in the case of annihilating dark matter particles (in the large A^ limit), all possible 
scattering axes occur and are implicitly integrated over. But, integrating over An steradians 
double counts the annihilation of identical particles (in the same way it does in the computation 
of the decay rate of a scalar into identical fermions discussed above). Hence, one must include 
a factor of ^ in this case by replacing nin2 = n? by ^n^ in eq. (4.5.6). 

The relic abundance of primordial dark matter particles in the universe is inversely propor- 
tional to ((Tann^^rci) [155]. By similar arguments to the ones just presented, it follows that the 
relic abundance of a single species of Majorana fermions would be twice that of a single species 
of Dirac fermions. 

*^The factor of 1/2, which has been erroneously omitted in many papers in the literature, was correctly employed 
and explained in ref. [154]. 

**This is also consistent with the interpretation of a Dirac fermion as a pair of mass-degenerate Majorana 
fermions. 




(4.5.6) 
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4.5.3 Vector boson decay into fermion pairs 

Consider next the decay of a massive neutral vector boson into a pair of Majorana fermions, 
— )■ Ci(Pi) •Si)'?i(P25 ^2); following from the interaction, 

Jfint = -GM^C^'^^Cj , (4.5.7) 

where G is an hermitian coupling matrix. The two diagrams shown in Fig. 4.5.3 contribute. 




CjiP2,S2) 




Figure 4.5.3: The two tree-level Feynman diagrams contributing to the decay of a massive 
neutral vector boson into a pair of Majorana fermions. 

We start from the fermion with momentum pi and spin vector si and end at the fermion 
with momentum p2 and spin vector S2, using the rules of Fig. 4.3.2. The resulting amplitude 
for the decay is 



iM 



iGi'x\pi,si)a^y{p2,S2) + iGj'y{pi, si)a^x\p2, S2) 



(4.5.8) 



where is the vector boson polarization vector. We have used the a-version of the vector- 
fermion-fermion rule [see Fig. 4.3.2] for the first diagram of Fig. 4.5.3 and the cr-version for the 
second diagram of Fig. 4.5.3, as dictated by the implicit spinor indices, which we have suppressed. 
However, we could have chosen to evaluate the second diagram of Fig. 4.5.3 using the a-version 
of the vector-fermion-fermion rule by starting from the fermion with momentum p2 and spin 
vector 52- In that case, the term iGj^y{pi, si)a^x'^ {p2, S2) in eq. (4.5.8) is replaced by 



{-l)[-iG/x''{p2, S2)cr^y{pi,si)] 



(4.5.9) 



In eq. (4.5.9), the factor of —iGj^ arises from the use of the a-version of the vector-fermion- 
fermion rule, and the overall factor of —1 appears because the order of the fermion wave functions 
has been reversed; i.e. (21) is an odd permutation of (12). This is in accord with the ordering 
rule stated at the end of Section 4.4. Thus, the resulting amplitude for the decay of the vector 
boson into the pair of Majorana fermions now takes the form: 



iM 



iGi^x^p^, si)af,y{p2, S2) + iG/x^P2, S2)af,y{pi, si) 



(4.5.10) 



which coincides with eq. (4.5.8) after using ya^x'^ = x'^a^y [cf. eq. (2.60) with commuting 
spinors]. Eq. (4.5.10) explicitly exhibits the property that the amplitude is antisymmetric under 
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the interchange of the two external identical fermions. Again, the absolute sign of the total 
amplitude is not significant and depends on the choice of ordering of the outgoing states. 

Next, we consider the decay of a massive neutral vector boson into a pair of Dirac fermions. 
Each Dirac fermion is described by the two-component fields Xi &iid r/% which possess equal and 
opposite U(l)-charges, respectively. The corresponding interaction Lagrangian is given by: 

^i,t = -A^[{GlV X%X, - (Gij)/ rjja^rj^ ] , (4.5.11) 
where Gl and Or are hermitian. There are two contributing graphs, as shown in Fig. 4.5.4. 





Figure 4.5.4: The two tree-level Feynman diagrams contributing to the decay of a massive 
neutral vector boson into a pair of Dirac fermions. The Xi^'H^ Xj~'>l'^ pairs, each with 
oppositely directed arrows, comprise Dirac fermion states with flavor indices i and j, respectively. 

To evaluate the amplitude, we start with the fermion of momentum pi and spin vector si, 
and end at the fermion with momentum p2 and spin vector S2- Note that the outgoing Xi with 
the arrow pointing outward from the vertex and the outgoing r/* with the arrow pointing inward 
to the vertex both correspond to the same outgoing Dirac fermion. The amplitude for the decay 
is given by: 



iM 



-i{GL)i^x\'p^,si)a^y{p2, S2) - i{GR)i^y{pi, si)a^x^P2, S2) 
-i{GL)i^x\p^,si)ai,y{p2,S2) - i{GR)i^ x\p2, S2p^y{p^, si) . (4.5.12) 



As in the case of the decay to a pair of Majorana fermions, we have exhibited a second form 
for the amplitude in eq. (4.5.12) in which the a-version of the vertex Feynman rule has been 
employed in both diagrams. Of course, the resulting amplitude must be the same in each method 
(up to a possible overall sign of the total amplitude that is not determined). 

The computation of the amplitude for the decay of a charged vector boson to a fermion 
pair consisting of one Majorana fermion and one Dirac fermion, due to the interactions given in 
eq. (4.3.21), is straightforward and will not be given explicitly here. 

4.5.4 Tv^o-body scattering of a boson and a neutral fermion 

The next level of complexity consists of diagrams that involve fermion propagators. In the 
examples that follow in this and in the next subsection, we shall ignore the flavor index and 
consider scattering processes that involve a single flavor of Majorana or Dirac fermion. For our 
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Figure 4.5.5: Tree-level Feynman diagrams contributing to the elastic scattering of a neutral 
scalar and a Majorana fermion. There are four more diagrams, obtained from these by crossing 
the initial and final scalar lines. 

first example of this type, consider the tree-level matrix element for the scattering of a neutral 
scalar and a two-component neutral massive fermion {(f)^ — t- (f)^), with the interaction Lagrangian 
given above in eq. (4.5.1). Using the corresponding Feynman rules, there are eight contributing 
diagrams. Four are depicted in Fig. 4.5.5; there are another four diagrams (not shown) where 
the initial and final state scalars are crossed (i.e., the initial state scalar is attached to the same 
vertex as the final state fermion). 

We shall write down the amplitudes for the four diagrams shown in Fig. 4.5.5, starting with 
the final state fermion line and moving toward the initial state fermion line. Then, 



where is the sum of the two incoming (or outgoing) four- momenta, {pi, si) are the momentum 
and spin four- vectors of the incoming fermion, and {p2-,S2) are those of the outgoing fermion. 
The notation "(crossed)" refers to the contribution to the amplitude from diagrams which have 
the initial and final scalars interchanged. Note that we could have evaluated the diagrams above 
by starting with the initial vertex and moving toward the final vertex. It is easy to check that 
the resulting amplitude is the negative of the one obtained in eq. (4.5.13); the overall sign change 
simply corresponds to swapping the order of the two fermions and has no physical consequence. 
The overall minus sign is a consequence of eqs. (2.58)-(2.60) and the minus sign difference 
between the two ways of evaluating the propagator that preserves the arrow direction. 

Next, we compute the tree-level matrix element for the scattering of a neutral vector boson 
and a neutral massive two-component fermion ^ with the interaction Lagrangian of eq. (4.5.7). 
Again there are eight diagrams: the four diagrams depicted in Fig. 4.5.6 plus another four (not 



iM 



I 



x\p2,S2) a-kx{p^,si) + y{p2, S2) a-ky^p^,si) 



fe^ — m; 



+ {-iXfy{p2, S2)x{p^, si) + {-iX*fx''{p2,S2)y\pi,si) \ + (crossed) ,(4.5.13) 
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Figure 4.5.6: Tree-level Feynman diagrams contributing to the elastic scattering of a neutral 
vector boson and a Majorana fermion. There are four more diagrams, obtained from these by 
crossing the initial and final scalar lines. 



shown) where the initial and final state vector bosons are crossed. 

Starting with the final state fermion line and moving toward the initial state, we obtain 

iM = — {-iGfx\p2,S2)a-el(T-ka-e^x{pi,si) + {iGfy{p2,S2)(J-ela-ka-e^y\pi,si) 

+{-iG){iG)m^ y{p2, S2) cr-elW-e-^ x{pi, si) + x^P2, S2)a-ela-e-^ vHpi^ si) 

+(crossed) , (4.5.14) 

where e-^ and £3 ^re the initial and final vector boson polarization four-vectors, respectively. As 
before, k^ is the sum of the two incoming (or outgoing) four-momenta, (pi,si) and {p2,S2) are 
the momentum and spin four- vectors of the incoming and outgoing fermions, respectively, and 
"(crossed)" indicates the terms from diagrams in which the initial and final vector bosons are 
interchanged. Alternatively, if one starts with an initial state fermion and moves toward the final 
state, the resulting amplitude is the negative of the one obtained in eq. (4.5.14), as expected. 

The computation of the amplitude for the scattering of a charged scalar or vector boson 
and a Majorana fermion is straightforward and will not be given explicitly here. 

4.5.5 Two-body scattering of a boson and a charged fermion 

We first consider the scattering of a Dirac fermion with a neutral scalar. We denote the Dirac 
mass of the fermion by m/j. The left-handed fields x and ij have opposite charges (which we 
take to be Q = +1 and —1 respectively), and interact with the scalar (j) according to 

■^int = -cp[Kxr] + tCx^ri^] , (4.5.15) 

where k is a coupling parameter. Then, for the elastic scattering of the Q = +1 fermion and a 
scalar, the diagrams of Fig. 4.5.7 contribute at tree level plus another four diagrams (not shown) 
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Figure 4.5.7: Tree-level Feynman diagrams contributing to the elastic scattering of a neutral 
scalar and a charged fermion. There are four more diagrams, obtained from these by crossing 
the initial and final scalar lines. 

where the initial and final state scalars are crossed. Now, these diagrams match precisely those 
of Fig. 4.5.5. Thus, applying the Feynman rules yields the same matrix element, eq. (4.5.13), 
previously obtained for the scattering of a neutral scalar and neutral two-component fermion, 
with the replacement of A with n and with m£,. 

We next examine the scattering of a Dirac fermion and a charged scalar, where both the 
scalar and fermion have the same absolute value of the charge. As above, we denote the charged 
Q = ±1 fermion by the pair of two-component fermions x and r] and the (intermediate state) 
neutral two-component fermion by ^. The charged Q = ±1 scalar is represented by the complex 
scalar field ^ and its hermitian conjugate. The interaction Lagrangian takes the form: 

^int = -^^^l'n^ + - ^^[^^2%^ + ^^H"^] ■ (4.5. le) 

Consider the scattering of an initial boson-fermion state into its charge-conjugated final state via 
the exchange of a neutral fermion. The relevant diagrams are shown in Fig. 4.5.8 plus the cor- 
responding diagrams with the initial and final scalars crossed. We define the four- momentum k 
to be the sum of the two initial state four-momenta as shown in Fig. 4.5.8. The derivation of 
the amplitude is similar to the ones given previously, and we end up with 



= 72 — \ '4'^2[xH'P2^S2)(J-kx{pi,si) +y{P2,S2)(J-ky\pi,si)\ 

«2y(P2> S2)a;(Pi, si) + {K\fx\p2, S2)y\pi, Si) \ + (crossed) . (4.5.17) 



The scattering of a charged fermion and a neutral spin-1 vector boson can be similarly 
treated. For example, consider the amplitude for the elastic scattering of a charged fermion of 
mass mu and a neutral vector boson. Again taking the interactions as given in eq. (4.5.11), 
the relevant diagrams are those shown in Fig. 4.5.9, plus four diagrams (not shown) obtained 
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X 



X 




Figure 4.5.8: Tree-level Feynman diagrams contributing to the scattering of an initial charged 
scalar and a charged fermion into its charge-conjugated final state. The unlabeled intermediate 
state is a neutral fermion. There are four more diagrams, obtained from these by crossing the 
initial and final scalar lines. 



X 



X 



X 




Figure 4.5.9: Tree-level Feynman diagrams contributing to the elastic scattering of a neutral 
vector boson and a Dirac fermion. There are four more diagrams, obtained from these by 
crossing the initial and final vector lines. 

from these by crossing the initial and final state vector bosons. Applying the Feynman rules of 
Fig. 4.3.3, one obtains the following matrix element: 

^ fc2 _^^2 ^Glx^P2, S2) a-e* a-ka-e^ x{pi,si) + G%y{p2,S2) a-ela-ka-e-i^y\pi,si) 

y{P2,S2)cr-ela-e^x{p^,si) + x'^(p2, S2) o^-e* o--e;L si) | + (crossed) , 

(4.5.18) 



+mDGLGR 



and the assignments of momenta and spins are as before. 

The computation of the amplitude for the scattering of a charged fermion and a charged 
vector boson is straightforward and will not be given explicitly here. 
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4.5.6 Two-body fermion fermion scattering 

Finally, let us work out an example with four external state fermions. Consider the case of 
elastic scattering of two identical Majorana fermions due to scalar exchange, governed by the 
interaction of eq. (4.5.1). The diagrams for scattering initial fermions labeled 1, 2 into final state 
fermions labeled 3,4 are shown in Fig. 4.5.10. 
















Figure 4.5.10: Tree-level Feynman diagrams contributing to the elastic scattering of identical 
Majorana fermions via scalar exchange in the s-channel (top row), t-channel (middle row), and 
i(-channel (bottom row). 



The resulting invariant matrix element is: 



-I 



+ 



iM = (-1) — {x\xiX2){y3yA) + {\n\yW2Mxl) + |A|2 hxiX2){xlxl) + {ylyl){y3y4)] } 

t - rrfi {^^(^3x1) (2/42:2) + {\*f{x\y\){x\yl) + |Ap [{x\y\){yAX2) + {y3Xi){x\yl)^^ } 



+ (-1)- 



u — m 



2 ^ X\y4Xi){y3X2) + {X*f{xlyl){xlyl) 



+|Ap [ixlyl)iy3X2) + (2/4^:1) (42/2)] } 



(4.5.19) 



where Xi = x{pj^,Si), yi = y{Pi,Si), is the mass of the exchanged scalar, s = (pi +^2)^5 
t = {pi — ps)^ and u = {pi —p^)'^. We have chosen the canonical ordering of external fermions 
to be 3142 (corresponding to the t-channel contribution). For elastic scattering, this choice of 
canonical ordering guarantees that if no scattering occurs then the 5'-matrix is just equal to the 
unit operator with no extraneous minus sign (cf. footnote 46). The relative minus signs between 
the i-channel diagram and the s and ii-channel diagrams [shown in parentheses in eq. (4.5.19)] 
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are obtained by observing that both 1234 and 4132 are both odd permutations of 3142. Note 
that we would have obtained the same relative signs for the n-channel diagrams had we crossed 
the initial state fermion lines instead of the final state fermion lines. 
Eq. (4.5.19) can be factorized with respect to the scalar line: 

iM = ^-^{XxiX2 + A*y|yJ)(Ay3y4 + A*xlxj) + ^-^{XysXi + A*4y|)(Ay4X2 + A*x^y|) 

s — mi t — ml 

+ ^(Ay42;i + \*x\y\){Xy:iX2 + \*x\yl) . (4.5.20) 

u — 

This is a common feature of Feynman graphs with a virtual boson. This example also illustrates 
that in contrast to the four-component fermion formalism, the two-component fermion Feyn- 
man rules typically yield many more diagrams, but the contribution of each of the diagrams is 
correspondingly simpler. 

4.5.7 Non-relativistic potential due to scalar or pseudoscalar exchange 

Consider two distinguishable fermions, and a scalar- fermion- fermion Yukawa interaction given 
by eq. (4.3.9). We can compute the force law that the fermions experience due to exchange of 
a spinless boson. That is, we shall derive the Yukawa potential as a function of the separation 
distance of the two fermions in the static limit. 

To carry out this computation, we compute the invariant matrix element for two-body 
fermion- fermion elastic scattering in the non-relativistic limit. The relevant diagrams are shown 
in Fig. 4.5.10. As our two fermions are distinguishable, only the t-channel graphs (shown in the 
middle row of Fig. 4.5.10) are relevant. As a result, the matrix element for the elastic scattering 
of two Majorana fermions is given by the t-channel contribution of eq. (4.5.20), 

iM = -^-{Xysxi + X*xly\){XyiX2 + X*xlyl) . (4.5.21) 

The choice of the overall sign is fixed by the canonical ordering of the external fermions. Al- 
though the two fermions are distinguishable, we have assumed for simplicity that their (complex) 
Yukawa coupling strengths are the same and given by A. For the scattering of two distinguishable 
Dirac fermions, the resulting expression for the scattering amplitude is identical to eq. (4.5.21), 
with A replaced by the appropriate complex Yukawa coupling k. 

We denote the masses of the distinguishable fermions by nii and m2 ■ In the non-relativistic 
limit, pi ~ (mi ; pi) and ps ~ (mi ; ps), so that 

m^ - t ~ 1^1 - p'ap + ml = IqI^ + ml , (4.5.22) 



*^As noted in Section 4.5.6, the canonical ordering of the external fermions in two-body elastic scattering is 
determined by the requirement that {f\i) — +1 for f = i (cf. footnote 46). 
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where 

q = P3-Pi=P2-P4 (4.5.23) 

is the momentum-transfer three-vector. Two separate cases will be considered. 

In the first case, A is a real coupling. This corresponds to the exchange of a J^'^ = 0"^"*" 
scalar. Using the non-relativistic forms of eqs. (C.2.16) and (C.2.22) for the spinor bilinears, it 
is only necessary to keep the leading term. We then find: 

= 1^2 + ^2 '^^i^3'^^2.4 , (4.5.24) 

in agreement with eq. (4.123) of ref. [114]. 

In the second case, A is purely imaginary, and we will write A = i|A| (the overall sign is 
not significant). This corresponds to the exchange of a J^^ = pseudoscalar. Again, we 
use the non-relativistic forms of eqs. (C.2.16) and (C.2.22) for the spinor bilinears. However, 
in this case the leading term cancels and we must retain the 0{\p\/m) terms appearing in the 
non-relativistic limit of the spinor bilinears. In this case, we find 

'•^ = ^^TT^^^"-^"^--^ i^-S'r's,s,) ■ (4.5.25) 

We choose the spin quantization axis to lie along the z-direction. That is, according to eq. (C.1.27), 
we choose 

{s\ s\ s'') = {x,y, z), (4.5.26) 

in which case one can rewrite eq. (4.5.25) in the more traditional way, 

ilAp 

'■^ = |g]2 + rn| (^'^-3si) (Q-^.4sJ ' (4.5.27) 

where a = XT^+yr'^+zr'^ are the usual spin-1/2 Pauli matrices. Thus, pseudoscalar exchange 
yields a spin-dependent force law. 

The non-relativistic potential that arises from the i-channel scalar or pseudoscalar exchange 
is obtained by comparing the relativistic scattering amplitude M with the Born approximation 
for scattering off a potential V{x) in non-relativistic quantum mechanics. Taking into account 
the difference between the conventions for the normalization of relativistic and non-relativistic 
single-particle states, one finds that the static potential is given by [156] 

1 r d^q 
4mim2 J (27r)-^ 



^(^) = -TZrz:- I 7T^-^(9}e^"~-^, (4.5.28) 



in a convention where the invariant amplitude is defined as in footnote 46. Inserting the scatter- 
ing amplitude for scalar (S) exchange, one obtains the well-known attractive spin-independent 
Yukawa potential 

^(^)s = e-'"^^ Ss,s,6s,s, , (4.5.29) 



^'^The subscripted spin labels on ct should be interpreted in the same way as outlined in footnote 95. 
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where r = |;e|. For the case of pseudoscalar (PS) exchange, one can easily evaluate the integral 
in eq. (4.5.28) by writing qjqke''^'^ = -VjVfcC*^"^. The end result is [157]: 



V{x] 



167rmim2 



(CTs3.i-V)(CTs4S2-V) — 



|A|2m2 



167rmim2 



+ 



47r .3^_, e-"*^^ 
(5^^^(£) H 



3m2 
1 



1 1 

(m07')2 (m^r) 3 



3 (CTsgsi-^) (0^.452 •^) 




where we have used [158]: 



(4.5.31) 



4.6 Self-energy functions and pole masses for two-component fermions 

In this section, we discuss the self-energy functions for fermions in two-component notation, 
taking into account the possibilities of loop-induced mixing and absorptive parts corresponding 
to decays to intermediate states. This formalism is useful in the computation of loop-corrected 
physical pole masses. 

Consider a theory with left-handed fermion degrees of freedom ipi labeled by an index 
i = 1, 2, . . . , A^. Associated with each ipi is a right-handed fermion -f/'^*, where the flavor labels are 
treated as described below eq. (3.2.2). The theory is assumed to contain arbitrary interactions, 
which we will not need to refer to explicitly. As discussed in Section 3.2, we diagonalize the 
fermion mass matrix and identify the fermion mass eigenstates 'i/'i as indicated in eq. (4.3.5). 
In general, the mass eigenstates consist of Majorana fermions = 1, . . . N — 2n) and Dirac 

fermion pairs ^^icl r/^ (£ = 1, . . . , n).^^ With respect to this basis, the symmetric N x N tree- 
level fermion mass matrix, m*-' , is made up of diagonal elements and 2x2 blocks (^^ "q) 
along the diagonal, where the rfifc and are real and non-negative. Since m*-' is real, the height 
of the flavor indices is not significant. Nevertheless, it is useful to define rriij = m^^ in order to 
maintain the convention that two repeated flavor indices are summed when one index is raised 
and the other is lowered. Note that rfiikm^^ = rn^^rfikj = mfdj is a diagonal matrix. 

The full, loop-corrected Feynman propagators with four-momentum are defined by the 
Fourier transforms of vacuum expectation values of time-ordered products of bilinears of the 



^^In order to have a unified description, we shall take the flavor index of all left-handed fields (including -qk) in 
the lowered position in this subsection, in contrast to the convention adopted in Sections 3.2 and 4.3. 

^^We will soon be suppressing the indices, so it is convenient to employ the bar on rfiij to indicate its lowered 
index structure. 
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fully interacting two-component fermion fields [cf. footnote 35]. Following eqs. (4.2.1)-(4.2.4), 
we define: 



(o| rV't-(x)V'f (y) |o)ft = ip-^^ {c^Vjis) . 



(0| Ti;^i{x)i>^{y) \0)p^ = ibj Dij{s) 



where s = and 



One can derive eq. (4.6.2) from eq. (4.6.1) by first writing 



V'^°^(^)<(2/) 



Pi 



(4.6.1) 
(4.6.2) 
(4.6.3) 
(4.6.4) 

(4.6.5) 
(4.6.6) 



where the minus sign arises due to the anticommutativity of the fields, and then using eq. (2.30); 
the interchange of x and y (after FT) simply changes to —p^. 

In general, D and D are complex symmetric matrices, and D = D*. The matrix C 
satisfies the hermiticity condition [C"*"]* = C. Here, we have introduced the star symbol to 
mean that a quantity Q* is obtained from Q by taking the complex conjugate of all Lagrangian 
parameters appearing in its calculation, but not taking the complex conjugates of Euclideanized 
loop integral functions, whose imaginary (absorptive) parts correspond to fermion decay widths 
to multi-particle intermediate states. That is, the dispersive part of C is hermitian and the 
absorptive part of C is anti-hermitian. 

The diagrammatic representations of the full propagators are displayed in Fig. 4.6.1, where 
Ci^ , D^^ , and Dij defined above are each N xN matrix functions. Note that the second diagram 
of Fig. 4.6.1, when flipped by 180° about the axis that bisects the diagram, is equivalent to the 
first diagram of Fig. 4.6.1 (with p — t- —p, a ^ /3, f3 ^ a and i ^ j). In analogy with Fig. 4.2.2, 
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Figure 4.6.1: The full, loop-corrected propagators for two-component fermions are associated 
with functions C{p'^)i^ [and its matrix transpose], D{p'^y^ , and D{p'^)ij, as shown. The shaded 
boxes represent the sum of all connected Feynman diagrams, with external legs included. The 
four-momentum p flows from right to left. 
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/3 



al3 



or 



v.- 



Figure 4.6.2: The first two diagrammatic rules of Fig. 4.6.1 can be summarized by a single 
diagram. Here, the choice of the o" or a version of the rule is uniquely determined by the height 
of the spinor indices on the vertex to which the full loop-corrected propagator is connected 
(cf. Fig. 4.2.2 and the accompanying text) 



one could replace the first two diagrammatic rules of Fig. 4.6.1 with a single rule shown in 
Fig. 4.6.2, where we have used eq. (4.6.5) to rewrite the second version of the rule in terms of 
C^. Indeed, by using the a-version of the rule shown in Fig. 4.6.2 and flipping the corresponding 
diagram by 180° as described above, one reproduces the rule of the second diagram of Fig. 4.6.1. 

In what follows, we prefer to keep the first two rules of Fig. 4.6.1 as separate entities. This 
will permit us to conveniently assemble the four diagrams of Fig. 4.6.1 into a 2 x 2 block matrix 
of two-component propagators [cf. eq. (G.5.2)]. In addition, by choosing the momentum flow in 
the two-component propagators from right to left, the left-to-right orderings of the spinor labels 
of the diagrams coincide with the ordering of spinor indices that appear in the corresponding 
algebraic representations. Thus, we can multiply diagrams together and interpret them as the 
product of the respective algebraic quantities taken from left to right in the normal fashion. 

Given the tree-level propagators of Fig. 4.2.1, the full propagator functions are given by: 

Ci^ = 6^/{s - m^) + . . . (4.6.7) 
D'^ = m}^/{s - mf ) + . . . (4.6.8) 
Dij = rnij/{s - mf) + . . . , (4.6.9) 

with no sum on i in each case. They are functions of the external momentum invariant s and 
of the masses and couplings of the theory. Inserting the leading terms [eqs. (4.6.7)-(4.6.9)] 
into Fig. 4.6.1 and organizing the result in a 2 x 2 block matrix of two-component propagators 
reproduces the usual four-component fermion tree-level propagator given in eq. (G.5.2). 

The computation of the full propagators can be organized, as usual in quantum field theory, 
in terms of one-particle irreducible (IPI) self-energy functions. These are formally defined to be 
the sum of Feynman diagrams to all orders in perturbation theory (with the corresponding tree- 
level graph excluded) that contribute to the IPI two-point Green function. Diagrammatically, 
the IPI self-energy functions are defined in Fig. 4.6.3. As in the case of the full loop-corrected 
propagators, [H"*"]* = H and ft = fl*, where the star symbol was defined in the paragraph 
following eq. (4.6.6), and (3"*")*^ = 3j*- 

We illustrate the computation of the full propagator by considering first the following dia- 
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Figure 4.6.3: The self-energy functions for two-component fermions are associated with func- 
tions H(s)j-' [and its matrix transpose], Q{sy^ , and ii{s)ij, as shown. The shaded circles repre- 
sent the sum of all one-particle irreducible, connected Feynman diagrams, and the external legs 
are amputated. The four-momentum p flows from right to left. 

grammatic identity (with momentum p flowing from right to left): 
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(4.6.10) 

Similar diagrammatic identities can be constructed for the three other full loop-corrected prop- 
agators of Fig. 4.6.1. The resulting four equations can be neatly summarized by: 



F = T + TSF . 



(4.6.11) 



where F is the matrix of full loop-corrected propagators, T is the matrix of tree-level propagators 
and S is the matrix of self-energy functions. Expressing eq. (4.6.11) in terms of diagrams, 




\ 




which, when expanded out, yields eq. (4.6.10) and the corresponding identities for the three 
other full loop-corrected propagators of Fig. 4.6.1. Note that we have chosen the labeling and 
momentum flow in Figs. 4.6.1 and 4.6.3 such that the spinor and flavor labels of the diagrams 
appear in the appropriate left-to-right order to permit the interpretation of eq. (4.6.12) as a 
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matrix equation. To solve for F,^^ we multiply eq. (4.6.11) on the left by T ^ and on the right 
by to obtain T'^ = F~'^ + 5. Thus, F = [T^^ - S]^^. In pictures: 



-1 





(4.6.13) 



We evaluate the tree-level propagator matrix and its inverse using eqs. (4.6.7)-(4.6.9), keep- 
ing in mind that the direction of momentum flow is from right to left: 



V" 



2^ /iniijSj ip-f^a^^i 



s — mt 



(4.6.14) 



-1 



I m 



ij X /3 



/3" J 



(4.6.15) 



where we follow the index structure defined in Figs. 4.6.1 and 4.6.3. Inserting eq. (4.6.15) into 
eq. (4.6.13), one obtains a 4iV x 4N matrix equation for the full propagator functions: 

-1 

(4.6.16) 



iD ip-aC^ 
ip-aC'^ iD J 



i{m + fi) 
-ip-a (1 — H) 



-ip-a (1 — S"^) 



iim + n) 



where 1 is the N x N identity matrix. The right hand side of eq. (4.6.16) can be evaluated by 
employing the following identity for the inverse of a block-partitioned matrix [159]: 

-1 



P Q 
R S 



(P-QS-^R)-' {R-SQ-^Pr^\ 
(Q-PR-^S)-^ {S - RP-^Q)~^ I ' {^.o.u) 



under the assumption that all inverses appearing in eq. (4.6.17) exist. Applying this result to 
eq. (4.6.16), we obtain 



C-^ = s(l - H) - (m + n)(l - S^y\m + ft) , 
= s(l - H)(m + n)~\l - S^) - (m + fi) , 



D 



(1 - S^){m + ny^{l - H) - (m + fi) 



(4.6.18) 
(4.6.19) 
(4.6.20) 



Note that eq. (4.6.20) is consistent with eq. (4.6.19) as H* = S"''. 



'Alternatively, one can solve eq. (4.6.12) by iteration and summing the resulting geometric series. This yields: 

F = T + TS{T + TS{T + TS{- ■■))) = T + TST + TSTST + . . . = T[l + ST + {STf + . . .] 
= T[l - ST]-^ = (r"')"'[l - ST]-^ = [(1 - ST)T-Y^ = [T^^ - S]'^ , 



which is equivalent to eq. (4.6.13). 
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The pole mass can be found most easily by considering the rest frame of the (off-shell) 
fermion, in which the space components of vanish. This reduces the spinor index dependence 
to a triviality. Setting = {y/s; 0), we search for values of s where the inverse of the full 
propagator has a zero eigenvalue. This is equivalent to setting the determinant of the inverse of 
the full propagator to zero. Here we shall use the well-known formula for the determinant of a 
block-partitioned matrix [159]: 




5. 



det P det (5 - RP-^Q) . (4.6.21) 



The end result is that the poles of the full propagator (which are in general complex) , 

s^oio,j = M] -iVjMj, (4.6.22) 
are formally the solutions to the non-linear equation^^ 

det [sl-{l-EJy^{m + n){l-'S)-^{rn + Tl)\ =0. (4.6.23) 

Some care is required in using eq. (4.6.23), since the pole squared mass always has a non- 
positive imaginary part, while the loop integrals used to find the self-energy functions are complex 
functions of a real variable s that is given an infinitesimal positive imaginary part. Therefore, 
eq. (4.6.23) should be solved iteratively by first expanding the self-energy function matrices 3, 
and fi in a series in s about either m| -|- ie or -|- ie. The complex quantities s^o\e,j ; which can 
be identified as the complex pole squared masses, are renormalization group and gauge invariant 
physical observables. Examples are given in Sections 6.24 and 6.25. 

The results of this section can be applied to an arbitrary collection of fermions (both 
Majorana or Dirac). However, it is convenient to treat separately the case where all fermions 
are Dirac fermions (consisting of pairs of two-component fields Xi rf). As discussed in 
Section 3.2, the Dirac fermion mass eigenstates are defined in eq. (3.2.31) and are determined 
by the singular value decomposition of the Dirac fermion mass matrix. With respect to the mass 
basis, we denote the diagonal Dirac fermion mass matrix by M^-' . The elements of this matrix 
are real and non-negative. Nevertheless, it will be convenient as before to define Mij = M^^ to 
maintain covariance when manipulating tensors with flavor indices. 

At tree level, there are four propagators for each pair of x and r] fields as shown in Fig. 4.2.4. 
The corresponding full, loop-corrected propagators are shown in Fig. 4.6.4. The naming and 
sign conventions employed for the full, loop-corrected Dirac fermion propagator functions in 
Fig. 4.6.4 derives from the corresponding functions used in the more traditional four-component 
treatment presented in Appendix G [cf. eq. (G.7.2)]. 



^''The determinant of the inverse of the full propagator [the inverse of eq. (4.6.16)] is equal to eq. (4.6.23) 
multiplied by det [-(1-E;)(1-H"^)]. We assume that the latter does not vanish. This must be true perturbatively 
since the eigenvalues of H are one-loop (or higher) quantities, which one assumes cannot be as large as 1. 
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Figure 4.6.4: The full, loop-corrected propagators for Dirac fermions, represented by pairs 
of two-component (oppositely charged) fermion fields Xi Vii associated with functions 
SR{s)i^, S'J(s)'j, SoisY-^, and Sj){s)ij, as shown. The shaded boxes represent the sum of 
all connected Feynman diagrams, with external legs included. The four-momentum p and the 
charge of x flow from right to left. 



In general, the complex matrices Sji and Sl satisfy hermiticity conditions [S'J]* = Sn and 
[Sj^]* = Sl, whereas the complex matrices So and Sd are related by So = S^, where the 
star symbol is defined in the paragraph below eq. (4.6.6). In contrast to the general case of an 
arbitrary collection of fermions treated earlier, Sr and Sl are unrelated and S/j is a complex 
matrix (not necessarily symmetric). 

Instead of working in a x^V basis for the two-component Dirac fermion fields, one can 
Takagi-diagonalize the fermion mass matrix. In the new -i/'-basis, the loop-corrected propagators 
of Fig. 4.6.1 are applicable. It is easy to check that the number of independent functions is the 
same in both methods for treating Dirac fermions. In particular, the loop-corrected propagator 
functions in the 'i/'-basis are given in terms of the corresponding functions in the basis by:^^ 



C 



(Sr 





Sl 



D 





Sd 












(4.6.24) 



We similarly introduce the IPI self-energy matrix functions for the Dirac fermions in the 
X-?? basis, where the corresponding self-energy functions are defined in Fig. 4.6.5. As before, the 
naming and sign conventions employed for the Dirac fermion self-energy functions above derives 
from the corresponding functions used in the more traditional four-component treatment of 
Appendix G [cf. eq. (G.7.3)]. 

Once again, the complex matrices Y^l and Y^n satisfy hermiticity conditions = S)i 

and [S^]* = Sij, whereas the complex matrices and are related by S/? = 5]^, 
where the star symbol is defined in the paragraph below eq. (4.6.6). Likewise, Si, and are 
unrelated and is a complex matrix (not necessarily symmetric). The self-energy functions 
in the V'-basis are given in terms of the corresponding functions in the x^ basis by:^^ 











n 





Sd 








(4.6.25) 



''■'The simple forms of C in eq. (4.6.24) and H in eq. (4.6.25) motivate our definitions of Sl and with the 
transpose as indicated in Figs. 4.6.4 and 4.6.5, respectively. 
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x-^\Jr^x ^-^\^y^^ ^7"^V>^^ 

Figure 4.6.5: The self-energy functions for two-component Dirac fermions, represented by pairs 
of two-component (oppositely charged) fermion fields Xi r]i, are associated with functions 

ij, as shown. The shaded circles represent the sum of 
all one-particle irreducible, connected Feynman diagrams, and the external legs are amputated. 
The four- momentum p flows from right to left. 



In the case of Dirac fermions fields, eq. (4.6.13) still holds in the x~'>l basis, which yields: 

(4.6.26) 



iSj, ip-(TSR\ ( i{M + ^D) -ip-a{l-Yl\)\ ^ 



\ip-aSl iSo J \-ip-a{l-T,L) i(M + I]^) / 
Using eq. (4.6.17), it follows that: 

S^^ =s{1-1:r)-{M + T,d){1-^1)-\M + T.I,), (4.6.27) 

=s(l-5]i)-(M + S^)(l-Sj)-i(M + 5]D), (4.6.28) 

5^-1 =s(l-5]i)(M + SD)-i(l-S^)-(M + E^), (4.6.29) 

5^"' =s(l-Sj)(M + ED)-i(l-Sfi)-(M + S^). (4.6.30) 

Note that eq. (4.6.30) is consistent with eq. (4.6.29) as ^ = ^. 

The pole mass is now easily computed using the technique previously outlined. In particular, 
eq. (4.6.23) becomes: 

det [s1-(1-S5)"1(M + Sd)(1-5]l)"^(M + E^)] =0, (4.6.31) 

which determines the complex pole squared masses, Spoie, of the corresponding Dirac fermions. 
Again, the self-energy functions should be expanded in a series in s about a point with an 
infinitesimal positive imaginary part. 

Finally, we examine the special case of a parity-conserving vectorlike theory of Dirac 
fermions (such as QED or QCD). In this case, the following relations hold among the loop- 
corrected propagator functions and self-energy functions, respectively:^^ 

Sm' = {Sir, , Sn'' = (SlYj , (4.6.32) 

^Li' = (S^)*,- , ^d'' = i^lh . (4.6.33) 

By imposing eq. (4.6.33) on eqs. (4.6.27)^(4.6.30) and recalling that Mij = iVf*-', it is straight- 
forward to verify that eq. (4.6.32) is satisfied. 



^^These relations are derived using four-component spinor methods in Appendix G [cf. eqs. (G.7.10) and 
(G.7.11)]. 
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5 Conventions for fermion and antifermion names and fields 



In this section, we establish conventions for labehng Feynman diagrams that contain two- 
component fermion fields of the Standard Model (SM) and its minimal supersymmetric extension 
(MSSM). In the case of Majorana fermions, there is a one-to-one correspondence between the 
particle names and the undaggered (|,0) [left-handed] fields. In contrast, for Dirac fermions 
there are always two distinct two-component fields that correspond to each particle name. For 
a quark or lepton generically denoted by /, we employ the two-component undaggered (^,0) 
[left-handed] fields / and / (where the bar is part of the field name and does not refer to com- 
plex conjugation of any kind). This is illustrated in Table 5.1, which lists the SM and MSSM 
fermion particle names together with the corresponding two-component fields. For each particle, 
we list the two-component field with the same quantum numbers, i.e., the field that contains 
the annihilation operator for that one-particle state (which creates the one-particle state when 
acting to the left on the vacuum (0|). 

There is an option of labeling fermion lines in Feynman diagrams by particle names or by 
field names; each choice has advantages and disadvantages.^'' In all of the examples that follow, 
we have chosen to eliminate the possibility of ambiguity as follows. We always label fermion lines 
with two-component fields (rather than particle names), and adopt the following conventions: 

• In the Feynman rules for interaction vertices, the external lines are always labeled by the 
undaggered (|, 0) [left-handed] field, regardless of whether the corresponding arrow is pointed in 
or out of the vertex. Two-component fermion lines with arrows pointing away from the vertex 
correspond to dotted indices, and two-component fermion lines with arrows pointing toward the 
vertex always correspond to undotted indices. This also applies to Feynman diagrams where 
the roles of the initial state and the final state are ambiguous (such as self-energy diagrams). 

• Internal fermion lines in Feynman diagrams are also always labeled by the undaggered 
(^,0) [left-handed] field(s). Internal fermion lines containing a propagator with opposing arrows 
can carry two labels (e.g., see Fig. 4.5.7). 

• Initial state external fermion lines (which always have physical three-momenta pointing 
into the vertex) in Feynman diagrams for complete processes are labeled by the corresponding 
undaggered (|,0) [left-handed] field if the arrow is into the vertex, and by the daggered (0, ^) 
[right-handed] field if the arrow is away from the vertex. 

• Final state external fermion lines (which always have physical three-momenta pointing 
out of the vertex) in Feynman diagrams for complete processes are labeled by the corresponding 
daggered (0, ^) [right-handed] field if the arrow is into the vertex, and by the undaggered (^,0) 
[left-handed] field if the arrow is away from the vertex. 

^^Unfortunately, the notation for fermion names can be ambiguous because some of the symbols used also 
appear as names for one of the two-component fermion fields. In practice, it should be clear from the context 
which set of names are being employed. 
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Table 5.1: Fermion and antifermion names and two-component fields in the Standard Model 
and the MSSM. In the listing of two-component fields, the first is an undaggered (5,0) [left- 
handed] field and the second is a daggered (0, |) [right-handed] field. The bars on the two- 
component (antifermion) fields are part of their names, and do not denote some form of complex 
conjugation. (In this table, neutrinos are considered to be exactly massless and the left-handed 
antineutrino v is absent from the spectrum.) 



Fermion name 


Two-component fields 


t~ (lepton) 


I, £t 


(anti-lepton) 




V (neutrino) 


V , - 


V (antineutrino) 




q (quark) 


q. , 


q (anti-quark) 


Q, 


/ (quark or lepton) 


f,P 


/ (anti-quark or anti-lepton) 


L P 


(neutralino) 


of 


Cf (chargino) 


Xi ) Xi 


(anti-chargino) 


Xi 1 Xi 


5 (gluino) 


9, 9^ 



The rules for labeling external Dirac fermions are summarized in Fig. 5.1. These labeling 
conventions differ slightly from the ones employed in Section 4.5, where all internal and external 
initial state and final state fermion lines were labeled by the corresponding undaggered (^,0) 
left-handed fields. In this latter convention, the conserved quantities (charges, lepton numbers, 
baryon numbers, etc.) of the labeled fields follow the direction of the arrow that adorns the 
corresponding fermion line in the diagram. In contrast, in the convention of Fig. 5.1, the 
field labels used for external fermion lines always correspond to the physical particle, and the 
corresponding conserved quantities of the labeled fields follow the direction of the particle three- 
momentum. As an example, for either initial or final states, the two-component fields e and 
both represent a negatively charged electron, conventionally denoted by e~, whereas both e 
and e'^ represent a positively charged positron, conventionally denoted by e"*" (cf. Table 5.1). 

The application of our labeling conventions to processes involving Majorana fermions is 
completely straightforward. For example, the conventions for employing the neutralino states 
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Initial state e : 



Initial state e"*": 



Final state e : 



Final state e+: 




Figure 5.1: The two-component field labeling conventions for external Dirac fermion lines in a 
Feynman diagram for a physical process. The top row corresponds to an initial state electron, 
the second row to an initial state positron, the third row to a final state electron, and the fourth 
row to a final state positron. The labels above each line are the two-component field names. 
The corresponding conventions for a massless neutrino are obtained by deleting the diagrams 
with e or e^, and changing e and to v and v'^ ^ respectively. 



Initial state iVj: 



Final state Ni: 




Figure 5.2: The two-component field labeling conventions for external Majorana fermion lines 
in a Feynman diagram for a physical process. The top row corresponds to an initial state 
neutralino, and the second row to a final state neutralino. The labels above each line are the 
two-component field names. (The neutralino is its own antiparticle.) 

as external particles are summarized in Fig. 5.2. 

As a simple example, consider Bhabha scattering {e~e^ — t- e~e^) [160]. We require the two- 
component Feynman rules for the QED coupling of electrons and positrons to the photon, which 
are exhibited in Fig. 5.3. Consider the s-channel tree-level Feynman diagrams that contribute 
to the invariant amplitude for e~ — ?• e~ . If we were to label the external fermion lines 
according to the corresponding particle names (which does not conform to the conventions 
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Figure 5.3: The two-component Feynman rules for the QED vertex. Fohowing the conventions 
outhned in Section 5, we label these rules with the (^,0) [left-handed] fields e and e, which 
comprise the Dirac electron. Note that Qg = —1, and the electromagnetic coupling constant e 
(not to be confused with the two-component electron field that is denoted by the same letter) 
is conventionally defined such that e > [cf. Fig. J. 1.2]. 




Figure 5.4: Tree- level s-channel Feynman diagrams for e~e~^ — )• e~e~^, with the external lines 
labeled according to the particle names. The initial state is on the left, and the final state is on 
the right. Thus, the physical momentum flow of the external particles, as well as the flow of the 
labeled charges, are indicated by the arrows adjacent to the corresponding fermion lines in the 
upper left diagram. 

introduced above), the result is shown in Fig. 5.4. One can find the identity of the external two- 
component fermion fields by carefully observing the direction of the arrow of each fermion line. 
For contrast, the same diagrams, relabeled with two-component fields following the conventions 
established in this section (cf. Fig. 5.1), are shown in Fig. 5.5. An explicit computation of the 
invariant amplitude is given in Section 6.3. 



76 



Figure 5.5: Tree-level s-channel Feynman diagrams for e~^e~ — >• e'^e~ . These diagrams are the 
same as in Fig. 5.4, but with the external lines relabeled by the two-component fermion fields 
according to the conventions of Fig. 5.1. 

6 Practical examples from the Standard Model and its super- 
symmetric extension 

In this section we will present some examples to illustrate the use of the rules presented in this 
paper. These examples are chosen from the Standard Model [161] and the MSSM [6-10], in 
order to provide an unambiguous point of reference. In all cases, the fermion lines in Feynman 
diagrams are labeled by two-component field names, rather than the particle names, as explained 
in Section 5. 

6.1 Top quark decay: t bW^ 

We begin by calculating the decay width of a top quark into a bottom quark and vector 
boson. For simplicity, we treat this as a one-generation problem and ignore Cabibbo-Kobayashi- 
Maskawa (CKM) [162] mixing among the three quark generations [see eq. (J. 1.16) and the 
surrounding text]. Let the four- momenta and helicities of these particle be {pt,Xt), {kb,Xb) and 
{kyy, Xw), respectively. Then = , k'^ = and k'^ = and 

"^Pfky^ = mf - ml + m^r , (6.1.1) 
2pt-h = ml + ml - , (6.1.2) 
2ky^r-kh = ml - ml - m^ . (6.1.3) 

Because only left-handed top quarks couple to the W boson, the only Feynman diagram for 
t —7- hW'^ is the one shown in Fig. 6.1.1. The corresponding amplitude can be read off of the 
Feynman rule of Fig. J. 1.2 in Appendix J. Here the initial state top quark is a two-component 
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W+{kwAw) 

t{ptAt) *- ^ 

Figure 6.1.1: The Feynman diagram for t — t- bW^ at tree level. 

field t going into the vertex and the final state bottom quark is created by a two-component 
field 6^. Therefore the amplitude is given by: 

iM = -i-^elxla^'xt, (6.1.4) 

where e* = Aiy)* is the polarization vector of the , and x\ = x^kh,Xb) and xt = 

x(pj,At) are the external state wave function factors for the bottom and top quark. Squaring 
this amplitude using eq. (2.44) yields: 

l-^l' = Y^*M4^''^t) [xla'^x,] . (6.1.5) 
Next, we can average over the top quark spin polarizations using eq. (3.1.58): 

^ E l-^l' = ^e*^e,xypfaa''xb . (6.1.6) 

At 

Summing over the bottom quark spin polarizations in the same way yields a trace over spinor 
indices: 

-2 



2 ^ ' ' 4 

= ^^8^8, {p'^K + KPt - g^yt-h - ie'^P'^ptph,) , (6.1.7) 
where we have used eq. (2.56). Finally we can sum over the W'^ polarizations according to: 

The end result is: 

-.2 



\ E l-^l' = y b*-^^ + 2{pt.k^){h-k^)/ml,] . (6.1.9) 
spins 

After performing the phase space integration, one obtains: 

* \ spins / 

„2 

X^/\mlml.,ml) [(m? + 2m^)(m2 - m^) + mfe2(m^ - 2m2) + m^] , (6.1.10) 



647rm^m^ 



78 



where the kinematical triangle function A^^^ is defined by [163]: 

A(x, y, z) = + + — 2xy — 2xz — 2yz. (6.1.11) 
In the approximation mi, <^ myy,mt, one ends up with the well-known result [164] 

2 



which exhibits the Nambu-Goldstone enhancement factor (m^/m^) for the longitudinal W 
contribution compared to the two transverse W contributions [164]. 

6.2 Z° vector boson decay: Z° — >^ // 

Consider the partial decay width of the boson into a Standard Model fermion-antifermion 
pair. As in the generic example of Fig. 4.5.4, there are two contributing Feynman diagrams, 
shown in Fig. 6.2.1. In diagram (a), the fermion particle / in the final state is created by a 
two-component field / in the Feynman rule, and the antifermion particle / by a two-component 
field In diagram (b), the fermion particle / in the final state is created by a two-component 
field /, and the antifermion particle / by a two-component field p . Denote the initial four- 
momentum and helicity {p, \z) and the final state fermion (/) and antifermion (/) momentum 
and helicities {kf,Xf) and {kj,\j), respectively. Then, kj, = kjr = and p'^ = m^, and 

kfkj = -'m'^^ — m'j, (6.2.1) 
p-kf = p-kf = ^w?^ . (6.2.2) 

According to the rules of Fig. J. 1.2, the matrix elements for the two Feynman graphs are: 

iMa = -i—{Ti - sl,Qf)e^x\a''yj, (6.2.3) 

iMb = ig^QfE^yfaf^x^, (6.2.4) 

where Xi = x{ki, A,,) and y,, = y{ki, Aj), for i = fj, and = e^{p, Xz)- 

Z^'ipAz) X Z\pM 





Figure 6.2.1: The Feynman diagrams for decay into a fermion-antifermion pair. Fermion 
lines are labeled according to the two-component fermion field labeling convention established 
in Section 5. 
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Using the Bouchiat-Michel formulae developed in Appendix H.3, one can explicitly evaluate 
Ma and as a function of the final state fermion helicities. The result of this computation 
is given in eqs. (H.3. 40) and (H.3. 41). If the final state helicities are not measured, then it is 
simpler to square the amplitude and sum over the final state spins. 

It is convenient to define: 



a/ 



QfS 



2 

W 



-QfS 



2 

W 



Then the squared matrix element for the decay is, using eqs. (2.43) and (2.44), 

^2 



9 



,t- 



„t 



.2.5) 



(6.2.6) 



Summing over the antifermion helicity using eqs. (3.1.58)-(3.1.61) gives: 

2 , 

\Mf = ■^ei,el(ajx^ja>'kj-aa''xf + bjyfa^'kj-aa''yj 



-m ja fb fx'^jra^a'^ y^j — mjafbfyja^a'^Xf 



(6.2.7) 



Next, we sum over the fermion helicity: 

-2 



9 



e^e*JajTT[af'kf-aa''kfa] + bjTi[a''k7-aa''kfa] 



-mjafbfTviaf'a''] - m}afbfTr[af'a'']j . 
Averaging over the polarization using 



PfiPu 
9fJ.u + 2 



mi 



(6.2.8) 



.2.9) 



and applying eqs. (2.54)~(2.56), one gets: 



1 0^ 

- \M\^ = ^ [{a} + b}) [2kfkj + Akfpkj-p/ml) + 12a 



fbfTTlf 



spins 



25 



[(ttj + &j)(m^ — mj) + Gafbfinj] 



(6.2.10) 



where we have used eqs. (6.2.1) and (6.2.2). After the standard phase space integration, we 
obtain the well-known result for the partial width of the Z^: 



r(zo ^ //) 



4m 



2 \ 1/2 



IGirm^ \ 
24vrc2^ 



mi 



1 



4m 



1/2 



/ 



mi 



spins 



(imp' \ TTh^ 



7 



(6.2.11) 



Here we have also included a factor of Ni (equal to 1 for leptons and 3 for quarks) for the sum 
over colors. Since the Z'^ is a color singlet, the color factor is simply equal to the dimension of 
the color representation of the outgoing fermions. 
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6.3 Bhabha scattering: e e+ — )■ e e+ 

In our next example, we consider the computation of Bhabha scattering in QED (that is, we 
consider photon exchange but neglect Z'^-exchange) [160]. Bhabha scattering has also been 
computed using two-component spinors in [104]. We denote the initial state electron and positron 
momenta and helicities by (pi, Ai) and {p2, A2) and the final state electron and positron momenta 
and helicities by (psjAs) and (p^jX^), respectively. Neglecting the electron mass, we have in 
terms of the usual Mandelstam variables s, t, u: 

P1-P2 = P3-Pi = , (6.3.1) 
Pi-P3=P2-P4 = -^t, (6.3.2) 
Pi-P4=P2-P3 = -^u, (6.3.3) 

and pf = for i = 1, ... ,4. There are eight distinct Feynman diagrams. First, there are four 
s-channel diagrams, as shown in Fig. 5.5 with amplitudes that follow from the Feynman rules 
of Fig. 5.3 (more generally, see Fig. J. 1.2 in Appendix J): 



-ig 



{-iexia^y\){iey:iayx\) + {-iey{a ^X2){iey:>,ayx\) 
+{-iexia^y\){iex\auyA) + {-iey\a^X2){iex\auyi) , (6.3.4) 



where Xi = x{pi,Xi) and yi = y{pi,Xi), for i = 1,4. The photon propagator in Feynman gauge 
is —ig^'^/ijpi +^2)^ = —ig^^/s. Here, we have chosen to write the external fermion spinors in 
the order 1, 2, 3, 4. This dictates in each term the use of either the 'a or a forms of the Feynman 
rules of Fig. 5.3. One can group the terms of eq. (6.3.4) together more compactly: 

iMs = (? [;^\'^iiy\ + y\^iiX^ (y30-i/4 + 4^!^y4) • (6.3.5) 

There are also four t-channel diagrams, as shown in Fig. 6.3.1. The corresponding ampli- 
tudes for these four diagrams can be written: 

iMt = (-l)e^ |— ^ {xia^x\ + y\a^y^ [x2cr^x\ + yla^y^j ■ (6.3.6) 

Here, the overall factor of (—1) comes from Fermi-Dirac statistics, since the external fermion 
wave functions are written in an odd permutation (1,3,2,4) of the original order (1,2,3,4) 
established by the first term in eq. (6.3.4). 

Fierzing each term using eqs. (2.66)-(2.68), and using eqs. (2.58) and (2.59), the total 
amplitude can be written as: 



M=Ms+Mt = 2e^ 



-{xm){ylx\) + -{ylx\){x2yA) + ( - + 7 ) {y\x\){x2yz) 

S S \ S T/ / 



+ + ^) ixiyA){y2xl) - ^(xiX2)(x^4) - ^(2/1^2) (2/32/4) 



(6.3.7) 
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Figure 6.3.1: Tree-level t-channel Feynman diagrams for e~e^ — )■ e~e^, with the external 
lines labeled according to the two-component field names. The momentum flow of the external 
particles is from left to right. 



Squaring this amplitude and summing over spins, all of the cross terms will vanish in the 
rUe — 7- limit. This is because each cross term will have an x or an for some electron or 
positron combined with a y or a y'^ for the same particle, and the corresponding spin sum is 
proportional to rUe [see eqs. (3.1.60) and (3.1.61)]. Hence, summing over final state spins and 
averaging over initial state spins, the end result contains only the sum of the squares of the six 
terms in eq. (6.3.7): 



1 



2 = e^ 



E 



spins 



Al,A2,A3,A4 



1 



[xiyz){y\x\)(ylx\){xAy2) + {y[xl){x:iyi){x2yA){ylxl 



1 1 



{y\x\){xAyi){x2y^){ylxl) + {xiyA){ylx\){ylxl){x^y2) 



+ 



{xix2){x\x\){x\x\){xixz) + {ylyl){y2yi){yzyi){ylyl) 



Here we have used eq. (2.42) to get the complex square of the fermion bilinears. Performing 
these spin sums using eqs. (3.1.58) and (3.1.59) and using the trace identities eq. (B.2.5): 

2 

Pl-PA P2-P3 



spins 



P2-P4P1-P3 _^ P1-P2 PS-Pi _^ / i _^ i 



t2 



t 



2e' 



t s /u u 

^ + ^+ - + 



t2 



t 



Thus, the differential cross-section for Bhabha scattering is given by: 



da 

Ht ~ 167rs2 I 4 



spins 



t2 



+ TT7+ I - + 



t2 



t 



(6.3.9) 



(6.3.10) 



This agrees with the result given in problem 5.2 of ref. [114]. 
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6.4 Polarized muon decay 

So far we have only treated cases where the initial state fermion spins are averaged and the 
final state spins are summed. In the case of the polarized decay of a particle or polarized 
scattering we must project out the appropriate polarization of the particles in the spin sums. 
This is achieved by replacing the spin sums given in eqs. (3.1.58)-(3.1.61) by the corresponding 
polarized spin projections eqs. (3.1.33)~(3.1.36). As an example, we consider the decay of a 
polarized muon. Polarized muon decay has also been computed using two-component spinors in 
ref. [104], however with an effective four- fermion interaction. 



Figure 6.4.1: Feynman diagram for electroweak muon decay. 

In Fig. 6.4.1, we show the single leading order Feynman diagram for muon decay, including 
the definition of the momenta. We denote the mass of the muon by m^, and neglect the electron 
mass. We shall measure the spin of the muon in its rest frame with respect to a fixed z-axis. 
Assume that the muon at rest is polarized such that its spin component along the £-direction 
is s = 

The decay amplitude is given by^^ 

iM = {xla,x,) (xta.yp,) , (6.4.1) 




where D]y = (j> — k^^)^ — ml^ is the denominator of the VF-boson propagator. In eq. (6.4.1), 
= x{p, s = ^) for the spin-polarized initial state muon, and xt^ = x{k^^, ^u^), x\ = 2;^ (fee, Ae), 
and = y{kp^, Xp^). Squaring the amplitude using eq. (2.44), we obtain 



n4 



l-^l' = TTi^ (^m^'^-m) f^^pype) (yk-^rXe) . (6.4.2) 



Summing over the neutrino and electron spins using eqs. (3.1.58)-(3.1.59), and using eq. (3.1.46) 
for the muon spin (with s = ^) yields: 



A A A- W 

29' 



j^ke-k^^kp^-{p-m^S) , (6.4.3) 



^^Throughout this subsection /j, and v are particle labels. Hence, we employ p and t as Lorentz vector indices. 
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where S'^ in an arbitrary frame is given by eq. (3.1.15) [with s = z]. To obtain the second 
hne we have used the trace identity eq. (2.55) twice; note that the resulting terms hnear in the 
antisymmetric tensor do not contribute, but the term quadratic in the antisymmetric tensor 
does. 

The differential decay amplitude is now given by 

where Ei, i = e,i>e^^^ are the energies of the final state particles in the muon rest frame. In 
the following we shall neglect both the electron mass and the momentum in the VF-propagator 
compared to the VF-boson mass, so — )• rriy^. We can now use the following identity to 
integrate over the neutrino momenta [165] 

where q = p — ke. It follows that 



= ir:Q« 4 r [q^ke-ip-m^S) + 2q-ke q- {p - m^S)] — ^ . (6.4.6) 

15367r^m^m|y ^ 



In the muon rest frame, ke = -Ee(l;cos(?l)sin0,sin0sin0,cos0) and S = (0;0,0, 1), so that 
q^ = — 2Eem^ and k(.-{p — m^S) = m^Ee{l + cos0) and q-k^. = m^Ee and q-{p — m^S) = 
"i^(m^ — Eg — EeCos9). Noting that the maximum energy of the electron is (when the 

neutrino and antineutrino both recoil in the opposite direction), we obtain 



dicosO) 7687r3m^ 



AEe ( AEe , 
— ^ + 1 ^ cos ( 



.4^5 

^ COS 



g "^M /-I _ 1 
3 -212713^4 ^ 3 



0) , (6.4.7) 



in agreement with ref. [165]. Introducing the Fermi constant, Gp = V2g^ / {Sm^r) , we can 
rewrite eq. (6.4.7) as: 

- ^ ^ ll-\cose) . (6.4.8) 



d(cos 9) 3847r3 

Integrating over cos 9 reproduces the well-known total muon decay width, 

r = -^. (6.4.9) 

6.5 Neutral MSSM Higgs boson decays 0° ff, for 0° = /f°, A° 

In this subsection, we consider the decays of the neutral Higgs scalar bosons cp^ = h^, H^, and 
of the MSSM into Standard Model fermion-antifermion pairs. The relevant tree-level Feynman 
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/(P2, A2) 




fHP2,X2) 



P (pi,Ai 



Figure 6.5.1: The Feynman diagrams for the decays clP — ?■ //, where (j)^ = h^,H^,A^ are 
the neutral Higgs scalar bosons of the MSSM, and / is a Standard Model quark or lepton, and 
/ is the corresponding antiparticle. We have labeled the external fermions according to the 
two-component field names. 

diagrams are shown in Fig. 6.5.1. The final state fermion is assigned four-momentum pi and 
polarization Ai, and the antifermion is assigned four- momentum p2 and polarization A2. We will 
first work out the case that / is a charge —1/3 quark or a charged lepton, and later note the 
simple change needed for charge +2/3 quarks. The Feynman rules of Fig. K.1.1 of Appendix K 
tell us that the amplitudes are: 



iMh = ---j=Yf kd^o ym ■ 



(6.5.1) 
(6.5.2) 



Here Yy is the Yukawa coupling of the fermion, k^^o is the Higgs mixing parameter from 
eq. (K.1.8), and the external wave functions are denoted xi = x(pi,Ai), yi = y(Pi,Ai) for 
the fermion and X2 = ^(^21^2), 2/2 = 2/(^21^2) for the antifermion. Squaring the total ampli- 
tude iAi = iAia + i-Mb using eq. (2.42) results in: 

1, 



f\ 



kd<pA {yiy2y2y\ + x\x\x2Xi) + {k*^^o) x\xlyly[ + {kd^Q) yiy2X2Xi . (6.5.3) 



Summing over the final state antifermion spin using eqs. (3.1.58)-(3.1.61) gives: 



A2 



1 



kd<j>oWyiP2-(yy{+ x\p2-(TXi) - {k*^soYmfx\y\ 



,0) nifyixi 



. (6.5.4) 



Summing over the fermion spins in the same way yields: 

^ \M\^ = ^\Yff [\k,^o\\TT[p2-api-a] + TT[p2-apra]) - 2{k*^^ofm} - 2{ka^ofm}} 
= \Yf\^ {2\ka^o\^prp2 - 2Re[ika^of]m}} 



Ai,A2 



2m 



f) 



2Re 



[{ka^ofjuij^ 



.5.5) 



where we have used the trace identity eq. (2.54) to obtain the second equality. The corresponding 
expression for charge +2/3 quarks can be obtained by simply replacing k^i^o with /c^^o. The total 
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decay rates now follow from integration over phase space [166] 



- AT-^ / \ 1/2 



r(/iO- 


> 66) = 


3 
16^ 




sin^om^o (l — 




r(/iO- 


> cc) = 


3 


y! 


cos^a m^o (l - 






-r-) = 


1 

Ifr^ 


Y^ 


sin^am/jo (l — 




r(/7° - 


^tt) = 


3 
Ifr^ 


Y? 


sin^am^i^o (l - 






> 66) = 


3 
16^ 


Y^ 


cos^ a rtijjo (l - 





Tlie factor of A'^^ = 3 for quarks and 1 for leptons comes from the sum over colors. 

Results for special cases are obtained by putting in the relevant values for the couplings 
and the mixing parameters from eqs. (K.1.7) and (K.1.8). In particular, for the CP-even Higgs 
bosons and H^, k^^o and /c^^o are real, so one obtains: 

(6.5.7) 
(6.5.8) 
(6.5.9) 
(6.5.10) 
(6.5.11) 

etc., which check with the expressions in Appendix C of ref. [167]. For the CP-odd Higgs boson 
A^, the mixing parameters A:„^o = zcos/3o and /c^^o = isin/3o are purely imaginary, so 

T{A° ^tt) = -^ cos2/3o m^o (l - \m\lm\^)'''^ , (6.5.12) 
r(^o ^ 66) = ^ sin2/3o m^o (l - 4m2/m^o)'^' , (6.5.13) 
r(^o ^ r+r") = ^ Y^ sin2/3o m^o (l - 4m^/m^o)'^' . (6.5.14) 

Note that the differing kinematic factors for the CP-odd Higgs decays came about because 

of the different relative sign between the two Feynman diagrams. For example, in the case of 
—7- 66, the matrix element is 

iM = —i=Yh sino {y\y2 + x\x^^, (6.5.15) 
v2 

while for — 66, it is 

iM = -^Ifosin^o {yiy2 - x\xl). (6.5.16) 

The differing relative sign between yiy2 and xjxg follows from the imaginary pseudoscalar La- 
grangian coupling, which is complex conjugated in the second diagram. 

6.6 Sneutrino decay Uf, — )■ C^e~ 

Next we consider the process of sneutrino decay — )■ Cfe~ in the MSSM. Because only the left- 
handed electron can couple to the chargino and sneutrino (with the excellent approximation that 
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e{ke,Xe) 

Figure 6.6.1: The Feynman diagram for Uf. — )• C^e~ in the MSSM. 

the electron Yukawa couphng vanishes), there is just one Feynman diagram, shown in Fig. 6.6.1. 
The external wave functions of the electron and chargino are denoted as Xe = x{ke,Xe), and 
= x{k^, X^), respectively. From the corresponding Feynman rule given in Fig. K.4.1 of 
Appendix K, the amplitude is: 

iM = -igVii xl^xl, (6.6.1) 

where Vij is one of the two matrices used to diagonalize the chargino masses [cf. eq. (K.2.6)]. 
Squaring this using eq. (2.42) yields: 

\M\^ = g^\Vamxyt){xeXc) . (6.6.2) 
Summing over the electron and chargino spin polarizations using eq. (3.1.58) yields 

^ =g2|y.^|2xr[A;,.afe^-cT] =2/|y,i|2A:,-fc^ = /|ya|'(m?^-m|p, (6.6.3) 

where we have used 2kf.-k^ = jtt,?^ — , neglecting the electron mass. Therefore, after inte- 
grating over phase space in the standard way, the decay width is: 



1 



m 



T{V, ^ C+e-) = 1 



167r \ ] 



which agrees with ref. [168] and eq. (3.8) in ref. [7]. 
6.7 Chargino decay C~y — )■ v^e.^ 

Here again, there is just one Feynman diagram (neglecting the electron mass in the Yukawa 
coupling) shown in Fig. 6.7.1. The external wave functions for the chargino and the positron 
are denoted by x^ = x{p^,Xfj) and t/e = y{ke,Xe), respectively. The fermion momenta and 
helicities are denoted as in Fig. 6.7.1. As in the previous example, the amplitude can be directly 
determined using the Feynman rule given in Fig. K.4.1 in Appendix K: 

M = -igV*^Xcye- (6.7.1) 

Squaring this using eq. (2.42) yields: 

\M\^ = g^\Vafixcye){ylx^^). (6.7.2) 
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(fee, Ae) 



Figure 6.7.1: The Feynman diagram for — )• fgC^ in the MSSM. 

Summing over the electron hehcity and averaging over the chargino hehcity using eqs. (3.1.58) 
and (3.1.59) we obtain: 

k E l-^l' = h^\Vii\^T^iike-c7Pc-a] = g^\V^i\^k,-p^ = ^\Vii\\ml, - m\) . (6.7.3) 
So the decay width is, neglecting the electron mass: 

YiCt ^ Ve^) = { 1 - ^1 \-y \Mf \ = ^iF.ipm^ { 1 - , (6.7.4) 

which agrees with ref. [168]. 

6.8 Neutralino decays iV^ cfy^Nj, for = hP, H^, A° 

Next we consider the decay of a neutrahno to a lighter neutralino and neutral Higgs boson 
(j)^ = H^^ or ^4*^. The two tree-level Feynman graphs are shown in Fig. 6.8.1, where we 
have also labeled the momenta and helicities. We denote the masses for the neutralinos and the 
Higgs boson as , "''jv ' Using the Feynman rules of Fig. K.3.1, the amplitudes are 

respectively given by 

iMi = -iYxiyj, (6.8.1) 
iM2 = -iY* y\x] , (6.8.2) 

where the coupling Y = Y'^ ^^■^i is defined in eq. (K.3.1), and the external wave functions are 
Xi = x{pi,Xi), y\ = y\Pi,\i), yj = y{kj,Xj), and = x^kj,Xj). 

Taking the square of the total matrix element using eq. (2.42) gives: 

\M\^ = \Y\^{xiyjy]x\ + ylx]xjy,) + Y^XiyjXjy, + Y*''y\x\y\x\. (6.8.3) 

Summing over the final state neutralino spins using eqs. (3.1.58)-(3.1.61) yields 

|7W|2 = \Y\^{x,kyax\ + y'^-kyayi) - Y'^m^Xiyi - Y*^m^^y\x\. (6.8.4) 

Averaging over the initial state neutralino spins in the same way gives 
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Figure 6.8.1: The Feynman diagrams for Ni — t- NjcfP in the MSSM. 



\ l-^l' = \\Y\''{TT[kyapi-^+Ti[kyapi-a]) + MY^]mf^mf^Ti[\2^2] 



* 3 



(6.8.5) 



"Ar- ' ■■"-M. ■■"0"/ ' L- y''Ni''Ny 

where we have used eq. (2.54) to obtain the second equality. The total decay rate is therefore 



V{N, ^ /AT,) 



167rm ~. 
rriiTr 



N, \ A,, A, / 



i^X^/\l,r^,rj) |y*°^°'^°|2(l + rj-r0) + 2Re (y^^x^?)^ ^ , (6.8.6) 



167r 



where the triangle function A^^^ is defined in eq. (6.1.11), rj = /'n-^ and r,^ = m|o/''7T'^ . 
The results for cp^ = h^,H^,A^ can now be obtained by using eqs. (K.1.7) and (K.1.8) in 
eq. (K.3.1). In comparing eq. (6.8.6) with the original calculation in ref. [169], it is helpful to 
employ eqs. (4.51) and (4.53) of [170]. The results agree. 

6.9 Ni Z^Nj 

For this two-body decay there are two tree-level Feynman diagrams, shown in Fig. 6.9.1 with 
the definitions of the helicities and the momenta. Using the Feynman rules of Fig. K.2.1, the 
two amplitudes are given by^^ 



iMi = -i—C'txiaf^xUZ . 
cw ■' 



(6.9.1) 
(6.9.2) 



where the external wave functions are Xj = x(pj,Aj), yj = y^{p,i,Xi), = x'^{kj,Xj), yj = 
y{kj,\j), and e* = ef,{kz,Xz)*- Noting that O^^ = O'/l"* [see eq. (K.2.5)], and applying 
eqs. (2.43) and (2.44), we find that the squared matrix element is: 

o2 



2 9 



„2 ^^J.^'' 



\0'l^\\xia^^x]x,a''x\ + y'^^^y,y]a''yi) 



{0'l^fy^^%x,a-x\ - {0'l^*yx,a^x]y]a-y 



3.9.3) 



When comparing with the four-component Feynman rule in ref. [7] note that O'ij = —O'lj * [cf. eq. (K.2.5)] 
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Z° {kz,Xz) 








Figure 6.9.1: The Feynman diagrams for iVj NjZ'^ in the MSSM. 
Summing over the final state neutrahno spin using eqs. (3.1.58)-(3.1.61) yields: 



Averaging over the initial state neutralino spins in the same way gives 



(6.9.4) 



2 9* 



At, A 7 



\0'l^\'^[Tr[a^'kyaa''pi■a] + TT[a^kyaa''pv(j] 



e;sJ |2 lkfp'^+pfk'^-p,.k,g>^^]-Re {O'l^f rn^^rn^f^ |>,(6.9.5) 



where in the last equality we have applied eqs. (2.54)-(2.56). Using 



(6.9.6) 



we obtain 



i |A^P = ¥j|0^flMPrA;,+2p,.A:^fc,.fc^/m|)+3m^m^Re[(0:f)']|. (6.9.7) 

Using 2kj-kz = wi- — Tn?~ — m?y, 2pi-kj = m~ + m~ — m%, and 2pi-kz = rr?- — m?- + rn%, 



we obtain the total decay width: 



'-^\^/\l^rz,r,) lO^f |2 (1 + r, - 2rz + (1 - r,f/rz) + 6Re[(0^f )^], 



where 



Ni 



(6.9.8) 
(6.9.9) 

(6.9.10) 



and the triangle function A^/^ is defined in eq. (6.1.11). The result obtained in eq. (6.9.9) agrees 
with the original calculation in ref. [169]. 
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6.10 Selectron pair production in electron-electron collisions 
6.10.1 e-e" 



Here there are two Feynman graphs (neglecting the electron mass and Yukawa couplings) , shown 
in Fig. 6.10.1. Note that these two graphs are related by interchange of the identical initial 
state electrons. Let the electrons have momenta pi and p2 and the selectrons have momenta 



fcg^ and ke^, so that pf = = 0; k( = mj^; ^2 = ""T-g^; s = {pi + P2) = i^i + ^2) 
t = {ki- pif = (/C2 - P2f; u={ki- P2f = {k2 - Pif. 



^2. 



Cl (^1) 



s^Pi, Ai) 



{P2A2) 



e„ {k2) 




e-L (^1) 



e(P2, A2) 



Figure 6.10.1: Feynman diagrams for e e — )• e^e^. 

Using the Feynman rules of Fig. K.4.2, the matrix element for the first graph, for each 
neutralino Ni exchanged in the t channel, is: 



iMt 



V2 V 



cw 



Xi 



(6.10.1) 



We employ the notation for the external wave functions Xi = {pi,Xi), i = 1,2 and analogously 
for yi,x\,y\. The matrix elements for the second (u-channel) graph are the same with the two 
incoming electrons exchanged, ei f-)- 62: 



■1) 



a 



V2K 



2 + 

cw 



cw 



X2 



(ki -P2Y - in 



N, 



(6.10.2) 



Note that since we have written the fermion wave function spinors in the opposite order in A^2 
compared to Mi, there is a factor (—1) for Fermi-Dirac statistics. Alternatively, starting at the 
electron with momentum pi and using the Feynman rules as above, we can directly write: 



iMu 



V2y 



Cw 



Cw 



-ijki -p2)-cr 
{ki -P2Y - -rn^^ 



X2 



(6.10.3) 



This has no Fermi-Dirac factor (—1) because the wave function spinors are written in the same 
order as in TW^. However, now the Feynman rule for the propagator has an extra minus sign, as 
can be seen in Fig. 4.2.2. We can also obtain eq. (6.10.3) from eq. (6.10.2) by using eq. (2.60). 
So we can write for the total amplitude: 



M = Mt + Mu = xia-ayl + ylb-ax2 , 



(6.10.4) 
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where 



cw 



i=l 



9 sw 
cw 



cw '"t-m%^ ' 



1 = 1 



CW u — m 



(6.10.5) 
(6.10.6) 



Ni 



Hence, using eqs. (2.43) and (2.44): 



(6.10.7) 



Averaging over the initial state electron spins using eqs. (3.1.58)-(3.1.61), the a, and a* ,h 
cross terms are proportional to me and can thus be neglected in our approximation. We get: 



- ^ \M\'^ = -TT[a-(j P2-0 a* -a pi-a] + -TT[h-a P2-(T b*-a pi-a] . 



(6.10.8) 



Ai,A2 



These terms can be simplified using the identities: 



Tr[(A;i -pi)-ap2-a {h -pi)-api-a] = TT[{ki -p2)-crp2-cr {ki - P2)-cr Pi-cr] 



, 2 2 

tu - m^^m^j^, 



(6.10.9) 



which follow from eq. (2.55) and (2.56), resulting in: 



2 _ 9 Sy^r 



(in - mlmlj ^Ji^tii^h + — ^^;i)(^^2 + ^A^.i^ 
4c^ ' cw cw 



1 



+ 



1 



To get the differential cross-section da/dt, multiply this by l/(167rs^): 

da 7ra2 /tu-m|^m|^^ ^ , sw^,, ,,,, , sw 



(6.10.10) 



' Cw Cw 



1 



+ 



1 



(t - ) (t - m% ) {u- m% ) (u - m% ) 



N. 



(6.10.11) 



To compare with the original calculation in ref. [171] and with eq. E26, p. 244 in ref. [7], note 
that for a pure photino exchange, A^'ji — )• cw^n and Ni2 — sw^n, so that 



4s2 r2 



|iVa|V.2 + ^iV.iP 
cw 



1 . 



(6.10.12) 



Also note that in ref. [171] polarized electron beams are assumed. The result checks. 
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6.10.2 e-e 



For this process, there are again two Feynman graphs, which are related by the exchange of 
identical electrons in the initial state or equivalently by exchange of the identical selectrons 
in the final state, as shown in Fig. 6.10.2. (We again neglect the electron mass and thus the 
higgsino coupling to the electron.) Let the electrons have momenta pi and p2 and the selectrons 
have momenta ki and /c2, so that p\= p\ = 0; k\ = k"^ = s = (pi +^2)^; ^ = (^i — Pif'] 

u = {ki -P2f- 



(Pi, Ai) 
<- 



(P2, A2) 



e/j (^2) 




3"^ (P2, A2) 



Figure 6.10.2: The two Feynman diagrams for e e — )• e^^e^ in the limit where rrie — >• 0. 



Using the Feynman rules of Fig. K.4.2, the amplitude for the first graph is: 

2 

/ ^ .S'TJ/ \ 

iMt = I -i^ 



cw J 



{ki - piY - rri^- ^ 



(6.10.13) 



for each exchanged neutralino. The amplitudes for the second graph are the same, but with the 
electrons interchanged: 

2 " 

iMu = I -i^ 



(k\ - p2y - m 



v\v\ 



(6.10.14) 



Since we have chosen to write the external state wave function spinors in the same order in A^j 
and A^u, there is no factor of (—1) for Fermi-Dirac statistics. So, applying eq. (2.42), the total 
amplitude squared is: 



-w 



+ 



1 



i=l 



t — m?~ u — iv?~ 



The sum over the electron spins is obtained from 

^ {ylyhiy^yi) = Tr[p2-o^Pro-] = 2p2-?'i = s . 



(6.10.15) 



(6.10.16) 



So, using eq. (3.1.59), the spin-averaged differential cross-section is: 



da 



1 1 

+ 



i=l 



t — 7V?~ u — m?~ 



(6.10.17) 
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The first factor of (1/2) in eq. (6.10.17) comes from the fact that there are identical sleptons in 
the final state and thus the phase space is degenerate. 

To compare with [171] and also with eq. E27 of ref. [7], note that for a pure photino 
exchange, Nn — cw^n, so it checks. 

6.10.3 e~e~ — )■ e^e^ 

Again, in the limit of vanishing electron mass, there are two Feynman graphs, which are related 
by the exchange of identical electrons in the initial state or equivalently by exchange of the 
identical selectrons in the final state. As shown in Fig. 6.10.3, they are exactly like the previous 
example, but with all arrows reversed. 




Figure 6.10.3: The two Feynman diagrams for e e — )• e^^e^ in the limit of vanishing electron 
mass. 



Using the Feynman rules of Fig. K.4.2, the amplitude for the first graph is: 

2 



Mt 



V2 cw 



(pi -kiY - m?~ 



XiX2 



(6.10.18) 



for each exchanged neutralino. The amplitudes for the second graph are the same, but with 
Pi ^ P2- 



sw 



V2 Cw 



{p2-kiY - m?~ 



XiX2 



(6.10.19) 



Since we have chosen to write the external state wave function spinors in the same order in A^i 
and A^2j there is no factor of (—1) for Fermi-Dirac statistics. The total amplitude squared is: 



\M\' = ^(xiX2)(xH) 



cw M t — m ~ u — m~ 

1=1 \ Ni N^. 



. (6.10.20) 



The average over the electron spins follows from eq. (3.1.58): 

{xiX2){xlx\) = TT[p2-api-a] = 2p2-pi = s 



(6.10.21) 
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So the spin- averaged differential cross-section is: 

J2 1 4 

Ai,A2 
SW 



da 
H 



32SyyS 



1 = 1 



2 



m- 



(6.10.22) 



where the first factor of (1/2) in eq. (6.10.22) comes from the fact that there are identical sleptons 
in the final state. To compare with [171] and also with eq. (E27) of ref. [7], note that for a pure 
photino exchange, Nn — )• cw^n and Ni2 — )• sw^n, so it checks. 

6.11 e~e+ uiJ* 

Consider now the pair production of sneutrinos in electron-positron collisions. There are two 
graphs featuring the s-channel exchange of the . We will neglect the electron mass and Yukawa 
coupling, so there is only one graph involving the i-channel exchange of the charginos. These 
three Feynman diagrams are shown in Fig. 6.11.1, where we have also defined the helicities and 
momenta of the particles. The Mandelstam variables can be expressed in terms of the external 
momenta and the sneutrino mass: 



2pi ■P2 = s, 
2pi ■ ki = 2p2 ■ k2 



rrir, 



t. 



2ki ■k2 = s — 2m? 
2pi ■ k2 = 2p2 ■ ki -- 



m- 



u . 



(6.11.1) 
(6.11.2) 



Using the Feynman rules of Fig. J. 1.2, the amplitudes for the two s-channel Z boson exchange 
diagrams are:^*^ 



iM-2 



9 



2cw 

■ 9 
I 

2cw 



{h - k2)fM 



{h - k2),j. 



Dz 



Dz 



■9,2 
CW 



xi(juy2 



CW 



y\(yuX2 



(6.11.3) 
(6.11.4) 



where the first factor in each case is the Feynman rule from the Z boson coupling to the 
sneutrinos (see Fig. 72c, ref. [7]), and Dz = s — + iTzmz is the denominator of the Z boson 
propagator. The t-channel diagram due to each chargino gives a contribution 



{ki — piY — m 



using the rules of Fig. K.4.1. Therefore, the total amplitude can be rewritten as: 
M = cixi{ki - k2)-ayl + C2?/|(fci - k2)-ax2 + C3Xi(A:i - pi)-ayl , 



(6.11.5) 



(6.11.6) 



Because we neglect the electron mass, we may drop the Q'^Q" term of the Z propagator, where Q = pi + p2 
is the propagating four- momentum in the s-channel [cf. Fig. 4.2.5]. 

^^The explicit inclusion of the finite decay width in the propagator of an unstable particle involves subtle issues 
of gauge invariance and unitarity, particularly in higher loop computations. The authors of ref. [172] recommend 
the complex-mass scheme for perturbative calculations with unstable particles, first introduced in ref. [173]. 
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e(pi, Ai) 



ef (p2, A2) 
<- 



^* {k2) 



Figure 6.11.1: The Feynman diagrams for e e"*" — )■ uv*. 
where 

Squaring the amphtude and summing over the electron and positron spins, the interference 
terms involving C2 will vanish in the massless electron limit due to eqs. (3.1.60) and (3.1.61). 
Therefore, we obtain 



\M\'^ = ^ ||cipxi(A;i - k2)-(Ty\y2{ki - k2)-(Tx[ + |c2py|(A;i - k2)-ax2x\{ki - k2)-ayi 

Ai,A2 Ai,A2 

+clxi{ki - pi)-ayly2{ki -pi)-ax\ + 2Re[ciC3 j;i(/ci - k2) ■ ayl y2{ki -pi)-ax{] 



= |cip Tr[(A;i — k2)-(jp2-a{ki - k2)-api-a] + |c2|^ Tr[(A;i - k2)-crp2-cr{ki - k2)-api-a] 

+c|Tr[(A;i - pi)-ap2-W{ki -pi)-api-W] + 2Re[ci]c3 Tr[(A;i - k2)-(Jp2-W{ki -pi)-api-W], 

(6.11.8) 

where we have used eqs. (3.1.58) and (3.1.59) to perform the spin sums. Applying the trace 
identities eqs. (2.55) and (2.56) and simplifying the results using eqs. (6.11.1)-(6.11.2) and 

u = 2m? — s — t, we get 

\M\^ = -[st + {t- mlf] (4|ci|2 + 4|c2|2 + 4 + 4Re[ci]c3) . (6.11.9) 

Ai,A2 

When m^^ = m^^, this agrees with eqs. (E46)-(E48) of ref. [7]^^ and with ref. [174]. The 



There is a typographical error in eq. (E48) of [7]; the right-hand side should be multiplied by 1/cos^ 6w- 
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differential cross-section follows in the standard way by averaging over the initial state spins: 
Note that 



m? — i(l — /3 cos 0)s . 



/3 



1 



4m? \ ^^'^ 



(6.11.11) 



where 9 is the angle between the initial state electron and the final state sneutrino in the center- 
of-momentum frame. The upper and lower limits and t_ are obtained by inserting cos^ = ±1 
above, respectively. 

Performing the integration over t to obtain the total cross-section, one obtains 



da 



-dt 



9 



QAtts 



2 2 

(Sz + + iZ ' (6.11.12) 

^ ij=i i=i ^ 



where 



Sz 

Sii 

Sl2 = S21 
Szi 



^Sfy + 1) 



\Dz\ 



|yii|'[(l-27i)^i-2/3], 

I.. ,J (m|^+^7i)^2-(m|^+.7?)Li ' 

I Vll V12\ S 9 9 P 



m 



{2s 



w 



iViil 



-w 



2 

m~ 
C2 Ci 

2 



with 



2 2 
— m 



Ci 



"4. + sri)Li + s^(7i - 1/2) 



/m^ -t. 



\Dz? ^ 



Ci 



(6.11.13) 
(6.11.14) 
(6.11.15) 

(6.11.16) 
(6.11.17) 



This agrees with eqs. (E49)-(E52) of ref. [7] in the limit of degenerate charginos, or of a single 
wino chargino with |Vii| = 1 and V12 = 0. It also agrees with [174]. 

6.12 e-e+ NiNj 

Next we consider the pair production of neutralinos via e^e^ annihilation. There are four 
Feynman graphs for s-channel exchange, shown in Fig. 6.12.1, and four for t/u-channel 
selectron exchange, shown in Fig. 6.12.2. The momenta and polarizations are as labeled in the 
graphs. We denote the neutralino masses as and the selectron masses as and 



The electron mass will again be neglected. The kinematic variables are then given by 



s = 2pi-p2 = mj^ + + 2ki-kj, 



Ni 



t = nn?~ - 2pi-ki = m\ - 2p2-k 



u = m~ 



2p2-ki = - 2pi-k 



(6.12.1) 
(6.12.2) 
(6.12.3) 
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By applying the Feynman rules of Figs. J. 1.2 and K.2.1, we obtain for the sum of the 
s-channel diagrams in Fig. 6.12.1 [cf. footnote 60], 



-ig 



Dz 



ig{s 



2 _ 1\ -2 

W 2) t I '''d^w t— 

xicj^y^ H —yi(Tf,X2 



//L 



(6.12.4) 



where Of- is given in eq. (K.2.5), and Dz = s — m^+iP^m^. The fermion spinors are denoted by 



xi = x{pi, Ai), = yHp2, A2), xl = x^{ki, Aj), yj = y{kj, Xj), etc. Note that we have combined 
the matrix elements of the four diagrams by factorizing with respect to the common boson 
propagator. For the four t/n-channel diagrams, we obtain, by applying the rules of Fig. K.4.2: 



iM 



(-1) 



m 



iM 



(u) 



m 



El 



V2 



V2 ^ Cw 



cw 



xmylx], 



iM 



■1) 



m 



V cw ^ 



^(N,2+'^Na 
V2 ^ Cw 



xiyjy2 



iV2g—N*Aylxlx2yj, 
Cw ^ 



iM 



(u) 



m 



cw 
cw 



-i\/2g—N*i \y{x',X2yi. 
Cw 



(6.12.5) 
(6.12.6) 
(6.12.7) 
(6.12.8) 



The first factors of (—1) in each of eqs. (6.12.5) and (6.12.7) are present because the order of the 
spinors in each case is an odd permutation of the ordering (1, 2, i,j) established by the s-channel 
contribution. The other contributions have spinors in an even permutation of that ordering. 

The s-channel diagram contribution of eq. (6.12.4) can be profitably rearranged using the 
Fierz identities of eqs. (2.66) and (2.67). Then, combining the result with the i/ii-channel and 
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'(pi,Ai^ 




X°'^(%,Aj) 



5Upi,Ai] 



e(p2,A2 




(A:*, Ai) 



X°(fc„A,) 



Figure 6.12.2: The four Feynman diagrams for e — t- A'^jA'j- via t/n-channel selection ex- 
change. 

s-channel contributions, we have for the total: 



M = cixiyjylx] + C2Xiyiylxj + C3ylxlx2yj + C4,ylxjx2yi, (6.12.9) 



where 








Cl = 


4- [(1 - 2s^)0^f /Z^^ - ^{cwNi2 + styiV*i)(cH/iV;2 + swN*i)/{u 




(6.12.10) 


C2 = 






(6.12.11) 


C3 = 


^ {-O'lflD, + NaN;,/{t - ml)] , 




(6.12.12) 


C4 = 






(6.12.13) 



Squaring the amplitude and averaging over electron and positron spins, only terms involving 
xix\ or yiy\, and X2x\ or 7/22/2 survive in the massless electron limit. Thus, 

^ |Xp = ^ f |ci|^y]x|xiyjXi7/2yJx| + |c2py|x|2;iyi2;jy2y2^] 

Ai,A2 Ai,A2 

+ |c3pXiyiyJxJy]x^X22/j + |c4pXjyiy|2;jy|x^X22/j 

+2Re[cic*2ylx\xiyjXjy2ylxl] + 2Re[c3C4Xj?/i?/|x|yj4^2yi]^ 

= |ci|^y]prCTyjXiP2-o-4 + |c2pyJprayiXjP2-cra;] 

+|c3pXiPrcrx|y]p2-o^yj + |c4pXjPrcrx] i/tp2-ayi 

+2Re[cic*2ylpi-ayj XjP2-(Txl] + 2Re[c3clxjPi-axl ylp2-ayj] , (6.12.14) 
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after employing the results of eqs. (3.1.58)-(3.1.61). 

We now perform the remammg spin sums using eqs. (3.1.58)-(3.1.61) again, obtaining: 

|A4|^ = \ci\'^Tr[pi-akj-a]TT:[p2-(Tki-a] + \c2\'^Tv\pi-aki-a]Tv[p2-akj -a] 

+ \c3\'^Tv[pi-aki-a]Tr[p2-akj-a] + \c4\'^Tr[pi-akj ■a]T[[p2-aki-a] 
+2Re[ciC2]m^,m^ Tr[p2-<7pi-a] + 2Re[c3C4]mjy,mjy Tr[pi-(Tp2-o'].(6.12.15) 



Applying the trace identity of eq. (2.54) to this yields 



spins 



|cip + \ci\^)^pi-kj p2-ki + (|c2p + |c3p)4pr/ci p2-kj 

+4Re[ciC2 + C3C4]mr^ mc^ prp2 
|ci|2 + |c4|2)(n - m\){u - ml) + (jcap + |c3|2)(t - m|j(t - ml 



N, 



Ni 



+2Re[ciC2 + C'ic'^mfrmfrS. 



(6.12.16) 



The differential cross-section then follows: 



da 



\ spins / 



(6.12.17) 



This agrees with the first complete calculation presented in ref. [175]. For the case of pure 
photino pair production, i.e. Nn — )• cw^n and Ni2 — )■ swSn and for degenerate selectron 
masses this also agrees with eq. (E9) of the erratum of [7]. Other earlier calculations with some 
simplifications are given in refs. [176, 177]. 

Defining cos 9 = Pi • fcj (the cosine of the angle between the initial state electron and one of 
the neutralinos in the center-of- momentum frame), the Mandelstam variables t,u are given by 

1 

2 L""JV« 
1 

2 L""A^« 

where the triangle function A^^^ is defined in eq. (6.1.11). Taking into account the identical 
fermions in the final state when i = j, the total cross-section is 



t = - 



u 



2, 2 |\l/2/ 2 2\ a 

m~ +m~ -s + X' {s,m~,m~)cos8 



9 9 

m ~ -\- 

iV n 



A^/^(s,m^ )cos( 



(6.12.18) 
(6.12.19) 



1 



£7 



l + <5, 



ij Jt 



*+ da , 



(6.12.20) 



where t_ and t+ are obtained by inserting cos^ = =Fl in ei- (6.12.18), respectively. 



6.13 N^Nr ff 

In this section, we compute the annihilation rate for NiNi — )■ //, where / is any kinematically 
allowed quark, charged lepton or neutrino. The case of / = e~ is the reversed reaction of the 
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P (fc2,A/2) 




f{h,Xfi) 




f{k2,Xf2) 




f{k2,\f2) 



Figure 6.13.1: The four Feynman diagrams for NiNi — t- // via s-channel exchange, where 
/ is a quark or lepton. 

process examined in Section 6.12 (with i = j = 1). In R-parity-conserving supersymmetric 
models in which A^^i is the hghtest supersymmetric particle (and hence is stable), the NiNi 
annihilation process is relevant for the computation of the neutralino relic density [178]. In 
particular, NiNi — )■ // can be an important contribution to cold dark matter annihilation 
[178-181]. Neutralino dark matter is typically heavier than about 6 GeV [182]; for lighter 
neutralinos see ref. [183]. 

In the computation of the relic density, one computes freiCannj where (Tann is the NiNi 
annihilation cross-section and Vj-^i is the relative velocity of the two neutralinos in the center- 
of-momentum frame. The square of the relative velocity is taken to be its thermal average, 
^rci — ^ksT /m^^ [178], which is typically non-relativistic when the temperature is of order the 
freeze-out temperature [180] (where the neutralino falls out of thermal equilibrium). Hence, it is 
sufficient to compute the annihilation cross-section for NiNi — t- // in the non-relativistic limit. 

As in Section 6.12, there are four Feynman graphs for s-channel exchange, shown in 
Fig. 6.13.1. In addition, there are s-channel neutral Higgs exchange graphs, shown in Fig. 6.13.2, 
that yield contributions to the annihilation amplitude proportional to the fermion mass, m/.^^ 
Likewise, as in Section 6.12, there are four Feynman graphs for t/u-channel /l and /r exchange, 
shown in Fig. 6.13.3. However, because we do not set m/ to zero, four additional i/n-channel 
graphs contribute, shown in Fig. 6.13.4, that are sensitive to the higgsino components of the 
neutralino. 

^■^In regions of parameter space where ttIj^^ ~ or mf^_^ ~ \m^a (where (fP = hP , or ^4"), the resonant 

2 — >■ 1 annihilation iViiVi — >■ or NiNi — >■ (fP dominates the 2 — >■ 2 annihilation processes considered here. 
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X? (pi,Ai) 





Xl (P2, A2 



Xi (Pi, Ai) 
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f{h,Xfi) 



Xl iP2, A2) 

x'l (Pi, Ai) 
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7(^2, A/2) X?"^(P2,A2) 



f (A;i,A 



/I; 




(fc2,A/2) 




fHk2,Xf2) 



Figure 6.13.2: Feynman diagrams for NiNi — t- // via s-channel Higgs exchange. There are 
four diagrams for each possible neutral Higgs state (j)^ = , and yl". 

The neutralino and the final state fermion four-momenta and polarizations are as labeled 
in the Feynman graphs. In the center-of-momentum (CM) frame, the four-momenta are 



Pi 



{E;p) 



P2 



= E{1 ■ -Pk) 



where 



/3 



m 



£;2 ■ 



In the non-relativistic limit where |p| <C mc; 



Afi' 



^1 2m 



(6.13.1) 



(6.13.2) 



(6.13.3) 



and the kinematic invariants are given by 



s = {pi+ P2) = = + 4|p1^ , 



(6.13.4) 
(6.13.5) 
(6.13.6) 



t = {pi — ki) =1TL^ + tUf — 2pi-ki —m~ + + 2/3m^Jp| cos ^ — 2|p| 
u = {pi- k2f = m + "i/ - 2pi • A;2 ^ -m^^ + " 2/3m^^ |pl cos 6* - 2\p\ 
where 6 is the CM scattering angle. Subsequently, we shall neglect the subdominant Odp]) 

2_ 



terms in the t and u-channel propagator denominators by setting t ^ u ^ ~^^\t '^/' 



By applying the Feynman rules of Figs. J. 1.2 and K.2.1, and using the unitary gauge for the 
Z-boson propagator, we obtain for the sum of the s-channel Z-exchange diagrams of Fig. 6.13.1, 



iM;, 



Dz 



^ ) 

cw 



{Ti-s^Qf)x^j-^ayyf2-SwQfyfi<^v 

(6.13.7) 
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fikuXfi) 




P (A;2,A/2) 



X^i (Pi,Ai) 



Xl (P2,A2) 




fik2,Xf2) 



Figure 6.13.3: The four Feynman diagrams for NiNj — >• // via i/«-channel fi and //j ex- 
change, where Jl and /ij couple to the gaugino components of the neutrahno. 



X?(Pi,A ^ i) 



f (fci,A/i) 



X?nPi,A. 



/(fci,A/i) 



Xl^ (P2, A2) 



/(A^2,A/2) 



Xl iP2, A2) 



fHk2,Xf2) 



Xl' (Pi, Ai 
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Figure 6.13.4: The four Feynman diagrams for NiNj — t- // via t/n-channel fi and ex- 
change, where /l and //j couple to the higgsino components of the neutralino. 



where 0'(i is given in eq. (K.2.5), Dz = s — m\ + iTzmz, and Q = Pi + P2 = ki + k2. 
The spinor wave functions are denoted by xi = x{pi,Xi), = y'^ {^2, X2) , x'^j^ = x"^ {ki,\fi), 
y^2 = y(^2)A/2)) etc. In obtaining eq. (6.13.7), we have combined the matrix elements of the 
four diagrams by factorizing with respect to the common Z-boson propagator. Note that all 
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four terms in eq. (6.13.7) have the same order of spinor wave functions (l,2,/l,/2). Thus, no 
additional relative signs arise (beyond the sign associated with the choice of the a or a version 
of the vertex Feynman rules). One can simplify the terms that originate from the Q^Q'^ part 
of the Z-boson propagator by writing = {pi + P2)^ and Q'^ = {ki + k2)'^ ■ Contracting the p 
and 1^ indices with the help of eqs. (3.1.9)-(3.1.12) yields: 



(pi +P2Y 



{ki + k2)'' {T^ - s^Qf)x^j^ayyf2 - SwQ fV fi(^ux\2 



2m (xiX2 - y\yl 



Hence, we shall write 



Mz = M^z^ + M 



(2) 
Z ' 



where 



iM 



iM 



(1) 



-ig' 



pi/ 



Dz 

(2) ^ ^^/"^JVi 

^ mlDz 



cw 



QllL 



xiCfpLyl - y\cri,X2 



(6.13.8) 
(6.13.9) 

(6.13.10) 



(^3 - SwQf)x'j-^a^yf2 - s^Qfy^^aiyX^j-^ 



cw 



"^5 \ ^"Lrnrrf\ 



O'l'f (2T3O (xiX2 - y\yl J ( y/iy/2 - 2^/142 



(6.13.11) 
(6.13.12) 



Next, we apply the Feynman rules of Figs. K.1.1 and K.3.1 to obtain the sum of the four 
s-channel Higgs exchange diagrams (for (j)^ = hP , and A^) of Fig. 6.13.2, 



iM 



H- 



-m 



f 



4>o=hO,H0,AO 



{Y^'^'^°)x,X2 + {Y^"^"^'ry\yl 



(6.13.13) 

where y?^°x?x? ig given by eq. (K.3.1), and D^o = s — m^o + iF^om^o. In addition, we have 
introduced the following notation 

'kd^o, for f = d,e-, 



for / = u , 



for f = d, e , 
u, ior f = u, u, 



(6.13.14) 



for / = z/ , 

where Vu, Vd are the neutral Higgs vacuum expectation values [cf. eq. (K.1.9)] and /c^^o and k^^o 
are defined in eqs. (K.1.7) and (K.1.8). As the order of the spinor wave functions is (1, 2, /I, /2) 
for all four terms Mh, no extra minus signs appear. 

A good check of the above calculations is to repeat the analysis in the 't Hooft-Feynman 
gauge (where the gauge parameter = 1). In this gauge, Aiz = since the term pro- 

portional to Q^Q^ is absent from the gauge boson propagator. However, we must now include 
the diagrams of Fig. 6.13.2 with (j)^ = G°. In the 't Hooft-Feynman gauge, mQQ = mz and 
Dqo = Dz- Moreover, using eqs. (K.1.7) and (K.1.8), 

kfGO _ 2iTf 



Vf 



(6.13.15) 
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Hence, using eq. (6.13.13) with 



GO, 



iM 



m 



G 



f 



V2vDz 



,t„t 



t J 



(6.13.16) 



where we have noted that jy'^''xiXi real. In particular, using eq. (K.3.14) and recalling that 
= m'^c^r = ^g'^v^, we confirm that A4g = -M^^^ as expected from gauge invariance. 
We next evaluate the t/u-channel exchange diagrams shown in Figs. 6.13.3 and 6.13.4. We 

neglect /l-Jr mixing. Eight Feynman graphs contribute, and we denote the total invariant 

amplitude by: 



J Jl II Jr Jr ' 



(6.13.17) 



where j = 1,2 labels the contributions of Figs. 6.13.3 and 6.13.4, respectively, and the other 
superscripts (t or u) and subscripts (/^^ or //j) indicate the exchange channel and the exchanged 
particle, respectively. These matrix elements are evaluated by applying the rules of Fig. K.4.2. 
The graphs of Fig. 6.13.3 are sensitive to the gaugino components of A^i, and yield 



iMf^ = (-1) (^-igV2y 



fL 
Jul) 



t — m 



fL 



TiN^2 + —{Qf-Ti)N^r 
cw 

2 



(yl4,)(x2y^2), (6-13.18) 



- 1 (^iy/2)(2/24i)' (6-13.19) 



u — m 



fL. 



JR 



(-1) ( ^V2g'-^Qf 
^ cw 



t — mi 



l^iil^ ixiyfi)iy2x 



f2> 



fR ' 



iM 



(ul) 
fR 



lV2g'-^Qf 
cw 



^iil^(yi42)(^2y/i 



u — ni; 



(6.13.20) 
(6.13.21) 



fR. 



The explicit factors of (—1) in eqs. (6.13.18) and (6.13.20) are present because the order of 
the spinor wave functions in these cases is an odd permutation of the ordering (l,2,/l,/2) 
established in the computation of the s-channel amplitudes. 

The graphs of Fig. 6.13.4 are sensitive to the higgsino components of A'^i, and yield 

2 / • \ 



iM 



iM 



iM 



(t2) 
fL 

{u2) 
II 



(-1) 



-im 



-imf 



Vf 
2 



t — mi 



f2) 



fL. 



^if? (yi42)(^2y/i) , 



u — m- 

fL . 



iM 



fR 



iu2) 

Ir 



(-1) 



-imi 



Vf 



-imf 
^f 

2 / 



t — mi 



l^i/l^ (2/I4i)(^22//2) , 



fR 



I^i/l^(a;iy/2)(y24i 



u — m- 



(6.13.22) 
(6.13.23) 
(6.13.24) 
(6.13.25) 



fR. 
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where Vf is defined in eq. (6.13.14), and 



(N 



N- 



1/ 



13 ■ 

0, 



for / = d , e" 
for / = li , 
for f = V . 



(6.13.26) 



As before, the exphcit factors of (—1) are due to the ordering of the spinor wave functions. 

It is convenient to write the total matrix element for NiNi — )• // as the sum of products 
of separate neutralino and final state fermionic currents. The contributions of the s-channel 
diagrams are already in this form. The contributions of the i- and n-channel diagrams given in 
eqs. (6.13.18)~(6.13.25) can be rearranged using the Fierz identities of eqs. (2.66)~(2.68), 



yWfiX2yf2 = -^(yi^''^2)(4i^A'y/2) > 

xiyf2yWfi = -U^i<^^y2)ix\i'^t^yf2) > 

xiyfiy2x\2 = -U^i^^y2)iyfi^^^^\2) ' 
yWf2^2yfi = -^iy\a^'x2){yfia^x'^f^) . 



(6.13.27) 
(6.13.28) 
(6.13.29) 
(6.13.30) 



Combining the result of the s, t, and u-channel contributions, we have for the total amplitude: 



M 



rrir 



-Co (xiX2 - yjyl) (y/iy/2 - ^/i^/2) 



+ci{y\a^X2){x'^fi0^yf2)+C2{xia^yl){x'^j^a^yf2)+cz{xia^yl){yf^a^^^^ 



+mf 



C5{xiX2){yfiyf2) + C6(xiX2)(x|iJ;^2) + C7{y[y2)iyfiyf2) + C8{yiy2){^flX 



f2) 



where the coefficients cq , ci , ... , C4 are given by 



Co 



ci 



2 2T3^orf 



{Ti-sl,Qf)0'ii , 1^/^12 + ^(Q/-^3Viil 



+ 



t — m- 



II 



f 



C2= g 



{Ti-sl,Qf)0'i[ , \TiN,2 + ^{Qf-Ti)N,,\ 
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U — 771; 
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-g —Qf 



t — m 



.2''VK, 



C4 = g~^Qf 



On , Qf\Nii 



m. 



2vi 



Dz 



u — m 
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t - 771; 

JL 



+ 



f 



|iVi/P 
t — 

JR . 

u — m- I 

JR / 



2vj \u — mi 



(6.13.31) 

(6.13.32) 
(6.13.33) 

(6.13.34) 
(6.13.35) 
(6.13.36) 



fL 



The coefficients c^,...,cs are obtained from eq. (6.13.13) and represent the s-channel Higgs 
exchange contributions to the annihilation matrix element. 
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In the non-relativistic limit, |jo| <^ m^^. Then t u ~^ "^/' ^^'^ approxi- 

mate^^ ci = — C2 and C3 = — C4. Hence, the total amplitude, eq. (6.13.31), can be written as 



M 



+ 



2 — Co [xiX2 - y[y!2 ) [yfiyf2 - ^/l^/2 ) 



+ M 



H 



(6.13.37) 



where the s-channel Higgs exchange contributions, will be neglected for simplicity in the 

subsequent analysis. The spin-averaged squared matrix element for NiNi — t- // then takes the 
following form: 



N, 



Icil'F^ + \oi\''Fl^'' - 2Re(cic^)Ff2" 



2 2 
rrifm- 



+ 



2m fm^^ 



rrir 



Re[c5(ci + C3)]7V^F'^, 



(6.13.38) 



where N^^^, and are spin- averaged tensor, vector and scalar quantities that depend on 
the initial state neutralino kinematics and -^1*212' ^^^^ ^ spin-summed tensor, vector 
and scalar quantities that depend on the final state fermion kinematics. These quantities are 
easily computed using the projection operators of eqs. (3.1.58)-(3.1.61) and the standard trace 
techniques to perform the spin averages and sums. Explicitly, the spin-averaged neutralino 
quantities are 



N {xiX2 - y\yl){x\x\ - y2yi) = pi ■P2 + rnj^^ = 2E'^ , 

Sl,S2 

^''=1 X](^i^''^2 - xia^yl){xlx\ - yayi) = -m^^{pi + P2T = < 



0, 



(6.13.39) 

^ = 0, 

^l = i, 

(6.13.40) 



and a symmetric second-rank tensor, 

iV^" = i E (2/I^''^2 - x,a^^yl)ixla''y, - y2a''x\) = p^^p'i + " ■P2 - ^1^) 

IJ, = v = , 

0, /i = 0,z/ = jor/_f = i,z^ = 0. 



Ni 



13.41 



2 M'^s'^ -pY 



^*In particular, we assume that /l and are significantly heavier than all other particles in the annihilation 
process. Consequently, we can ignore all 0(|p|/mj^ ^) terms in ci + C2 and C3 + C4. 
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where the final results given in eqs. (6.13.39)-(6.13.41) have been evaluated in the CM frame. 
Similarly, the spin-summed final state fermion quantities are 

P= Yl (y/iy/2-4l42)(y/2y/l "^/2^/l) =^(^l" ^2 + ^2) =8^2, (6.13.42) 
= Yl (4l^^^/2) (2^/2^/1 ~ ^/2^/l) = - X] (y/l^''42)(424l ~ ^/2^/l) 

(6.13.43) 

0, tJ' = i, 



(6.13.44) 
(6.13.45) 



after evaluating the above quantities in the CM frame, and 
^2^^ E (y/i^S2)(^/2^V^i) = ^iP^2ATr(aWV'^), 

^/l'"/2 

E {yn'y'^)2){yy''^fi)= E (4i^'^y/2)(^/2^%) = -"^/Tr(a^a'^). (6.13.46) 

Since A^'"^ is symmetric, the antisymmetric parts of -F{"^ and F!^'^ do not contribute in eq. (6.13.38). 
The symmetric parts of F^'^ and F!^'^ are equal and given by: 



L 1 Jsymm — 2 Jsymm 



2m^ 



= 2(^5*^^ + k\ki^ - ki ■ k2g'"') 



0. 



fi = V = , 

/i = 0,i^ = j or n = i , v = , 



3.13.47) 



and F^^'' = —2m?^g^'^. The spin-averaged squared matrix element for NiNi — )■ // given by 
eq. (6.13.38) can now be fully evaluated, resulting in 

i \Mz+Mff = 4{\ci\^ + \c3\^)^mlm} + 2\p\\E^{l + cos'^e)-m}cos^e) 



Sl,S2,Sfi,Sf2 



+8mj Re(ciC3) 

16m^m2~ 
+ ^-^E' 



E'^\cof - m|Re[co(ci + c-s)] 



■.13.48) 



where cos0 = p-k/lp]. In the non-relativistic limit, we use eq. (6.13.3) and drop terms of 
0{\P\'). 
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To compute freifanrn we make use of the following result for the differential annihilation 
cross-section in the CM frame: 

where |A^|^yg is the squared matrix element for the annihilation process, averaged over initial 
spins and summed over final spins, and the relative velocity of the initial state neutralinos in 
the CM frame is given by v^d = 4|p|/y^ ~ 2\p\/m^^, after noting that ^/s ~ ^m^^^ in the 
non-relativistic limit. Inserting the squared matrix element obtained above into eq. (6.13.49) 
and integrating over solid angles, we end up with: 



2 2 ^ P1 f a 2 2 

m~ TUf H 4m ~ — m 



Arrifm- 
m% 



+2m)Re{c^4) [m|^ - 21^1^] + 0(|pl^)| , (6.13.50) 

where the effects of the s-channel Higgs boson exchanges have been omitted. 

The momentum dependence of eq. (6.13.50) reflects the famous p-wave suppression of the 
annihilation cross-section in the mf = limit noted in ref. [178].^^ In general, the annihilation 
cross-section in the non-relativistic limit behaves as VreiCann oc |jo|^^. Applying this result to 
eq. (6.13.50) in the nif = limit implies that i = 1. This is a consequence of the Majorana 
nature of the neutralino. In particular, in the limit of mj = 0, the // pair is in a J = 1 
angular momentum state. However, Fermi statistics dictates that at threshold, a pair of identical 
Majorana fermions in a J = 1 state must have relative orbital angular momentum i = 1 
(corresponding to p-wave annihilation). The s-wave annihilation (corresponding to the Majorana 
fermion pair in a J = state) is suppressed by a factor of m'j, as is evident from eq. (6.13.50). 

We have checked that eq. (6.13.50) corresponds to a result first obtained in ref. [179] (al- 
though the latter reference omits the terms in eq. (6.13.50) proportional to cq). However, we 
emphasize that this formula neglects the effects of s-channel Higgs boson exchanges. We in- 
vite the reader to complete the computation of the annihilation cross-section by including these 
terms (along with the effects of interference between the neglected contributions and the ones 
computed above). 



"^^In ref. [178], the annihilation rate for photinos is computed, corresponding to Nn — cw, N12 = sw and 
~ N14, = 0. In this case, the Z boson and Higgs boson s-channel exchange diagrams are absent. The 
result presented in ref. [178] should be multiplied by a factor of two (H. Goldberg, private communication) — the 
corrected expression then agrees with eq. (6.13.50). 
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The annihilation of NiNi into heavy quarks (c, b and t), fohowed by the decay of the heavy 
quarks, can yield observable signatures suitable for indirect dark matter detection. For example, 
the annihilation of neutralinos in the galaxy provides a possible source of indirect dark matter 
detection via the observation of positrons in cosmic rays [184]. Neutralino dark matter can also 
be captured in the sun [185]. The neutrinos that arise (either directly or indirectly) from the 
neutralino annihilation in the sun can be detected on Earth (see, e.g., ref. [186]). 

6.14 e-e+ Crcf 

Next we consider the pair production of charginos in electron-positron collisions. The s-channel 
Feynman diagrams are shown in Fig. 6.14.1, where we have also introduced the notation for the 
fermion momenta and polarizations. The Mandelstam variables are given by 

s = 2pi-p2 = m% +m% +2krkj, (6.14.1) 
t = m% -2pi-ki=m% - 2p2-kj, (6.14.2) 
u = — 2p2-fcj = m~ —2pi-kj. (6.14.3) 

Note that the negatively charged chargino carries momentum and polarization (ki, Aj), while the 
positively charged one carries {kj,Xj). 

Using the Feynman rules of Figs. J. 1.2 and K.2.1, the sum of the photon-exchange diagrams 
is given by: 

iM.^, = — (-iexiafj,yl - iey[a^X2\ (ie Sijyia^x'j + ieSijxlWuVj) ■ (6.14.4) 



e{pi,X 




Xi "^(%,Aj) 



xtHk^,Xi) 



Xi {h,Xi) 



Xj ^ (kjAj) 



xtikj,Xj) e{p2,\2) 




Figure 6.14.1: Feynman diagrams for e e"*" — )• Cj Cj via s-channel 7 and Z exchange. 
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e (pi , Ai 



et (p2, A2) 
<- 



Figure 6.14.2: The Feynman diagram for e e"^ — >• C- Cj" via the t-channel exchange of a 
sneutrino. 



The Z-exchange diagrams yields [cf. footnote 60]: 



iM' 



-ig- 



pi/ 



Dz 



^9 rML . 



(6.14.5) 

where Dz = s — m\ + iV zmz ■ The t-channel Feynman diagram via sneutrino exchange is shown 
in Fig. 6.14.2. Applying the rules of Fig. K.4.1, we find: 



■1) 



t — mi 



{-igVaXiVi) (-igVjiylx^j^ . 



(6.14.6) 



The Fermi-Dirac factor (—1) in this equation arises because the spinors appear an order which 
is an odd permutation of the order used in all of the s-channel diagram results. 

One can now apply the Fierz transformation identities eqs. (2.66)-(2.68) to eqs. (6.14.4) 
and (6.14.5) to remove the a and a matrices. The result can be combined with the t-channel 
contribution to obtain a total matrix element A4 with exactly the same form as eq. (6.12.9), but 
now with: 

= 2^ - ^(1 - 2.^)0^f , (6.14.7) 



cLDz 



C2 



C3 



C4 



t — m- 



s 



c'wDz 



I] I 2g s-^ Q,L 



+ 



(6.14.8) 
(6.14.9) 
(6.14.10) 



The rest of this calculation is identical in form to eqs. (6.12.9)~(6.12.16), so that the result is: 

\M\^ = + |c4p)(n - ml){u - ml) + (jcsp + |c3|2)(t - m|p(t - 

spins 

-|-2Re[ciC2 + c^c*/^m^ m^ s . (6.14.11) 
The differential cross-section then follows: 



da 



16^ (i 5:1x1^) 

\ spins / 



.14.12) 
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As in the previous subsection, we define cosO = Pi ki (where 9 is the angle between the initial 
state electron and in the center-of- momentum frame). The Mandelstam variables t,u are 
given by 

1 



t = - 
2 

1 

u = - 
2 



m'~ +m% - s + X^/'^{s,m% ,m%)cose , (6.14.13) 



2 I 2 \l/2/ 2 2 \ 

m~ + m~ — s — A ^ [s^m~ ^ m~ ) cos ( 

Gi Gt Gi Gt 



(6.14.14) 



The total cross-section can now be computed as 



. = £*|di, (6.14.15) 

where t_ and t+ are obtained with cos 9 = —1 and +1 in eq. (6.14.13), respectively. Our results 
agree with the original first complete calculation in ref. [187]. Earlier work with simplifying 
assumptions is given in ref. [188]. An extended calculation for the production of polarized 
charginos is given in [189]. 

6.15 ud^C^Nj 

Next we consider the associated production of a chargino and a neutralino in quark, anti-quark 
collisions. The leading order Feynman diagrams are shown in Fig. 6.15.1, where we have also 
defined the momenta and the helicities. The corresponding Mandelstam variables are 

s = 2pi-p2 = m~ + ?n~ + 2ki-kj, (6.15.1) 
t = m), - 2pi-ki = Ta\ - 2p2-kj, (6.15.2) 



u = m~ 



~Ci ' N 
,2 o„ 2 



'^P2-ki = - 2pi-kj. (6.15.3) 



The matrix elements for the s-channel diagrams are obtained by applying the Feynman 
rules of Figs. J. 1.2 and K.2.2: 

'•^^ = gl'^2 (;^^i'^'^^2) [igOjtx^^^yj + igOf*yia^x^^ . (6.15.4) 

The external spinors are denoted by xi = x{pi,\i), y\ = yHP2j^2), = 2;^(A;i,Aj), yj = 
y{kj,Xj), etc. The matrix elements for the t and u channel graphs follow from the rules of 
Figs. K.4.1 and K.4.2: 

= (^[-^2 - ^N*,])x,y,ylx\ . (6.15.6) 

The first factor of (—1) in eq. (6.15.5) is required because the order of the spinors (l,i,2,j) is 
in an odd permutation of the order (l,2,i,j) used in the s-channel and tt-channel results. 
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Figure 6.15.1: The four tree- level Feynman diagrams for ud — t- C^Nj 



Now we can use the Fierz relations eqs. (2.66) and (2.68) to rewrite the s-channel amplitude 
in a form without a or a matrices. Combining the result with the t-channel and n-channel 
contributions yields a total M with exactly the same form as eq. (6.12.9), but now with 

1 



ci 



C2 = -V2g^ 

C3 = C4 = 0. 



— m' 



w 



+ -N*n + 



m 



W 



j2 



sw 




v. 


6cw 


u - rriu^ 


sw 




/" 1 


6cw 





(6.15.7) 

(6.15.8) 
(6.15.9) 



The rest of this calculation is identical in form to that of eqs. (6.12.9)-(6.12.16), leading to: 
^ |A^P = \ci\'^{u - m"- ){u - mj^ ) + \c2\'^{t - m% ){t - m% ) + 2Re[ciC2]rn^mj^^s. (6.15.10) 



Ci 
spins 

From this, one can obtain: 



"AT, 



da 
lit 



lib (3^ S \mA 

\ spins / 



(6.15.11) 



where we have included a factor of 1/3 from the color average for the incoming quarks. As in 
the previous two subsections, eq. (6.15.11) can be expressed in terms of the angle between the 
u quark and the chargino in the center-of-momentum frame, using 

1 



t 



2 2 
m~ + m~ 



2 2 

m~ + m~ 



s + A^/^ (s, m% , m% ) cos ( 
s — X^^'^ (s, m ~ , m ~ ) cos ( 



(6.15.12) 
(6.15.13) 
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This process occurs in proton-antiproton and proton-proton collisions, where ^/s is not fixed, 
and the angle 9 is different than the lab frame angle. The observable cross-section depends 
crucially on experimental cuts. Our result in eq. (6.15.11) agrees with the complete computation 
in ref. [190]. Earlier calculations in special supersymmetric scenarios, e.g. with photino mass 
eigenstates, are given in refs. [177,191]. 

6.16 Ni NjNkN^ 

Next we consider the decay of a neutralino Ni to three lighter neutralinos: Nj, Nk, N^. To the 
best of our knowledge, this process has not been computed in the literature. This decay is 
not likely to be phenomenologically relevant, because a variety of two-body decay modes will 
always be available. Furthermore, the calculation itself is quite complicated because of the large 
number of Feynman diagrams involved. Therefore, we consider this only as a matter-of-principle 
example of a process with four external state Majorana fermions, and will restrict ourselves to 
writing down the contributing matrix element amplitudes. 

At tree level, the decay can proceed via a virtual boson; the Feynman graphs are shown 
in Fig. 6.16.1. In addition, it can proceed via the exchange of any of the neutral scalar Higgs 
bosons of the MSSM, 4P = hP,H^,A^, as shown in Fig. 6.16.2. Since any of the final state 
neutralinos can directly couple to the initial state neutralino there are two more diagrams for 
each one shown in Figs. 6.16.1 and 6.16.2, for a total of 48 tree-level diagrams (counting each 
intermediate Higgs boson state as distinct). In all cases, the four-momenta of the neutralinos 




There are four more where A'^- -f-)- A^^ and another four where Nj -f-)- A^. 
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Of 





Figure 6.16.2: Four Feynman diagrams for Ni — )• NjN^Ni in the MSSM via 
exchange. There are four more where A'^' -H- Nj^ and another four where Nj -f-)- Ni. 



Ni, Nj, Nk, Ng are denoted pi, kj, kk, kg respectively. 

We obtain the sum of the four diagrams in Fig. 6.16.1 by implementing the rules of 
Fig. K.2.1, and using the 't Hooft-Feynman gauge: 



iM 



(1) 



w 



^ io'llx.a^x] - O'lfy^^^y,) (o'lfxla^ye - O'ltvka^xl) . (6.16.1 



The external wave functions are Xi = x(pj,Ai), Xj^k,e = x{kj^k,£, ^j,k,£), and analogously for 



X 



J J ^ and yij,k,e and yl ■ ^. Note that we have factorized the sum of the four diagrams, taking 
advantage of the common virtual boson line propagator. By a judicious use of the a or a version 
of the vertex rule, we have ensured that the order of the four spinor wave functions is the same 
for each of the four diagrams. Hence, no additional relative minus signs are required. 

The contributions from the diagrams related to these by permutations can now be obtained 
from the appropriate substitutions (j o k) and (j o l): 



iM 



iM 



(2) 



(3) 



(-1) 
(-1) 



-ig^/c^ 



w 



{Pi - - m| 



0'^t^^<^A - O'ltv'^i.y^ [0"fix\ra^yi - 0'lfy,a^x\], (6.16.2 



2 yO"J:x,a^,x\ - 0'lty^ra^y\ (o'l^xla^y, - y^a'^xj). (6.16.3) 



{pi - key - 

The first factors of (—1) in iM^^^ and iM^^^ are present because the order of the spinors in each 
case appear in an odd permutation of the canonical order set by iM^P . Note that if we were 
to proceed to a computation of the decay rate, the very first step would be to apply the Fierz 
relations of eqs. (2.66)-(2.68) to eliminate all of the a and a matrices in the above amplitudes. 
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The diagrams in Fig. 6.16.2 combine to give a contribution: 

^■^io = 7 ^r^Y'^^iV, + Y,jy\x]){Y'''ym + Ymx\x\) , (6.16.4) 

^ - kj)^ - m^o J J J J 

where we have used the Feynman rules of Fig. K.3.1, and adopted the shorthand notation 

gain we have factored the amphtude using the common virtual boson 
propagator. As in the Z-exchange diagrams, the other contributions can be obtained by the 
appropriate substitutions: 

iA^g) = (-1)- -^^ ^{Y^'x^yk + Yikylxl){Y%ye + Yj^xUl) ' (6-16.5) 

iM^^ = {-l)-^—^-^^-—^{Y''x^ye + Y,,y\x\){Y''^ykyj + Yu,x\x]) . (6.16.6) 

The first factors of (—1) in i-M^o and i-M^d are needed because the spinors in each case are in 
an odd permutation of the canonical order established earlier. 

The total matrix element is obtained by adding all the contributing diagrams: 

M = j2^z^+Y.i2^P- (6-16.7) 

n=l (j,o n=l 

Squaring the matrix element, dividing by 2Mjy , and integrating over phase space yields the 
total decay rate. Note that final states differing by the interchange of identical particles must 
be considered as a single state, counted once [38]. Given an A^-body final state made up of i^r 
particles of type r (where r < N), we define a statistical factor S, 

S = Yli^r^., where ^ = iV . (6.16.8) 

r r 

Then, in computing the total decay rate, the integration over the total phase space must be 
divided by S to avoid over-counting. In the present example, = 3 with S = 2 [or S" = 6] in 
the case of two [or three] identical neutralinos in the final state, respectively 

6.17 Three-body slepton decays — )■ £~t^ for £ = e, fi 

We next consider the three-body decays of sleptons through a virtual neutralino. The usual as- 
sumption in supersymmetric phenomenology is that these decays will have a very small branching 
fraction, because a two-body decay to a lighter neutralino and lepton is always open. However, 
in Gauge Mediated Supersymmetry Breaking models with a non-minimal messenger sector, the 
sleptons can be lighter than the lightest neutralino [192,193]. In that case, the mostly R-type 
smuon and selectron, Jlji and cr, will decay by £^ — )• £~t^Ti^. The lightest stau mass eigenstate, 
rj^, is a mixture of the weak eigenstates and r^, as described in Appendix K.4: 

"^1 =Rk^R+L;jE, (6.17.1) 
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Figure 6.17.1: Feynman diagrams for the three-body slepton decays ij^ ^ i t~^t^ (top row) 



and 



'T (bottom row) in the MSSM. 



and Ti = (tj~)*, while the Jlr and are taken to be unmixed. 

First consider the decay £^ — t- £^r^"rf , which proceed by the diagrams in the top row of 
Fig. 6.17.1. The momenta and polarizations of the particles are also indicated on the diagram. 
Using the Feynman rules of Fig. K.4.4, we find that the amplitudes of these two diagrams, for 
each neutralino Nj exchanged, are: 



iMi = {-iaf){-ia!j)yi 



-i{p - ki)-a 



{p-ki 



^2' 



{-iaf){-ib])yi 



zm,r. 



{p-ki 



y2- 



where 



a] = YrNjsL*-^ + V2g'N,iR;^, 



(6.17.2) 
(6.17.3) 

(6.17.4) 
(6.17.5) 
(6.17.6) 



The spinor wave function factors are yi = y{ki, Ai), y2 = y{k2, A2), and = x^{k2, A2). 



In the following, we will use the kinematic variables 



rr ^ nir/mi^, 



rf = mfjmi^, 
Ti = rrii/m^^. 



(6.17.7) 
(6.17.8) 
(6.17.9) 
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The total amplitude then can be written as 

4 



M=^ [cjyi(p- ki)-axl + djvm 



where 



(6.17.10) 

(6.17.11) 
(6.17.12) 



We consistently neglect the electron and muon masses and Yukawa couplings (so ri = 0) in the 
matrix elements, but not below in the kinematic integration over phase space, where the muon 
mass can be important. 

Using eqs. (2.42) and (2.43), we find 



|Xp = ^ \cjclyi{p - ki)-(jx\x2{p - ki)-ay\ + djdlyiy2yly[ 



(6.17.13) 



+Cjdlyi{p - ki)-ax\y\y\ + c*dkX2{p - ki)-ay\yiy2 ■ 
Summing over the lepton spins using eqs. (3.1.58)-(3.1.61) gives 

^ \M\'^ = Y^ \cjclTi[{p-ki)-ak2-a{p-ki)-aki-a]+djdlTT[k2-aki-a] 

Ai,A2 j,k 

—Cjd\mrTT[{p — ki)-aki-a] — c*dkrnj.'Jh:[{p — ki)-aki-'a] . (6.17.14) 
Taking the traces using eqs. (2.54) and (2.55) yields 

^\M\^ = Y1 {ci4[4A:i-(p -ki)k2-{p-ki)-2krk2ip-kif] + 2djdlkrk2 



spins 



-4Re 



[cjdl]mrki-{p - /ci)| 



^ {c,clml Kl-ze){l-z,)-4 + rl] 



+djdlm1jze + Zr - 1 + rj - r^) - 2Re[cjdl]mrmj^Zi^ . (6.17.15) 



The differential decay rate for ^ i t'^t^ then follows: 



dzidzr 2567r'^ 



spins 



(6.17.16) 



The total decay rate in that channel can be found by integrating over zi, Zr, with the limits (see 
for example ref. [164]): 



2re <ze<l + rj- {r^ + rff, 

(•2r)min <^ ^ (^T)max > 



(6.17.17) 
(6.17.18) 
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where 

(^r)min,max = TJ-^ ^— ^ [(2 - Z,) (1 + + - r? - Z,) ^ (z^ - 4r2)l/2 ^1/2 (1 + ^2 _ ^2 ^ ^2) 

2[i. — ze + r^) I 

(6.17.19) 

and the triangle function A^/2 defined in eq. (6.1.11). 

Now we turn to the competing decay — )• i~T~T^ , with diagrams appearing in the bottom 
row of Fig. 6.17.1. By appealing again to the Feynman rules of Fig. K.4.3, we find that the 
amplitude has exactly the same form as in eqs. (6.17.2) and (6.17.3), except now with aj -f-)- 6J*. 
Therefore, the entire previous calculation goes through precisely as before, but now with 

^ ^ (6.17.20) 



dj = 11 (6.17.21) 

The differential decay widths found above can be integrated to find the total decay widths. The 
results agree with ref. [194], except that the signs of the coefficient c-^^ and c[j^ in the published 
version of that paper are incorrect; the arXiv eprint version has been corrected. (Also, the 
notations for the sfermion mixing angle are different in that paper.) If m^^ — — m-r is not 
too large, the resulting decays can have a macroscopic length in a detector, and the ratio of the 
two decay modes can provide an interesting probe of the supersymmetric Lagrangian. 

6.18 Neutralino decay to photon and Goldstino: Ni — )■ 

The Goldstino G is a massless Weyl fermion that couples to the neutralino and photon fields 
according to the non-renormalizable Lagrangian term [195]: 

= -^iXi^^aP^''d^&) {d,Ap - dpA,) + h.c. (6.18.1) 

Here is the left-handed two-component fermion field that corresponds to the neutralino Ni 
particle, G is the two-component fermion field corresponding to the (nearly) massless Goldstino, 
and the effective coupling is 

ai = -^{N*^ cos Ow + N*^ sinew), (6.18.2) 
V2(i') 

where Nij the mixing matrix for the neutralinos [see eq. (K.2.8)], and (F) is the F-term ex- 
pectation value associated with supersymmetry breaking. Therefore Ni can decay to 7 plus G 
through the diagrams shown in Fig. 6.18.1, with amplitudes: 

iMi = Xfjk^-a{£* -ak^-a — k^-ae* -a) x^- , (6.18.3) 



2 



.al 



iM.2 = —i-ir y\^G'^ {e* ■ a kj ■ a — kj ■ a e* ■ a) i/fj . (6.18.4) 



2 
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Figure 6.18.1: The two Feynman diagrams for Ni — )• 7G in supersymmetric models with a 
light Goldstino. 

Here Xjy = x{p, Xj^), yt = y^p, A^), and xt = x^k^, X^), = y{k^, X^), and e* = e*{kj, Xj) 
are the external wave function factors for the neutralino, Goldstino, and photon, respectively. Us- 
ing the on-shell condition A;^ • e* = 0, we have A:^- ere* -a = — e* -akj- a and k^-ae* -a = —e*-aky-a 
from eqs. (2.50) and (2.51). So we can rewrite the total amplitude as 

M=Mi+M2 = x^Axl + y^^By^, (6.18.5) 

where 

A = Ui k(j-a e* -a k.y-a, (6.18.6) 

B = —a* k^-a e* -a kj-a. (6.18.7) 

The complex square of the matrix element is therefore 

\M\^ = x^Axy^Ax^^ + y^^By^y^By^ + x^Ax^^By^ + y^^By^x^Ax^^, (6.18.8) 

where A and B are obtained from A and B by reversing the order of the a and a matrices and 
taking the complex conjugates of and e [cf. eq. (4.4.4) and the associated text]. 
Summing over the Goldstino spins using eqs. (3.1.58)-(3.1.61) now yields: 

\M\^ = x^Ak^-aAx^^ + y^^Bk^-aByj^. (6.18.9) 

(The A, B and A, B cross terms vanish because of tHq = 0.) Averaging over the neutralino spins 
using eqs. (3.1.58) and (3.1.59), we find 



I E \M\^ = ln^k^-^Ap.a] + ^Tr[Bk^.aBp.a] 

= -\ai\'^TT[e* -a k^-a k^-a k^-a e-a k^-a p-a k^-a] + (a o a). (6.18.10) 



We now use 



k^-a k^-a k:y-a = 2k^-k:y k^-a, (6.18.11) 
k^-ap-akQ-a = 2/cg-p/cg-cr, (6.18.12) 
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which fohow from eq. (2.52), and the corresponding identities with o" f-?- o", to obtain: 

^ Y \M\^ = 2\ai\^{k^-ky){k^-p)TT[£*-ak^-ae-ak^-a] + {a ^a). (6.18.13) 



Applying the photon spin-sum identity 



111/ 



and the trace identities eq. (2.55) and (2.56), we get 

^ Y \M\^ = 16\ai\'^{k^-k^f{k^-p) = 2\ai\^m 



2_6 
Ni 



(6.18.14) 



(6.18.15) 



So, the decay rate is [192,196]: 
T{N, ^ 7G) 



IGvrm Tr 



' 5 E IM- 



I Nil cos 9w + sin | 



167r|(F)|^ 



(6.18.16) 



6.19 Gluino pair production from gluon fusion: gg — >■ gg 



In this subsection we will compute the cross-section for the process gg — t- gg. The relevant 
Feynman diagrams are shown in Fig. 6.19.1. The initial state gluons have SU{3)c adjoint 
representation indices a and b, with momenta pi and p2 and polarization vectors = £^{pi, Xi) 
and ^2 = ^'^(P25'^2)) respectively. The final state gluinos carry adjoint representation indices c 
and d, with momenta ki and ^2 and wave function spinors x\ = x'^{ki, X'^) or yi = y{ki, X'l) and 
X2 = x'^{k2, X2) or y2 = y{k2, A2), respectively. 

The Feynman rules for the gluino couplings in the supersymmetric extension of QCD are 
given in Fig. K.5.1. For the two s-channel amplitudes, we obtain: 

-9sP^''[gpiv{pi - P2)p + Qupipi + 2p2)p - 9^ip(2pi +P2) 



iM, 



(6.19.1) 



-9sf'^')x\a^y2 + {gsfnyK^A ■ 

The first factor is the Feynman rule for the three-gluon interaction of standard QCD, and 
the second factor is the gluon propagator. The next four (t-channel) diagrams have a total 
amplitude: 



iMt = {-gsr''e'0{-gsr'''e^2) A^, 



+ {-g,r-eiO{g,f-h'i) x\a. 



+{gsr'^e>^){-9sr'"'e^2) yi^, 



i{h -Pl)-cr 
(h -pi)^ - m? 

i{ki -pi)-a 
{ki - pi)2 - m| 



a,,x 



u-^2 



{ki -piY - m| 



t 

u-^2 



a,,x 



(yuy2- 



(6.19.2) 
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Figure 6.19.1: The ten Feynman diagrams for gg — )■ gg. The momentum and spin polarization 
assignments are indicated on the first diagram. 
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Finally, the li-channel Feynman diagrams result in: 

+ {9sf'''e'0{gsr'e'i) Via, 



ijh -P2)-cr 

{h -P2Y - nil 

{ki -P2Y - ml 



J 



+ {gsf'''et){-gsr'e-^)x[a. 



ceb u\ t- 



{h - P2Y - mj 
irug 

(h - P2Y - ml 



t 



a.,x 



crf,y2- 



(6.19.3) 



We choose to work with real transverse polarization vectors ei, 62- These vectors must both 
be orthogonal to the initial state collision axis in the center-of-momentum frame. Hence, 



0, 



(6.19.4) 
(6.19.5) 
(6.19.6) 
(6.19.7) 

for each choice of Ai, A2. The sums over gluon polarizations will be performed using [cf. eq. (1.2.61)]: 

'i{p^lP'i+P2P\) 



El-El = E2-E2 = —1 , 

£l-Pl = £2-Pl = £l-P2 = £2-P2 

Ei-k2 = —Ei-ki, 

E2-k2 = —E2-ki, 



Ai A2 



(6.19.8) 



Note that in QCD processes with two or more external gluons, the term 2 {piP2 + P2P1) / ^ 
in eq. (6.19.8) cannot in general be dropped [197]. This is to be contrasted to the photon 
polarization sum [cf. eq. (6.18.14)], where this latter term can always be neglected (due to a 
Ward identity of quantum electrodynamics). 

Before taking the complex square of the amplitude, it is convenient to rewrite the last two 
terms in each of eqs. (6.19.2) and (6.19.3) by using the identities [see eq. (3.1.12)]: 

mgx\ = yi{ki-a) , m-gyi = x\{ki-a) . (6.19.9) 

Using eqs. (2.52) and (2.53), the resulting total matrix element is then reduced to a sum of 
terms that each contain exactly one a or a matrix. We define convenient factors: 



Gs ^ gir'^r^vs, 

Gu^glr'''f'V{n-ml). 
where the usual Mandelstam variables are: 

s = {pi +P2f = {ki + k2f, 
t = {ki-pif = {k2-p2f, 
u={ki- p2f = {k2 - pif. 



(6.19.10) 
(6.19.11) 
(6.19.12) 

(6.19.13) 
(6.19.14) 
(6.19.15) 



123 



Then the total amphtude is (noting that the gluon polarizations ei,e2 were chosen real): 

M = Ms + Mt + Mu = x\a-ay2 + yia*-ax\, (6.19.16) 

where 

a'^ = -{Gt + Gs)ei-e2 Vi - {Gu - Gs)ei-e2 V2 " '^Gt^x-e^ - 2G„A:i -£2 

-ie^'''P''ei,e2p{GtPi - GuP2)k- (6.19.17) 

Squaring the amplitude using eqs. (2.43) and (2.44), we get: 

\M.\^ = x\a-ay2y20* ■o'xi + yia* ■ ax2X2a- ayi + x\a-ay2X2a- ay\ + yia* -ax^y^o* ■'^^i. 

(6.19.18) 

Summing over the gluino spins using eqs. (3.1.58)-(3.1.61), we find: 

= Tv[a-ak2-(7a* -aki-a] + TT[a* •ak2-o'a-aki-a] 

A' A' 

^' ^ — m?Tr[a-ao-cr] — m|Tr[a* -era* -a]. (6.19.19) 
Performing the traces with eqs. (2.54)-(2.56) then yields: 

= 8Re[a-kia*-k2] - 4a-a* ki-k2 - 4ie'"'''^kipk2uapal - AinjReia^]. (6.19.20) 

Inserting the explicit form for [eq. (6.19.17)] into the above result, we obtain: 

= 2(t - m?)(u - ml)[{Gt + Guf + 4(G, + Gt){Gs - Gu){ei-e2f\ 

+16(Gt + Gu)[Gs{t -u) + Gt{t - m?) + G^u - m?)](ei-e2)(A;i-ei)(fci-e2) 

-32{Gt + G^f{krei)\kre2f. (6.19.21) 

The sums over gluon polarizations can be done using eq. (6.19.8), which implies: 

5^1 = 4, j;(ere2)' = 2, (6.19.22) 

Ai,A2 Ai,A2 

Y (^i-^2)(fcrei)(A;i-e2) = ml - {t - m?)(n - m?)/s, (6.19.23) 
Ai,A2 

Y {ki-eif{ki-e2f = (m? - {t - ?n?)(n - m])/sf . (6.19.24) 

Ai,A2 

Summing over colors using fc^bejcdejabe'fcde' ^ 2/''^''/'"^''/'""''/'"^''' = N^{N^ - 1) = 72, 

E = E G? = (^^. (6.19.25) 

colors colors 9 

colors J' colors 9' 

y~] GsGu = — -, — ^'^ 2\ ' yZ GtGu = J- 2vf^ 2\- (6.19.27) 

s(u — mi) ^ [t — mi)[u — mi) 

colors a colors a a 
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Putting all the factors together, and averaging over the initial state colors and spins, we have: 



da 

dt IGvrs 



\ colors spins / 



4s4 



spins 

2 " 



2., 2x 2 2 s2(s + 2m?)2 Am\s^ 
2(t-m?)('u-m?)-3s2-4m?s+ ^ ^ 



(i — m|)(ii — m|) (t — m|)2(n — m|)2 

(6.19.28) 

which agrees with the result of [177, 198] (after some rearrangement). Note that in the center- 
of-momentum frame, the Mandelstam variable t is related to the scattering angle 9 between an 
initial state gluon and a final state gluino by: 



t = ml + - [cos 0^1- Amys - 1 j . (6.19.29) 

Since the final state has identical particles, the total cross-section can now be obtained by: 

I da , , , 

"=21 dt"*- <''-'^-^°) 

where t± are obtained by inserting cos9 = ±1 into eq. (6.19.29). 
6.20 R-parity violating stau decay: — )■ e+i/^ 

In an R-parity- violating extension of the MSSM (denoted henceforth by RPV-MSSM), new 
Yukawa couplings can arise [see eqs. (L.1)~(L.3)] that violate either a global U(l) lepton number 
L or baryon number B. The corresponding Feynman rules are derived in Appendix L. Consider 
the decay of a right-handed scalar tau via an L- violating LLe coupling governed by eq. (L.l). 
This is particularly relevant when the scalar tau is the lightest supersymmetric particle (LSP) 
[199, 200] and in the case of resonant slepton production [201, 202]. Note that in R-parity 
violation the LSP need not be the lightest neutralino and in a minimal supergravity embedding 
often it is not [203,204]. The Feynman diagram is shown in Fig. 6.20, where we have also defined 
the momenta and the helicities of the fermions. 

Figure 6.20.1: Feynman diagram for the R-parity-violating decay — )• e^v^ 

The amplitude for the R-parity-violating decay is given by: 

iM = -iXyeVu, . (6.20.1) 
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Here we have defined A = A123, and the external wave functions are denoted by ye = y{ke, Ag), 
and y^^ = y{kp^, Xp^), respectively. Using eq. (2.42), the amplitude squared is 

\M\^ = \X\^yeyp,ylyl (6.20.2) 

Summing over the fermion spins using eq. (3.1.59) gives: 

^ = \X\''Tr[ke-ak,^-a] = \X\^ml^, (6.20.3) 

where in the last step we have used the trace formula eq. (2.54), and neglected the mass of the 
electron and the neutrino. The total decay rate is then given by 

r = ( y \MA = ^-^7nf^, (6.20.4) 

167rm^:^ V ^ / 16vr ^ ^ 

which agrees with the computation in refs. [205-207]. Completely analogously we can obtain 
the total rate for the decays — )■ r~e"'~ and e~[ — )■ t^u^, which proceed via the same operator, 
by replacing ruf^ — )• (me^,?n£;^), respectively. 

In general the two-body decay rate of a sfermion / via the L-violating LQd coupling gov- 
erned by eq. (L.2) or the S-violating udd coupling governed by eq. (L.3) is given by: 

r(/^/i/2) = ^m^-, (6.20.5) 

where we have neglected the masses mi^2 of the final state fermions. The factor C denotes the 
color factor. For the slepton decays via the LQd coupling which are summed over the final 
state quark colors, C = 5^^6ij = 3, where i,j = 1,2,3 and 6ij is the symmetric invariant tensor 
of color SU(3). For the squark decays via the LQd where the initial state color is averaged 
over and the final state color is summed, C = 1. For the squark decays via the udd coupling, 
C = ^e^^'^eijk = 2, where the Levi-Civita tensor, e^^^ = eijk, is the antisymmetric invariant 
tensor of color SU(3). In realistic cases, one must also include the effects of mixing for the 
third-family sfermions, which we have omitted here for simplicity. 

6.21 R-parity-violating neutralino decay: Ni — >• ii~ud 

Next we consider the R-parity-violating three-body decay of a neutralino Ni — >• fi~ud, which 
arises due to the L-violating LQd coupling governed by eq. (L.2). This is of particular interest 
when the neutralino is the LSP, since it determines the final state signatures [208-210]. The 
three Feynman diagrams are shown in Fig. 6.21.1, including the definitions of the momenta 
and helicities. We have neglected sfermion mixing, i.e. we assume JIl, ul, and d^ are mass 
eigenstates. Using the Feynman rules given in Figs. L.2 and K.4.2 (or K.4.4), we obtain the 
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d{kd,Xd) 



dR 



d{kd,Xd) 




u{kuAu) 




d{kd, Xd) 



Figure 6.21.1: Feynman diagrams for the R-parity violating decay Ni ^ fi ud. 



corresponding contributions to the decay amphtude, 



iMi = {iX'*) 
iM2 = {iX'*) 
iMs = {iX'*) 



V2 



{gNa + g'Nii) 



{Pi - k^Y - m?^ 



t t t t 

Hi -^fi-^u-^d ' 



iV2 , 
-^^-9 Nil 



{Pi -kdY - w?-^ 



1 1'^ nr^ T"^ T'^ 



V2 



igNi2+g'Na/3) 



{Pi - kuY - ml 



t t t t 

rt I • rp I rp ' rp I 

yi-^u-^d-^fi 



(6.21.1) 
(6.21.2) 
(6.21.3) 



Here we have defined A' = A211, and the external wave functions are denoted by yj = y^(Pj, Aj), 
x|t = x^k/^,, Xfj,), xt = x^ku,Xu), and xj^ = x^kd,Xd), respectively. In the following, we will 
neglect all of the final state fermion masses. The results will be expressed in terms of the 
kinematic variables 

Zf, = 2pi-k^/m%^ = 2E^/m^^, (6.21.4) 
Zd = 2pi-kd/m^^^ = 2Ed/mff^, (6.21.5) 
Zu = 2pi-ku/mj^^ = 2Eu/mjy,, (6.21.6) 

which satisfy Zii_ + Zd + z^ = 2. Then we can rewrite the total matrix element as: 



= civlx^xlxl + C2y\x\x\xi + c^ivlxlx^^x^ 



'\ rp'\ rp^ ^^i" 



(6.21.7) 
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where 

ci EE l^}!*{gN,2+g'Na)/[ml^ - mlil - z^)], (6.21.8) 

C2 = -^M*g'K-a/[ml^ - mlil - z^)], (6.21.9) 
C3 = --^A'*(5iV,2 + g'Na/Z)/[ml^ - ml{l - z„)]. (6.21.10) 

Before squaring the amphtude, it is convenient to use the Fierz identity [eq. (2.65)] to reduce 
the number of terms: 

M = {ci- C3)yja;j,44 + (^2 " cs)^!^^),^],. (6.21.11) 
Using eq. (2.42), we obtain 

|A^|2 = - c^\^y\x^^Xf,yix\^x\xdXu + |c2 - c^\'^y\x\xdyix'^^^x\^XuX^ 

-2Re[(ci - C3)(c2 - cDylx'^^x^Xuxix^Xdyi] , (6.21.12) 

where eq. (2.58) was used on the last term. Summing over the fermion spins using eqs. (3.1.58)- 
(3.1.61), we obtain: 

|A^P = |ci - C3\'^Tr[kfj,-api-a]Tr[kd-aku-a] + |c2 - C3\'^Tr[kd-api-a]T}:[ku-Wk^-a] 

spins 

-2Re[(ci - C3){c*2 - 4)Tv[kf,-aku-akd-ap^-a]] . (6.21.13) 
Applying the trace formulae, eqs. (2.54) and (2.56), we obtain 

= 4|ci - C3\'^Pi-k^kd-ku + i\c2 - C3\'^Pi-kdkfj_-ku 

spins 

-4Re[(ci - C3)(c2 - c*3)]{k^-kuPi-kd + Pi-k^ kd-k^ - k^-kdPi-ku) 



|cipZ^(l - Z^) + |c2|^2;d(l - Zd) + |c3|^Zu(l - Zu) 



-2Re[cic^](l - z^){l - Zd) - 2Re[cic^](l - z^)(l - z^) 

-2Re[c2C^](l - Zd){l - Zu)] , (6.21.14) 

where in the last equality we have used eqs. (6.21.4)-(6.21.6) and 

2kf,-kd = {I- Zu)m1^, 2kf,-ku = {1 - Zd)m1^, 2A:rf- A;„ = (1 - z^)m^^ . (6.21.15) 

The differential decay rate follows: 



dz.dzd 287r3 I 2 

spms 



^El-^H' (6.21.16) 
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where a factor of A^c = 3 has been included for the sum over colors, a factor of 1 /2 to average 
over the neutralino spin, and the kinematic limits are 

0<Zf,<l, (6.21.17) 
1 - < 2rf < 1. (6.21.18) 

In the limit of heavy sfermions, the integrations over and then are simple, with the result 
for the total decay width: 

r = ^TTT^ {\c[\' + 141^ + 141^ - ReKc'; + c[4 + 441) , (6.21.19) 

where the c[ are obtained from q of eqs. (6.21.8)-(6.21.10) by neglecting in the denom- 
inators. Our results agree with the complete computation (which includes mixing) given in 
refs. [206,207,211]. Earlier calculations with some simplifications are given in refs. [209,212]. 

6.22 Top-quark condensation from a Nambu-Jona-Lasinio model gap equa- 
tion 

The previous examples have involved renormalizable field theories. However, there are cases in 
which it is preferable to use effective four-fermion interactions. The obvious historical example 
is the four-fermion Fermi theory of weak decays. This has been superseded by a more complete 
and accurate theory of the weak interactions but is still useful for leading order calculations of 
low-energy processes. Another case of some interest is the use of strong coupling four-fermion 
interactions to drive symmetry breaking via a Nambu-Jona-Lasinio model [213], as in the top 
quark condensate approach [214-218] to electroweak symmetry breaking. 

Consider an effective four-fermion Lagrangian involving the top quark [216], written in 
two-component fermion form as: 

^ = it^a^'dut + it^af'dj+ ^(tt)(t^t^). (6.22.1) 

Here the Standard Model gauge interactions have been suppressed; the quantities within paren- 
theses are color singlets. Note also that there is no top quark Yukawa coupling to a Higgs scalar 
boson, nor a top quark mass term, which would normally appear in the form —mt{tt + t'^T^). 
Instead, the effective top quark mass is supposed to be driven by a non-perturbatively large and 
positive dimensionless coupling G, with A the cutoff scale at which G arises from some more 
fundamental physics such as topcolor [218]. 

The Feynman rule for the four-fermion interaction can be derived from the mode expansion 
results of Section 3, and is given in Fig. 6.22.1. The resulting gap equation for the dynamically 
generated top quark mass is shown in Fig. 6.22.2. Evaluating this using the Feynman rules of 
Figs. 4.2.3 and 4.2.4, one finds: 

= (-1) f |1 {.^Hsf^^^) {^^w^^) ■ <«-^^-^) 
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Figure 6.22.1: Feynman rule for the four-fermion interaction in the top quark condensate 
model. The indices i,j,k,n = 1,2,3 are for color in the fundamental representation of SU{3), 
and the indices a,l3,a,l3 are two-component spinor indices. 



— ► — • — ^ — = ► — ^ — — ■< 

Figure 6.22.2: The Nambu-Jona-Lasinio gap equation for a possible dynamically generated 
top quark mass nit- 

Here i,j,k,n are color indices of the fundamental representation of SU{3), and a,f3,d,P are 
two-component spinor indices. The factor of ( — 1) on the right-hand side is due to the presence 
of a fermion loop. 

Euclideanizing the loop integration over k^^ by k'^ — )• —k'^ and J d^k i J d^kE, and then 
rewriting the integration in terms of x = k'^, this amounts to [216]: 

= - 1"(AV'"?) + ...], (6.22.3) 

where A'^c = 3 is the number of colors, and a factor of two arises from the sum over dotted spinor 
indices of S^S^. 

For small or negative G, only the trivial solution = is possible. However, for G > 
^critical ~ 87r^/3 ~ 26, there is a positive solution for ml/h? [216]. It is now known that this 
minimal version of the model cannot explain the top quark mass and the observed features of 
electroweak symmetry breaking, but extensions of it may be viable [219]. 

6.23 Electroweak vector boson self-energies from fermion loops 

In this subsection, we consider the contributions to the self-energy functions of the Standard 
Model electroweak vector bosons coming from quark and lepton loops. (For a derivation of 
equivalent results in the four-component fermion formalism, see for example Section 21.3 of 
[114].) The independent self-energies are given by U^J^ , H^^f , H^f = H^J, and H^Z, as shown 
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Figure 6.23.1: Contributions to the self-energy function for the W boson in the Standard 

Model, from loops involving the left-handed quark and lepton pairs {f,f') = (e,fe)) 

(r, z/^), {d,u), (s,c), and {b,t). The momentum of the positively charged flows from left to 

right. 



V V V V 





Figure 6.23.2: Contributions to the diagonal and off-diagonal self-energy functions for the 
neutral vector bosons V, V' = 7, Z in the Standard Model, from loops involving the three 
generations of leptons and quarks: / = e, t'e, /i, f^, r, z^r, u, s, c, 6, t. 



in Figs. 6.23.1 and 6.23.2. In each case, iH^u is equal to the sum of Feynman diagrams for 
two-point functions with amputated external legs, and is implicitly a function of the external 
momentum p^. 

First consider the self-energy function for the W boson, shown in Fig. 6.23.1. The W boson 
only couples to left-handed fermions, so there is only one Feynman diagram for each Standard 
model weak isodoublet. Taking the external momentum flowing from left to right to be p, and 
the loop momentum flowing counterclockwise in the upper fermion line (/) to be k, we have 
from the Feynman rules of Fig. J. 1.2: 



in 



WW 



2e 



(27r)^ ^ 



iV/Tr 



9 - 



(T, 



ik-a 



k^ 



■ 9 - 



i(k ^ p)-(y 



{k^pf 



m 



(6.23.1) 



Here /i is a regularization scale for dimensional regularization in (i = 4 — 2e dimensions. The 
sum in eq. (6.23.1) is over the six isodoublet pairs (/,/') = {e,Ve)-, it^-.'^ii)-, {t,^t), (d^u), (s,c), 
and (6, t) with CKM mixing neglected, and 



f = quarks , 
/ = leptons . 



(6.23.2) 



The first factor of (—1) in eq. (6.23.1) is due to the presence of a closed fermion loop. The trace 
is taken over the two-component dotted spinor indices. Using eq. (B.2.27), it follows that 

(6.23.3) 



n 



WW 



/ 
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where we have defined 



d'^k ikf^ku + 2k^p^ + 2k^p^ -2k-{k+p) g^^ 



(6.23.4) 



{2tiY {k"^ - x)[{k + pY - y] 

This integral can be evaluated by the standard dimensional regularization methods [114,220]: 



v) = (.P^dfiiy - PtMPiy)h(.P^; X, y) + g^.iyhip'^; x, y), 



(6.23.5) 



where, after neglecting terms that vanish as e — t- 0, 
2 2 
3e 3s 



Ii{s;x,y) = -— + ^\ {2x - 2y - s)A{x) + {2y - 2x - s)A{y) 



2{x - yY - s{x + y) - B{s; x,y) - s{x + y) + s^/3 >, 



+ 



h{s;x,y) = — {x - y)[A{x) - A{y)] + \^{x - yf - s{x + y^B{s;x,y) \. 



The functions 



A{x) = xln{x/Q'^) — X, 



B{s;x,y) 



dt In 



tx+ {1- t)y - t{l - t)s - ie 



(6.23.6) 
(6.23.7) 

(6.23.8) 
(6.23.9) 



are the finite parts of one-loop Passarino-Veltman functions [221], with the renormalization scale 
Q related to the regularization scale fi by the modified minimal subtraction relation 

^2 = g2g7/4^^ (6.23.10) 

where 7 = 0.577216 ... is Euler's constant. 

The photon and Z boson have mixed self-energy functions, defined in Fig. 6.23.2. Applying 
the pertinent Feynman rules from Fig. J. 1.2, we obtain: 
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2e 



d'^k 
{2ttY 



ik-a 



/t2 



m. 



i(k -|-p)-(T 
{k ■\- pY — m'j 



+ {-iG(,af, 



ik-a 



A:2 



m. 



init 



m. 



-iGyiGi, 



{iG{^,(T^ 



k^ 



m 



2 / \^Gyt(yi/ 



i{k + p)-(T 
{k + pY — mrYf 

{k + pY — 

iirif 
{k + pY — m?f 



(6.23.11) 



where V and V' can each be either 7 or Z, and is taken over the 12 Standard Model fermions. 
The corresponding V f f and Vff couplings are:^^ 

Gl^ = -G{ = eQf, (6.23.12) 

G{ = —{Ti-slrQf), Gi = ^sl,Qf. (6.23.13) 

cw cw 



^^Note that there is no contribution from the left-handed two-component antineutrino fields, Ue, v^i, Vt, which 
do not exist in the Standard Model. 
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The four terms in eq. (6.23.11) correspond to the four diagrams in Fig. 6.23.2, in the same order. 

The first two terms in eq. (6.23.11) are computed exactly as for H^J^ , while in the last two 
terms we use eq. (B.2.5) to compute the trace. It follows that the neutral electroweak vector 
boson self-energy function matrix, after dropping terms that vanish as e — ?• 0, is given by 



K^' = E ^/ [{gWv, + G{,G{„)I^,{m), m}) + g^AG^G^,, + G{,G^y,)m}h{m 
f 



2 2i 



(6.23.14) 

where I^ui^iV) was defined in eqs. (6.23.5)-(6.23.7), and we have defined the function 

The photon self-energy function is a simple special case of eq. (6.23.14): 

= -^Y.^Nf{eQff[l^^{m},m}) - gf,,m}h{rn},m})] . (6.23.16) 

Evaluating the integrals 1^^ and 1^ yields 

n;i;^ = ^ E ^iQ} ip'a^u - p.p.) {-\ + \-j2 [^(^4) + "^/] - + ^) Bip'-.mlrn)] 

(6.23.17) 

in agreement with the result given in, for example, eq. (7.90) of [114]. This formula satisfies 
p^^lVfZ = p'^Ii^Jw = as required by the Ward identity of QED, and is regular in the limit — ?• 0. 

In each of eqs. (6.23.3), (6.23.14), and (6.23.17), there are 1/e poles, contained in the 
loop integral functions. In the MS renormalization scheme, these poles are simply removed by 
counterterms, which have no other effect. 

In eqs. (6.23.1) and (6.23.11), we chose to write a for the left vertex in the Feynman 
diagram in each case. This is an arbitrary choice; we could also have chosen to use instead —cr^ 
for the left vertex in any given diagram, as mentioned in the caption for Fig. J. 1.2. This would 
have dictated the replacements a ^ —a throughout the expression for the diagram, including 
for the fermion propagators, as was indicated in Fig. 4.2.4. It is not hard to check that the result 
after computing the spinor index traces is unaffected. Note that the contribution proportional 
to 

^fiupK from eq. (B.2.26) or eq. (B.2.27) vanishes; this is clear because the self-energy function 
is symmetric under interchange of vector indices, and there is only one independent momentum 
in the problem. 

6.24 Self-energy and pole mass of the top quark 

We next consider the one-loop calculation of the self-energy and the pole mass of the top quark 
in the Standard Model, including the effects of the gauge interactions and the top and bottom 
quark Yukawa couplings. As in Section 6.1, we treat this as a one-generation problem, neglecting 
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Figure 6.24.1: One-loop contributions to the IPI self-energy functions for the top quark in the 
Standard Model. The external momentum of the physical top quark, p^, flows from the right to 
the left. The loop momentum k'^ in the text is taken to flow clockwise. Spinor and color indices 
are suppressed. The external legs are amputated. The last diagram contains one-loop tadpole 
contributions. 

CKM mixing. Consequently, the corresponding Yukawa couplings Yt and are real and positive 
(by a suitable phase redefinition of the Higgs field^'^). Using the formalism of Section 4.6 for 
Dirac fermions, the independent IPI self-energy functions are given by^^ "^Lt, "^m and T^m 
(defined in Fig. 4.6.5) as shown in Fig. 6.24.1. Note that in these diagrams, the physical top 
quark moves from right to left, carrying momentum p'*. Then according to the general formula 
obtained in eq. (4.6.31), the complex pole squared mass of the top quark is given by: 

M,^ - zr,M, = -i!pi±^i^ , (6.24.1) 

where mt is the tree-level mass. Working consistently to one-loop order, this yields 

Mi-iTtMt=[ml{l + i:Lt + ^Rt) + 2mtJ:Dt] , ■ (6.24.2) 

s=mf+ie 

(It would be just as valid to substitute in s = + ie here, as two-loop order effects are being 
neglected.) 

It remains to calculate the self-energy functions Tim and S/jj. Two regularization 
procedures will be used simultaneously — the MS scheme [222] based on dimensional regulariza- 
tion [124] and the DR scheme based on dimensional reduction [223]. This is accomplished by 



^''As shown in Section 3.2, after the fermion mass matrix diagonalization procedure, the tree-level fermion 
masses are real and non-negative. If CKM mixing is neglected, it follows from eq. (J. 1.9) that the corresponding 
diagonal Yukawa couplings are real and positive if the phase of the Higgs field is chosen such that the neutral 
Higgs vacuum expectation value u > 0. 

Since the Yukawa couplings can be chosen real (in the one-generation model), El* ~ ^Lt- Note that after 
suppressing the color degrees of freedom, Eit, E_Rt and Eot are one-dimensional matrices, so we do not employ 
boldface letters in this case. 
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I^SM + 'hsM = 

I I 

Figure 6.24.2: The tree-level Higgs tadpole cancels against the one-loop Higgs tadpole, pro- 
vided that one expands around a Higgs vacuum expectation value that minimizes the one-loop 
effective potential (rather than the tree-level Higgs potential, which would yield no tree-level 
tadpole). 

integrating over the loop momentum in 

d = 4 - 2e (6.24.3) 
dimensions, but with the vector bosons possessing 

D^4-2e6^ (6.24.4) 

components, where 

f 1 for MS, 
5^^\ _ (6.24.5) 

I for DR . 

In other words, the metric g^'^ appearing explicitly in the vector propagator is treated as four 
dimensional in DR, but as d-dimensional in MS. The renormalization scale Q is related to the 
regularization scale /u in both cases by the modified minimal subtraction relation of eq. (6.23.10). 

The calculation of the non-tadpole contributions to the self-energy functions will be per- 
formed below in a general gauge, with a vector boson propagator as in Fig. 4.2.5. There are 
different ways to treat the tadpole contributions, corresponding to different choices for the Higgs 
vacuum expectation value around which the tree-level Lagrangian is expanded. If one chooses to 
expand around the minimum of the tree-level Higgs potential, then there are no tree-level tad- 
poles, but there will be non-zero contributions from the last diagram shown in Fig. 6.24.1. (This 
corresponds to the treatment given, for example, in ref. [224].) Alternatively, one can choose 
to expand around the Higgs vacuum expectation value v that minimizes the one-loop Landau 
gauge^^ effective potential. In that case, the one-loop tadpole contribution is precisely canceled 
by the tree-level Higgs tadpole, as shown in Fig. 6.24.2. Here, we have in mind the latter pre- 
scription; the calculation for the pole mass is therefore complete without tadpole contributions 
provided that the tree-level top quark mass is taken to be 

mt = Ytv, (6.24.6) 



This procedure is considerably more involved outside of Landau gauge, because the propagators mix the 
longitudinal components of the vector boson with the Nambu-Goldstone bosons for ^ ^ if one expands around 
a Higgs vacuum expectation value that does not minimize the tree-level potential. This is the same reason the 
effective potential is traditionally calculated specifically in Landau gauge. 
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where Ij is the MS or DR Yukawa couphng, and v is the Higgs vacuum expectation value at the 
minimum of the one-loop effective potential in Landau gauge. To be consistent with this choice, 
^ = should be taken in all formulae below that involve electroweak gauge bosons or Goldstone 
bosons. (The gluon contribution is naturally independent of ^ because the gauge symmetry is 
unbroken, providing a check of gauge- fixing invariance.) Nevertheless, for the sake of generality 
we will keep the dependence on ^ in the computation of the individual non-tadpole self-energy 
diagrams below. 

Consider the one- loop calculation of the self-energy T^in which is the sum of individual 
diagram contributions = [T,Lt]g+[^Lt]-^+[^Lt]z + [^Lt]w + [^Lt]hsm + [^Lt\GO + [^Lt\G+ ■ ^vcsi, 
consider the diagrams involving exchanges of the scalars cj) = hsu, G^-, . These contributions 
all have the same form 

where the loop momentum flows clockwise, and the couplings and propagator masses are, 
using the Feynman rules of Figs. J. 1.3 and J. 1.4, 

for = /isM : Y = Yt/V2; ruf = rrit; '^^1 = '^\sm' (6.24.8) 
for (/> = G° : Y = iYt/V2] mj = mf, = ^m|, (6.24.9) 

for0 = G=^: Y = Yb; ruf = rrib; = ^m^. (6.24.10) 

Multiplying both sides by p-a and taking the trace over spinor indices using eq. (B.2.5), one 
finds 

i2/i^' f dfik p-{k + p) 

p2 J {27rY [{k + p)"^ - m'j][k'^ - m"^ 

Performing the loop momentum integration in the standard way [114,220], and expanding in e 
up to constant terms, one finds that in each case 

[^LtU = -Y^\Y\^^Fsis;m},ml). (6.24.12) 

Here we have introduced some notation for the loop integral: 

..,)^ J. + (» + ^- + (6.24.13) 

2e Is 

where the Passarino-Veltman functions A{x) and B{s;x,y) were defined in eqs. (6.23.8) and 
(6.23.9). These functions depend on the renormalization scale Q, which is related to /x via 
eq. (6.23.10). It can be checked that lFsis',x,y) has a smooth limit as s — ?• 0. 

Next, let us consider the contributions to S^j involving the vector bosons V = g,j,Z,W. 
These have the common form: 



^LtU l\Y\ 2 / (n^\d\(l, ,^\2 _^2l\i,2 _^2] ■ (6.24.11) 
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where again the loop momentum k flows clockwise, and, using the rules of Figs. J. 1.2 and K.5.1: 



for V 


= 9 ■ 


G 


= 9sT\ 


m/ 




(6.24.15) 


for V 


= 7 : 


G 


= eQt , 


m/ 


= rat, 


(6.24.16) 


for V 


= Z : 


G 




m/ 


= -rat, 


(6.24.17) 


for V 


= W : 


G 


= 5/\/2, 




= nib. 


(6.24.18) 



In the case of gluon exchange {V = g), the are the SU{3)c generators (with color indices 
suppressed). The adjoint representation index a is summed over, producing a factor of the 
Casimir invariant {T°'T°')ij = Cp^ij = We now use ^^(Tp'ayQ^^^ = —{D — 2)ap [see 

eq. (B.2.11)]; note that this introduces a difference between the MS and DR schemes. Also, we 
use k-a{k + p)-ak-a = {k"^ + 2k-p)k-a — k'^p-a, which follows from eq. (2.53). One therefore 
obtains, after multiplying by p-a and taking the trace over spinor indices: 

d'^k 



Lt V 



-iG^^ 



1 



p2 J {2T^)d [[k + pY - mj] [A;2 - m^,] 
+ {k'^k-p + 2{k-pf -k^p^ 



[2-D)p-{k + p) 



A;2 — ^rnir 



Performing the loop momentum integration, one finds that 

1 



Lt\V 



:G lFv{s;mj,m 



(6.24.19) 



(6.24.20) 



where we have introduced the notation 



Ifv{s] x,y) = -^ + [{s + x- y)B{s; x, y) + A{x) - A{y)]/s -^+{{s-x) [A{y) - A{iy)] 

+ [{s - xf - y{s + x)]B{s; x, y) - [{s - xf - iy{s + x)]B{s- x, iy)]/2ys, (6.24.21) 



after dropping terms that vanish as e — ?• 0. Combining the results of eqs. (6.24.12) and (6.24.20): 
1 



167r2 L 
1 



g^Cp + e Q-^)lFv{mt;m-^,0) + [g{T.^ - Sy^Qt)/cwYlFv{mt'^m^,mz 



1, 



+ -g lFv{mt]mb,mw) + -Y^ lFs{mt]mt,m^^^) 
+ ^Y^^lFs{mf;mf,S,ml) + Y^lFs{mf;ml,^m^,) 



(6.24.22) 



where we have now substituted s = rnf. It is useful to note that for massless gauge bosons. 



Ifv{x]x,0) = C 



- - ln{x/Q^) + 2 



+ 1-* 



MS- 



(6.24.23) 



The contributions to T,Rt = [^Bi]g + [^Rt]^ + [^Rt]z + [^Rt]hsM + i^Rtho + i^Rth^ are 
obtained similarly. [Note that there is no W boson contribution, since the right-handed top 
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quark is an SU{2)l singlet.] For the scalar exchange diagrams with (f) = hsM,G^,G^, the 
general form is: 

-i,A^.,u - .-j i-iy){j^l^yy') (^) . (6.24.24) 

which yields 

[^RtU = -^|y|2/F5(s;mf,m^). (6.24.25) 

Here the couplings and propagator masses for /ism and are the same as in eqs. (6.24.8), 
(6.24.9), but now instead of eq. (6.24.10), 

ioT:<j) = G^: Y = -Yt, mf = mb, = , (6.24.26) 

from Fig. J. 1.4. For the contributions due to exchanges of vectors v = g,j, Z, the general form 
is given by 

r + ^^rTf l > (6-24.27) 



k'^ — rriy J \ k"^ — ^m?, 



V 



where 



for V 


= 9 ■■ 


G 


for V 


= 7 : 


G 


for V 


= Z : 


G 



-gsT'' , (6.24.28) 
-eQt , (6.24.29) 
s^wQt/cw , (6.24.30) 



after using the rules of Figs. J. 1.2 and K.5.1 with nif = mt in each case. We then make 
r^,apa^g^'•' = -{D - 2)ap 



use of o-^apCJ^g'"' = -{D - 2)ap [cf. eq. (B.2.10)] and k-a{k + p)-ak-a = {k"^ + 2k-p)k-a 



k'^p-a [cf. eq. (2.52)]. After multiplying by p-a and taking the trace over spinor indices [using 
eq. (B.2.5)], we obtain 

[SHt]y = --^G^lFv{s;mlml) , (6.24.31) 

in terms of the same function appearing in eqs. (6.24.21) and (6.24.23). Adding up these con- 
tributions and taking s = ml yields 



1 



167r2 



g^Cp + e QAlFvi'mt;m^,0) + (g Q^Syy/cyy)lFviint;m^,mz) 



+^Yt^lFs{ml,7nl7nl^J + ^Y^^ If s {ml, ml ^m^) + Yt^ If s {ml, ml ^ml,)]. {6. 24.32) 



Next, consider the contributions to ^ot = [^Dtjg + [^Dt]^ + [^Dt]z + [^Dtjhsm + i^Dtlco + 
[S£)i]g±, ignoring the tadpole contribution for now. The diagrams involving the exchange of 
scalars (j) = hsM, G^, G^ have the form: 
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so that 



[^DtU = imfYiY2fi^' J 



df^k 1 

(2^ p+p)2 -m2][A;2 -m2] 



167r 



where we have introduced the notation: 



^mfYiY2lpsi^;mj,m^^) , 



(6.24.34) 



(6.24.35) 



after dropping terms that vanish as e — )• 0. The relevant couphngs and masses are, from 
Figs. J. 1.3 and J. 1.4: 



for (j) = hsM ■ 
for = GO : 
for (h = G^ : 



Yi = Y2 = Yt/V2 , 
Yi = Y2 = iYt/V2, 
Yi = Yi,, Y2 = -Yu 



mf=mt, ml = ml^^^, 
mf = mt, ml = Cml, 
mf = mb, m'i = im^i. 



(6.24.36) 
(6.24.37) 
(6.24.38) 



The contributions from vector boson exchanges are of the form 



2e / 



(27r)« 



A;2 



{k + p)2 — rrij 
9"" + 



^ (e - i)k^k- 



k'^-C' 



(6.24.39) 



Using a^a^g^^" = D [see eq. (B.2.8)] and k-ak-a = k^ [from eq. (2.50)] yields 



[T,Dt]v = imfGiG2fJ- 



2e 



1 



d'^k 



{2tt)'^ [{k + - mj][k^ - ml] 



D + 



(e - l)k' 
k'^-i' 



V 



\-j^mfGiG2lpy{s; mj, my) , 



167r 



where 



3 + ^ 



?,B{s;x,y)-iB{s;x,iy) + 2&- 



MS' 



(6.24.40) 



(6.24.41) 



after dropping terms that vanish as e — )■ 0. It is useful to note that for massless gauge bosons 



I-py{x- X, 0) = + (3 + e)[ln(x/Q2) _ 2] + 25jjrg. 



The relevant couplings are obtained from the rules of Figs. J. 1.2 and K.5.1: 



(6.24.42) 



for y = 5 : Gi = -G2 = gsT", (6.24.43) 
for F = 7 : Gi = -G2 = eQt, (6.24.44) 
fory = Z: Gi=g{T^-slrQt)/cw, G2 = gsl^Qt/ cw , (6.24.45) 
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and rrif = nit in each case. Adding up these contributions and taking s = mf, we have: 
^Dt = Y^^a'^ [(^3 - SwQt)s'^Qt/c^] Ipy{mf;mf,ml) - [glCp + e^Q^)Ij^y{ml,m^t ,0) 

+\Y^Ips{mhml ml^J - \Y^Ipg{mlmliml) - ^21-^(^2. ^^2^) | ^ (6.24.46) 

where Yj = mtYh/nih was used on the last term. 

In each of the self-energy functions above, there are poles in 1/e, contained within the 
functions Ipv, Ips, Ipy ^^'^ ^FS- schemes, these poles are simply canceled 

by counterterms, which have no other effect at one-loop order. The one-loop top quark pole 
mass can now be obtained by plugging eqs. (6.24.22), (6.24.32), and (6.24.46) into eq. (6.24.2) 
with ^ = 0, as discussed earlier. It is not hard to check that the terms from massless Nambu- 
Goldstone boson exchange just cancel against the terms from the vector exchange diagrams that 
came from £,m'^r and ^rn^. 

As a simple example, consider the one-loop pole mass with only QCD effects included. 
Then the result of eq. (6.24.2) has no imaginary part. Taking the square root (and dropping a 
two-loop order part) yields the well-known result [225]: 



t,pole 



mt{l + iSii + iSffl) + ^Dt 



mA 1 



167r2 



iFvimf; , 0) + Ipy{mf; mf, 0) 



a. 



5-&. 



MS 



31n(m2/Q') 



(6.24.47) 



As another check, consider the imaginary part of the pole squared mass of the top quark. At 
leading order, eq. (6.24.2) implies: 



Tt = -lm[mt{T.Lt + ^Rt) + 211^*] 

^2 



167r2 
1 



Im 



^lFv(.rnf;m'f,,m'fy) + {Y^+Y^^)lFs{rn'f]ml,S,mfy) + 2YffIp^g{mf;ml,^mw) 



{{g'+Y,' + n')imU 



nih — m 



Ir) - 4Y,^ml]lm[Biml,mlml,)]. (6.24.48) 



The fact that the ^ dependence canceled here is a successful check of gauge-fixing invariance, 
since the tadpole diagram in Fig. 6.24.1 does not contribute to the absorptive part of the self- 
energy. One can express Im[B{s;x,y)] in terms of the triangle function [cf. eq. (6.1.11)], 



Im[B{s]x,y)] 



(6.24.49) 



' for s < (^+^)2, 

^ TTX^/^{s,x,y)/s for s>{^/x+^)'^. 

Eq. (6.24.48) then reproduces the result of eq. (6.1.10) for the top quark width at leading order. 
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6.25 Self-energy and pole mass of the gluino 

The Feynman diagrams for the gluino self-energy are shown in Fig. 6.25.1. Since the gluino 
is a Majorana fermion, we can use the general formalism of Section 4.6. We will compute the 
self-energy functions 'Eg = Eg^ and ilg = $7^^ defined in Fig. 4.6.3, and infer Qg = Qgg from 
the latter by replacing all Lagrangian parameters by their complex conjugates. '^'^ At one-loop 
order, it follows from the general result of eq. (4.6.23) that the complex pole squared mass of 
the gluino is related to the tree-level mass nig by 

M? -iMgTg=[ml{l + 2Eg) + mg{ng + ng)] . (6.25.1) 

It is convenient to split the self-energy functions into gluon/gluino loop and squark/quark 
loop contributions, as 

^9 = [^9]9 + E E [^9]'?^ ' n-g = [ng]g + ^ ^ [O^],", , (6.25.2) 

q x=l,2 q x=l,2 

where the sum over q runs over the six squark flavors u, d, s, c, b, t, and x = 1, 2 corresponds to 
the two squark mass eigenstates [i.e., the two appropriate linear combinations (for flxed squark 
flavor) of ql and qji]. The gluon exchange contributions, following from the Feynman rules of 
Fig. K.5.1, are: 

rc: 1 xab _ ,.2e f ^'^^ i „ faec— \ ( i{k + p)-(7 \ f j-ebc- 



^) (<<'■■' + (f - 1)^) . (6.25^3) 

S)(.- + (f-l)^). (6.25.4) 

The internal gluon and gluino lines carry SU (3)c adjoint representation index indices c and e 
respectively, while the external gluinos on the left and right carry indices a and b respectively. 
The gluino external momentum flows from right to left, and the loop momentum fc^ flows 
clockwise. Comparing with the derivations of eqs. (6.24.20) and (6.24.40) in the previous sub- 
section, and using -/'^^cjeftc ^ jeacjebc ^ gab(j^ [^-^j^ Ca = 3 for SU{3)c\, we can immediately 
conclude that 

[^9]9 = -^CaIfv{s; ml 0), (6.25.5) 
[^9]9 = -^CAmgI-^y{s;mlO), (6.25.6) 
where the loop integral functions Ipv stnd Ipy were defined in eqs. (6.24.21) and (6.24.41). 



^"Suppressing the color degrees of freedom, H, fl and are one-dimensional matrices, so we do not employ 
boldface letters in this case. 
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Figure 6.25.1: Self-energy functions for tiie gluino in super symmetry. The external momen- 
tum flows from the right to the left. The loop momentum in the text is taken to flow 
clockwise. Spinor and color indices are suppressed. The index x = 1,2 labels the two squark 
mass eigenstates of a given flavor q = u,d,s,c,b,t. Both x and q must be summed over. The 
external legs are amputated. 

Next consider the virtual squark exchange diagrams contributing to H^. Labeling the quark 
and squark with color indices j, k respectively, we have for each squark mass eigenstate: 

^^'i §f (iaSjf^) ('^^'.^'^.-^) (^)- 

This uses the Feynman rules shown in Fig. K.5.3, given in terms of the squark mixing parameters 
Lq^ andi?,^ defined in eq. (K.4.1). Using Tr [T'^T''] = 15"^ and |ivgJ^+|-RgJ^ = 1, and comparing 
to the derivation of eq. (6.24.12) of the previous subsection, we obtain: 

[^gM. = -^lFs{s;mlml). (6.25.8) 

Similarly, for the last two diagrams of Fig. 6.25.1, we obtain: 

-.M..*°' = .-/|^ (-.^/2,.^-Lg (.^/2,.Tfi^,,) (^) 

again using the Feynman rules shown in Fig. K.5.3. As before, j and k are the color indices 
for the quark and the squark, respectively. Comparing to the derivation of eq. (6.24.34) of the 
previous subsection, we obtain: 

= -^LlR^.rnfys{s-,nilml) . (6.25.10) 
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Summing up the results obtained above, and taking s = m|, we have: 



as 
47r 



CAlFv{mf,mj,0) + ^ ^ lFs(.mf,ml, 

q x=l,2 



q x=l,2 



(6.25.11) 



(6.25.12) 



As previously noted, we can now write down 0,g by replacing the Lagrangian parameters of 
eq. (6.25.12) by their complex conjugates: 



CAmgIpy{ml; m?, 0) + 2 ^ ^ Lg^R*^^mqIpg{mf, ml,mlJ . (6.25.13) 

q x=l,2 

Inserting the results of eqs. (6.25.11)--(6.25.13) into eq. (6.25.1), one obtains the result [226,227]: 



l + ^{CA[5-<5Ms-31n(m?/Q2)] 
E E [lMrnl;mlml) + 2Re[LlR,J^Ip,{mf,mlml)]} 



q x=l,2 



.25.14) 



with defined in eq. (6.24.5). 

6.26 Triangle anomaly from chiral fermion loops 

As our final example, we consider the anomaly in chiral symmetries for fermions, arising from 
the triangle diagram involving three currents carrying vector indices. Since the anomaly is 
independent of the fermion masses, we simplify the computation by setting all fermion masses 
to zero. In four-component notation, the treatment of the anomaly requires care because of 
the difficulty in defining a consistent and unambiguous 75 and the epsilon tensor in dimensional 
regularization [230,231]. The same subtleties arise in two-component language, of course, but 
in a slightly different form since 75 does not appear explicitly. 

We shall assemble all the (^,0) [left-handed] two-component fermion fields of the theory into 
a multiplet ipj. For example, the fermions of the Standard Model are: ^pj = [i^ ■, Ik ■, i^k ■, Qu 1 Qu), 
where k = 1, 2, 3 and i = 1, 2, . . . , 6 are flavor labels and i = 1, 2, 3 are color labels [see Table 5.1]. 
The two-component spinor indices are suppressed here. Let the symmetry generators be given 
by hermitian matrices T^, so that the ipj transform as: 



(6.26.1) 



for infinitesimal parameters 6"". The matrices form a representation R of the generators 
of the Lie algebra of the symmetry group. In general R will be reducible, in which case the 



'^^The discussion here parallels that given in ref. [228], Section 22.3. 

^^For an excellent review of the computation of the chiral anomaly via four-component massless and massive 



spinor triangle loops, see ref. [229]. 
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-i(T«)/a^ or i(T«)/(7, 



Figure 6.26.1: Feynman rule for the coupling of a current carrying vector index fi and corre- 
sponding to the symmetry generator acting on (^,0) [left-handed] fermions. Spinor indices 
are suppressed. 

T" have a block diagonal structure, where each block separately transforms (irreducibly) the 
corresponding field of ipj according to its symmetry transformation properties. Some or all of 
these symmetries may be gauged. The Feynman rule for the corresponding currents is the same 
as for external gauge bosons, as in Fig. 4.3.2 (but without the gauge couplings), and is shown 
in Fig. 6.26.1. 

Fig. 6.26.2 exhibits the two Feynman diagrams that contribute at one-loop to the three- 
point function of the symmetry currents. Applying the ct- version of the Feynman rule for the 
currents given in Fig. 6.26.1, and employing the Feynman rules of Fig. 4.2.1 (with m = 0) for 
the propagators [traversing the loop in the direction dictated by eq. (4.4.2)], the sum of the two 
triangle diagrams shown in Fig. 6.26.2 can be evaluated. 



p,c 




k + q + A 



p,c 




Figure 6.26.2: Triangle Feynman diagrams leading to the chiral fermion anomaly. Fermion 
spinor and flavor indices are suppressed. The fermion momenta, as labeled, flow in the arrow 
directions. 



The resulting sum of loop integrals is 



iK% = (-1) 



-^Tr (-.^,nfc^±^ 



(2^)^ 



{k-p + A)"^ 



i{k + q + A)-a 

{k + q + A)^ 



,j ■- rr.a Ak-q + B)-a i(fc + ^)-a 



I, i{k +P + B)-a 
{k-q + Bf ' ""^^ ' [k + Bf ' """^ ' {k+p + Bf 



(6.26.2) 



where the overall factor of (—1) is due to the presence of a closed fermion loop. The trace 
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is taken over fermion flavor/group and spinor indices, both of which are suppressed. Because 
the individual integrals are linearly divergent, we must allow for arbitrary constant four- vectors 
A^^ and i?^ as offsets for the loop momentum when defining the loop integrations for the two 
diagrams [232,233]. 

The persistence of the symmetry in the quantum theory for the currents labeled by ^u, a and 
v, b and /?, c implies the naive Ward identities:^^ 

(p + ir ^r?;,(-p - q, p, q) = r'^Kpiq) + r'K'.ip) , (6.26.3) 

-P" <;p(-P - 9, P, q) = /'"""KiP + 9) + f'^'KiQ) ' (6-26.4) 

i^Xi-p - q,p, q) = r'^Kip) + r'^Ktip + 1) ' (6-26.5) 

where in°^(p) is the one-loop current-current two-point function shown in Fig. 6.26.3. 

q 

in^t(g) ^ 

k + q 

Figure 6.26.3: The one-loop contribution to the current-current two-point function. The 
fermion momenta, as labeled, flow along the corresponding arrow directions. 

By Lorentz covariance, nj^^(p) is a rank- two symmetric tensor that is an even function of the 
four-momentum p [cf. eq. (6.26.41)]. In eqs. (6.26.3)-(6.26.5), we have employed a convention 
in which the arguments of iV correspond to the outgoing momentum of the external legs of the 
corresponding one- loop Feynman diagrams, and the order of the momentum arguments matches 
the order of the indices. 

It is convenient to define the symmetrized three-point function by symmetrizing over the 
indices a, b and c: 

•^l^up — l^rj^^p -|- [five permutations of a, 6, c]. (6.26.6) 

In terms of the symmetrized three-point function, the naive Ward identities imply 

(p + g)^<;p = 0, -p-^-tp = 0, and -qPAX = ^- (6-26.7) 

We now perform the explicit diagrammatic computation to show that the naive Ward identi- 
ties exhibited in eq. (6.26.7) are violated due to a quantum anomaly. Although the symmetrized 



'^^The derivation of the Ward identities is most easily achieved by writing the three-point function in position 
space as a vacuum expectation value of the time-ordered product of three currents. After taking the divergence 
(with respect to the position of any one of the three currents) of the time-ordered product and using the fact that 
the currents are conserved (9fjj"'' = 0), the surviving terms can be evaluated using the equal-time commutation 
relations, 5{x^ — y°)[j''°(a^),i'"'(j/)] ~ if"'^'^ j'^'^ {x)5'^{x — y). Fourier-transforming the result yields the terms on 
the right-hand side of eqs. (6.26.3)-(6.26.5). See refs. [234,235] for further details. 
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three-point function is ultraviolet finite, the individual loop momentum integrals are divergent, 
and must be defined with care. We do not regularize them by the usual procedure of continuing 
to d = 4 — 2e dimensions, because the trace over sigma matrices crucially involves the antisym- 
metric tensor with four indices, brought in by eqs. (B.2.26) and (B.2.27), for which there is no 
consistent and unambiguous generalization outside of four dimensions. (This is related to the 
difficulty of defining 75 in the four-component spinor formalism.) The existence of the vectors A 
and B corresponds to an ambiguity in the regulation procedure, which can be fixed to preserve 
some of the symmetries, as we will see below. 

Starting from eq. (6.26.2), it follows from eq. (E.2.8) that the symmetrized three-point 
function is proportional to the group theory factor (often called the anomaly coefficient). 



D 



abc 



Tr [{T",T''}T" 



(6.26.8) 



where the numerical values of the D"*'^ depend on the representation R. As discussed in Ap- 
pendix E, D"'"^ vanishes for all simple Lie groups, with the exception of SU(A^) for > 3. 
The D"'^'^ are also non- vanishing in general for any non-semisimple compact Lie group, which 
contains at least one U(l) factor. 

First, consider the result for {p + q)'^A'J^^p. This can be simplified by rewriting 

{P + = {k + q + Ar -{k-p + A)f', (6.26.9) 
(p + q)t^ = (k+p + BY -{k-q + BY , (6.26.10) 

in the first and second diagram terms, respectively, and then applying the formulae 



v-av-a 



v-av-a 



.26.11) 



which follow from eqs. (B.2.1) and (B.2.2). After rearranging the terms using the cyclic property 
of the trace, we obtain: 



{p + qY-^l.^ = -D-''TT[a^a,axap]X-\ 



-2D 



abc 



9vpX\ + iei^jjXpX 



(6.26.12) 



after applying eq. (B.2.26). (In our conventions, £9123 



X 



kX 



(2^ 



-1.) The integral X'^^ is given by: 
z + q + AY {k + AY 



+ 



'{k-p + AY {k + AY 
{k-p + Af {k + AY ~ {k + q + AY {k + AY 

{k + BY {k-q + BY {k + BY{k+p + BY 



(6.26.13) 



(k + BY (k-q + BY {k + BY {k + p + BY _ 
Naively, this integral appears to vanish, because the first term is equal to the negative of 
the fourth term after a momentum shift k — t- k — p + A — B, and the second term is equal 
to the negative of the third term after k^k + q + A — B. However, these momentum shifts 
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are not valid for the individually divergent integrals. Instead, X'^^ can be evaluated by a Wick 
rotation to Euclidean space, followed by isolating the terms that contribute for large k"^ and are 
responsible for the integral not vanishing, and then employing the divergence (Gauss') theorem 
in four dimensions to rewrite X'^'^ as an angular integral over a three-sphere with radius tending 
to infinity. This integral is initially evaluated at large but finite Euclidean k, with the limit 
/c — )• oo taken at the end of the computation. For example, consider a smooth function f{k) of 
the four-momentum k with the property that the integral 



d^kfik) (6.26.14) 
is at worst quadratically divergent. We define the even and odd parts of f{k), respectively, by: 
feik) = i [f{k) + f{-k)] , Uk) ^ \ [f{k) - f{-k)] . (6.26.15) 

It then follows that [234, 236, 237] 

r 

,4 [f{k + a)- fik)] = 27r2a^ lim ki'k^ fo{k) + Tr'^a^.a, lim kf^k^—feih 

(6.26.16) 

has a finite limit. '^^ In deriving this result, we have expanded f{k + a) in a Taylor expansion and 
follow the procedure outlined above eq. (6.26.14). Note that the angular integration removes 
the even parts of f{k) and df/dk^ = 2ki,df/dk'^ from the right-hand side of eq. (6.26.16). 
The "limits" in eq. (6.26.16) actually correspond to an average over the three-sphere at large 
Euclidean fc, and thus should be interpreted by the use of: 



d^k 
(2^ 



lim 



lim 'lA. = \a^^ 
k^'k'^kPk^ 



{k 



2\2 



24 



For example, if 



f{k) 



{k-p + AY{k + Ay 



{k-p + Af{k + Af ' 
then in evaluating eq. (6.26.16), it is sufficient to write: 



(6.26.17) 
(6.26.18) 

(6.26.19) 



fo{h) ~ Uk-p + A^ik + A)' 



1 2A;-(p-2^) 



(A;2); 



+ 



(k^-k) 



k'^A^ - k^{p- AY 2k''k^k-{p-2A) 



+ 



(6.26.20) 



00. 



(A:2)2 (A:2)3 

where we have dropped terms that do not contribute to eq. (6.26.16) in the limit of k 
Similarly. 

^ ^ (6.26.21 



dfe 
dky 



(A;2)2 



(A;2)S 



^*If eq. (6.26.14) is linearly divergent, then the second term on the right-hand side of eq. (6.26.16) is zero. If 
eq. (6.26.14) is logarithmically divergent or finite, then the right-hand side of eq. (6.26.16) vanishes. 



147 



The evaluation of X'^ is now straightforward [after using eqs. (6.26.17) and (6.26.18)]: 



X 



g^\p + q)-{A + B) + {A- 2BY{p + qY + {p + qY{B - 2AY . (6.26.22) 



967r2 b 

Hence, eq. (6.26.12) yields the result for the anomaly in the current labeled by /u,a: 



{p + qrAt\ 



D 



abc 



{p + q)^{A + B)p + {A + B)^(p + q)p + g^p{p + q)-{A + B) 



-2,ie,p^x{p + qT{A-BY • 
Repeating all of the steps starting with eq. (6.26.9), we similarly obtain:^^ 



(6.26.23) 



_f.P Aabc 



487r2 



:D 



abc 



^ j-^abc 



487r2 



Pp{A + B)p+Pf,{A + B)p + gppp-{A + B) - 3kp^«Ap''(^ -B + 2q) 

(6.26.24) 

q^{A + BY + qu{A + B)p + gp^q-{A + B) - ?.iep^^xq^{A -B- 2pY ■ 

(6.26.25) 



Non-chiral anomalies will arise for all three of the currents (assuming D"^'^ is non- vanishing) , 
unless we choose the arbitrary constant vectors A and B such that 



with the result: 



(p + qrAfSp 



A + B = 0, 



1 



V A abc 



^D'^'-e^p^xip + qYA^ 



-qPA 



abc 
fivp 



1 

"8^ 



D-'^€^,^^q-{A-pY. 



(6.26.26) 

(6.26.27) 
(6.26.28) 
(6.26.29) 



If D"''^ is non- vanishing, it is not possible to avoid an anomaly simultaneously in all three 
symmetries, but one can still arrange for two of the symmetries to be non-anomalous. If one 
wants an anomaly to arise only in the current labeled by /i, a (for example, if the symmetries 
labeled by h, c are gauged), one must now choose A = p — q. The standard result follows: 



1 



u Aabc 
fiup 



-P^A 



y ■^^JLvp 



0, 
0. 



(6.26.30) 
(6.26.31) 
(6.26.32) 



^^Alternatively, one can simply note that eq. (6.26.24) follows from eq. (6.26.23) by making the replacements 
fi ^ 1/, u ^ p, p ^ fi, A ^ A + q, B ^ B — q, p ^ q, and q — >■ —p — q, while eq. (6.26.25) follows from eq. (6.26.23) 
by making the replacements p^p, v^p, p^v,A-^A — p, B^B-\-p, —p — q, and q ^ p. 
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In particular, one cannot gauge all three symmetries labeled by a, b, c unless D"'^'^ = 0. 

If all three currents are identical, then by Bose symmetry the anomalies of the three currents 
must coincide. This can be achieved by choosing A = ^{p — q), in which case, 

1 



V \ahc 



T\ahc K A 

U evpnXP q , 



127r2 

j^D ep^^xP q 



(6.26.33) 
(6.26.34) 



1 



- Y^^"''eM-AP"g^ (6.26.35) 

Returning briefly to the original naive Ward identities given in eqs. (6.26.3)-(6.26.5), the 
analysis above shows that these identities must be modified by an additional additive contribu- 
tion given by the right-hand side of eqs. (6.26.27)-(6.26.29). In particular, there is no anomalous 
contribution proportional to J"'"^. This can be checked explicitly by a diagrammatic computa- 
tion of the two-point and three-point functions that appear in eqs. (6.26.3) and (6.26.5). We 
use eqs. (E.2.12) and (E.2.16) to write 



(6.26.36) 



where l2{R) is the index defined in eq. (E.2.1) and R is the representation of the generators T"". 
For example, inserting this result in eq. (6.26.2), it follows that: 



{p + qYiT-X 



pi ' 



where the integral Y^^ is given by:^^ 



Y 



(2^)4 



[k-pYk^ {k + qYk^ k'^ik-qY k'' {k + p) 



+ 



(6.26.37) 



(6.26.38) 



{k-p^k"^ {k + qYk"^ k"^ {k - qY k'^ {k + pY _ 
By letting k — t- —k in the third and fourth term in the integrand of eq. (6.26.38), we see that 
yKA ^ yAK^ ^len^e by eq. (B.2.26), 



--l2{R)r'Y-^Tt[a^a,axap] 



ih{R)r'' 2Y,p-g,pYY 



(6.26.39) 



Since no e-tensor appears, we can evaluate this integral in d ^ 4 dimensions using the standard 
techniques of dimensional regularization. 

One can check that this result matches the diagrammatic calculation of the right-hand side 
of eq. (6.26.27). In particular, Fig. 6.26.3 yields 



iKiiq) = (-1) 



d^k 
(2^ 



Tr 



-h{R)5''^TYo^,apa,ax) j 



d^k kP{k + qY 
{27rYk^{k + qY 



(6.26.40) 



^''Here is obtained from X''^ by setting A — B = 0, since we can use dimensional regularization for this 
part of the computation as explained below eq. (6.26.38). 
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where we have used eq. (E.2.1). Lorentz covariance imphes that 

iUHiq) = 6'^' [Ciiq^)g^, + C2{q^)q^qu] , (6.26.41) 



for some scalar functions Ci and C2. It follows that H^tl?) = n^,t(~9) ^'^d n^^(g) = Il'^^^{q). 
Consequently, we can write: 

and so no e-tensor appears in the evaluation of the trace. As above, we are now free to evaluate 
the integral in d 7^ 4 dimensions. Comparing eqs. (6.26.37) and (6.26.38) to eq. (6.26.42), and 
using eq. (6.26.27), the end result is 

{p + qY iTii'pi-p - q,p, q) = UmP''' [n.p(g) - Il.p[p)] + ^D-^-(i?)e,^,;,(p + qfA^^ , 

(6.26.43) 

where we have written n^J^ = l2{R)5"'^^up- Indeed the terms on the right-hand side proportional 
to f"'^'^ match those of the naive Ward identity given in eq. (6.26.3). As previously asserted, the 
anomaly only resides in the contributions to the Ward identity proportional to D"'^'^. 

In writing down eq. (6.26.2), we chose to use the rules with a matrices for the current 
vertices and cr matrices for the massless fermion propagators. If we had chosen the opposite 
prescription (i.e., a matrices for the current vertices and a matrices for the massless fermion 
propagators), then the order of the factors inside the trace of eq. (6.26.2) would have been 
reversed. Instead of eq. (6.26.12), we would have obtained 



(P + qYAf::^ = -D-'^ TT[a^a,axap] X^^ = -20^'^ [x,, + X,, - g,,Xx^ - te^^xpX^^ 

(6.26.44) 

after applying eq. (B.2.27). The integral X'^'^ is simply related to X'^^ by: 

j^kX ^ j^Xk _ (6.26.45) 

Inserting eq. (6.26.45) into eq. (6.26.44), we immediately reproduce the result of eq. (6.26.12), 
as expected. 

It is instructive to examine the case of massless QED. The terms of the Lagrangian involving 
the electron fields is given by 

^ = ix'^af'Df.x + iri^a^'D^.r] , (6.26.46) 

where = + iQA^ is the covariant derivative, and Q is the charge operator. Here, we 
identify x a-s the two-component (left-handed) electron field and r/ as the two-component (left- 
handed) positron field. The corresponding eigenvalues of the charge operator are: Qx = —ex 



'"^The arrowed fermion lines in the loop must be traversed in the direction parallel [antiparallel] to the arrow 
directions when the a [a] versions of the propagator rule are employed, as indicated in eq. (4.4.2) [and in the 
discussion that follows]. This rule determines the order of the factors inside the spinor trace. 
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and Qr] = +er] (where e > is the electromagnetic gauge couphng constant, or equivalently the 
electric charge of the positron). 

At the classical level, the massless QED Lagrangian [eq. (6.26.46)] is invariant under a 
U(l)\/xU(l)^ global symmetry. Under a U(1)i/xU(1)a transformation specified by the in- 
finitesimal parameters Oy and 9a, 

U(l)v : dx = ieOvX , = -ieOvq , (6.26.47) 

U(1)a: Sx = ieAX, 5r] = i9AV- (6.26.48) 

We can combine these equations into a two-dimensional matrix equation, 

= -i0a(Ta)/Vfe, where = , (6.26.49) 

and the index o takes on two values, a = V, A. It follows that the U(l)y xU(l)yi generators are 
given by 



Tv = e\ , for U(l)y , (6.26.50) 




Ta=\ , for U(1)a . (6.26.51) 



The classically conserved Noether currents corresponding to the U(1)\/xU(1)a global sym- 
metry are the vector and axial currents:'^'^ 

Jy = -<X^^^X - ri^^^v) , (6.26.52) 
= -xV^x - ^"^^^?? • (6.26.53) 

Since the U(l)y symmetry is gauged, we demand that this symmetry should be anomaly free. 
Thus, we make use of eqs. (6.26.30)-(6.26.32), where we identify the index pair a with the 
axial vector current and the index pairs z^, b and p, c with the vector current. Thus, we compute: 

j^AVV ^ rj^ (TaTvTv) = -2e^ . (6.26.54) 

Moreover, for an abelian symmetry group, /"^'^ = 0. Hence, using eq. (6.26.30) [which also 
applies in this case to the unsymmetrized three-point function], the U(l) axial vector anomaly 
equation reads: 



{p + qY = l^e^'P-AP'g^ , (6.26.55) 



'^^Note that the interaction Lagrangian for massless QED is J^-mt = —JyA^, as expected. This accounts for the 
factor of e in the definition of the vector current. Tire axial vector current does not couple to the photon field; 
hence no coupling constant is included in its definition. 
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in agreement with the well-known result 7^ 

We now convert eq. (6.26.55) into an operator equation. Consider the process of two photon 
production by an axial vector current source [239]. First, we note that d^J'^{x) = i[P^, JA^(a;)], 
where P'^ is the momentum operator. It follows that: 

{p,q\ d^J'^iO) \0) =i{p,q\[P^, JA^^m I 0) = iip + qr{p,q\ Jam(0)| 0) . (6.26.56) 

We identify the S-matrix amplitude for the two photon production as: 

iri^p''e''*{p)eP*{q) = {p,q \ -^^^,(0)10) , (6.26.57) 

where e{p) and e{q) are the polarization vectors for the final state photons. Note that the factor 
of —i on the right-hand side of eq. (6.26.57) has been inserted to be consistent with the Feynman 
rule for the axial vector current insertion given in Fig. 6.26.1. Thus, using eqs. (6.26.55)- 
(6.26.57), we end up with [114]: 

{p,q\ d^O) I 0) = - ^e,^^xe''*ip)e''*iq)p-q^ 

{p,q\e^,XpF'"'F^P{0)\0), (6.26.58) 



e2 



167r2 

where e^uXpF'^'^ P^'' = ^^KuXp{d'^A'^){d^AP) has been used to eliminate the photon fields in favor 
of a product of electromagnetic field strength tensors. In deriving eq. (6.26.58), an additional 
factor of two arises due to two possible contractions of the photon fields with the external states. 
We thus obtain the operator form for the axial vector anomaly:^'' 

di^J^ = - -^P^'F^P ' (6.26.59) 

where the dual electromagnetic field strength tensor is defined by F\p = \ei^y\pF'^^ . 

As a final example, we examine the anomalous baryon number and lepton number currents 
in the theory of electroweak interactions [240-242]. For simplicity of notation, we consider a 
one-generation model. The baryon number current is a vector current given by: 



_ 1 
"^3 — 3 



(6.26.60) 



following the particle naming conventions of Table 5.1. Consider the process of gauge boson pair 
production by a baryon number current source. It is convenient to work in the interaction basis 
of gauge fields, {W^^"- , i?^}, where W^^"" is an SU(2)-triplet of gauge fields and is a U(1)y 
hypercharge gauge field. We consider triangle diagrams where one generation of quarks runs in 



^^This result was first obtained by Adler [238]. In comparing eq. (6.26.55) with Adler's result, note that the 
normalization of the triangle amplitude in ref. [238] differs by a factor of {2-k)* and the opposite sign convention 
for £0123 is employed. 

^''in the literature, eq. (6.26.59) often occurs with the opposite sign due to a sign convention for the Levi-Civita 
e-tensor that is opposite to the one employed in this review. Here, we have reproduced the form given in ref. [114]. 
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the loop. The external vertices consist of the baryon number current source and the two gauge 
bosons. 

The generators corresponding to the SU(2) gauge boson vertices are given in block diagonal 
form by: 

T^ = g diag ® l3x3 ,0,0^, (6.26.61) 

where the t'^ are the Pauli matrices, Isxs is the identity matrix in color space, and (8> is the 
Kronecker product. We have included a factor of the weak SU(2) coupling g in the definition of 
T^, since the Feynman rule given by Fig. 6.26.1 does not explicitly include the gauge coupling. 
Likewise, the generators corresponding to the U(1)y gauge boson vertices are given in block 
diagonal form by (cf. Table J.l): 

Y = g' diag (il2x2 ® l3x3 , -§13x3 , 5I3X3) , (6.26.62) 

where l2x2 is the identity matrix in weak isospin space, and g' is the U(1)y hypercharge gauge 
coupling. Finally, the generator corresponding to the baryon number current source is given in 
block diagonal form by: 

B = idiag (l2x2 ® l3x3 , -l3x3 , -I3X3) • (6.26.63) 

Consider first the production of two SU(2)-triplet gauge fields. We put T"" = B and 
associate the indices h and c with the SU(2)-triplet gauge bosons. A simple calculation yields 

j^Bbc ^ g2 Ty{BT''T'') = \g^b^'' , (6.26.64) 

where the superscript index B refers to the baryon number current. Since the gauged weak 
SU(2) and hypercharge U(1)y currents must be anomaly free for the mathematical consistency 
of the electroweak theory, it follows that eqs. (6.26.30)-(6.26.32) apply. That is, the symmetrized 
amplitude for the production of SU(2) gauge boson pairs by a baryon number source is anoma- 
lous: 

{V + ^rA% = -£^6''^e,,,xP^q^ ■ (6.26.65) 

Next, consider the production of two U(1)y hypercharge gauge fields. A simple calculation 
yields 

jjBYY ^ ^/2 T^(^y2) ^ _y2 _ (6.26.66) 

That is, the symmetrized amplitude for the production of U(1)y gauge boson pairs by a baryon 
number source is anomalous: 

{P + qYA^^^ = £^e,p^xp^q^ . (6.26.67) 

*^The Kronecker product of an n x n matrix and an m x m matrix is an nm x nm matrix. In addition, tlie 
following two properties of the Kronecker product are noteworthy [159, 243]: (i) {A ® _B)(C ® D) — AC ® BD, 
and (ii) Tr{A ® B) = Tr A TrB. 
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Finally, the symmetrized amplitude for the associated production of an SU(2)-triplet and U(1)y 
hypercharge gauge field exhibits no anomaly as the corresponding D^^^ = gg' Ty[BYT'^) = 0. 

The symmetrized amplitudes of the triangle diagrams involving a baryon number current 
source and a pair of SU(2) or U(1)y gauge bosons are anomalous. Since the baryon number 
current is a vector current, we conclude that the source of the anomaly is a VVA triangle diagram 
in which one of the gauge boson currents is vector (V) and the other gauge boson current is axial 
vector (A). Nevertheless, the gauge boson axial vector current must be conserved, as noted above. 
Hence, the baryon number vector current must be anomalous [240]. In eqs. (6.26.55)-(6.26.58), 
we showed how to derive the operator form of the anomaly equation from the anomalous non- 
conservation of the symmetrized triangle amplitude. Following the same set of steps starting 
with eqs. (6.26.65) and (6.26.67), one obtains the anomalous non-conservation of the baryon 
number vector current, in a model with Ng quark generations [55,241,242]: 

^^M-^B = -^W^'^Wlp - l^^^'^Ap , (6.26.68) 

where B\p and 

Wlp = dxW'p - dpW'^ - ge'^'^W^W^ , (6.26.69) 

are the field strength tensors for the hypercharge U(1)y gauge boson and SU(2) gauge boson 
fields, respectively.^^ Note that for the non-abelian SU(2) gauge fields W!^ 



Wl^idxW^j) - Ige^^'^W^WlW'p . (6.26.70) 



Strictly speaking, the triangle graphs yield only the terms on the right-hand side of eq. (6.26.68) 
that are quadratic in the gauge fields. To obtain the corresponding terms that are cubic in 
the gauge terms, one must compute the anomalies that arise from VVVA and VAAA box dia- 
grams [234,244]. 

For completeness, we re-express the anomalous non-conservation of the baryon number 
current in terms of the mass eigenstate SU(2)xU(1)y gauge fields: 



where cw = cos Owi and Z\p and F\p are the W^, Z and the electromagnetic field strength 
tensors, respectively. 

By a similar analysis, one can also compute the anomalous non-conservation of the lepton 
number vector current, 

Jp = + z^Vz. - Van, (6.26.72) 



(6.26.71) 



*^We again caution the reader that a different overall sign in eq. (6.26.68) often appears in the literature due 
to a sign convention for the Levi-Civita e-tensor that is opposite to the one employed in this review. Here, we 
have chosen e°^^^ = +1. 
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due to triangle diagrams with Ng generations of leptons running in the loop. In the one- 
generation calculation, the relevant generators are: 

T^ = 5diag(^^, 0^ , r =5'diag(-il2x2, 1) , X = diag (l2x2 , -1) • (6.26.73) 
Thus, we end up with: 

D^'«^ = lgV^ I)^^^ = -ig'2^ I)^^^ = 0. (6.26.74) 
Thus, in the Standard Model with A'^ generations of quarks and leptons, 

d^Jl = d^J^ . (6.26.75) 
In particular, the B — L current is conserved and anomaly free. 
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Appendix A: Metric and sigma matrix conventions 



In this review, the metric tensor of four-dimensional Minkowski space is taken to be:*^ 

ffM- = 5^" = diag(+l, -1,-1,-1), (A.l) 

where = 0,1,2,3 are spacetime vector indices. Contravariant four-vectors (e.g. positions, 
momenta, gauge fields and currents) are defined with raised indices, and covariant four-vectors 
(e.g. derivatives) with lowered indices: 

x>' = {t;x), (A.2) 

p^ = {E;p), (A.3) 

Af'{x) = mx,t);Aix,t)), (A.4) 

J''{x) = {p{x,t); J{x,t)), (A.5) 

9, = ^ = (a/at; V), (A.6) 

in units with c = 1. The totally antisymmetric pseudo-tensor e^'^^'^ is defined such that 

e'''' = -^0123 = +1 • (A.7) 
Eqs. (A.2)-(A.7) are taken to be independent of the metric signature convention. 

The sigma matrices are defined with a raised (contravariant) index to be independent of 
the metric signature convention, 

fT^ = (12x2; ^), a'' = (l2x2 ; -^) , (A.8) 

where the three-vector of Pauli matrices is given by = (cr^ , cj^ , a^) [cf. eq. (2.27)] and l2x2 
is the 2x2 identity matrix. The corresponding quantities with lower (covariant) index are: 

cr^l = g^J.u(^'' = {^2x2] -ff) , = g^uO"" = {l2x2 ; ff) ■ (A. 9) 

Various identities involving products of sigma matrices are given in Appendix B. The generators 
of the (^,0) and (0, ^) representations of the Lorentz group are, respectively, given by: 

^^"^ = ^i^^^'^ - ^''^^) ' ^^'^ = ^(^^^"^ - ^''^^) • 

In adopting the above definition of the sigma matrices, we differ from the corresponding 
conventions of Wess and Bagger [68] and Bilal [82]. The Wess/Bagger and Bilal (WBB) definition 
of the sigma matrices can be written (with lowered index /x) as:^^ 

(^™)Ma/3 = ^Oa^^Vo,^ = (l2x2 ; ^) , (A.ll) 

(^™)f = 4V .af = (l2x2 ; -ff) . (A.12) 



^■^An otherwise identical version of this paper with the opposite metric signature is also available; see footnote 2. 
Although Wess/Bagger and Bilal employ opposite metric signatures of goo ~ —1 and 500 ~ +1, respectively, 
their definitions of cr^j and ct^ (with covariant index /^) coincide. Note that the spinor structure of the a and a 
matrices and the definitions of the various (two-index and four-index) epsilon tensors [cf. eqs. (2.19) and (A.7)] 
are identical in both the WBB conventions and in our conventions. 
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One consequence of the WBB definition of a and a is that 75 = diag(l2x2 , — I2X2) in the 
chiral representation [cf. eq. (G.1.2)]. This associates a lowered undotted [raised dotted] two- 
component spinor with a right-handed [left-handed] four-component spinor [cf. eqs. (G.1.6) and 
(G.1.8)]. Indeed, this was the common convention in the older literature (e.g., see refs. [35,36,38, 
39,41,58]).^^ However, in the modern formulation of electroweak theory in terms of left-handed 
fermions, it is now more common to associate a lower undotted [raised dotted] two-component 
spinor with a left-handed [right-handed] four-component spinor. This is the motivation for our 
conventions for the sigma matrices given in eqs. (A. 8) and (A. 9). 

In order to facilitate the comparison with the metric signature with qqq = —1, we provide 
the key ingredients needed for translating between Minkowski metrics of opposite signature. 
In our conventions [cf. eqs. (A.2)-(A.9)], each of the following objects (with the Lorentz index 
heights as shown) is defined independently of the metric signature: 

x^ p^ 9^ , a^ a^ 5^ J^^ , A^ i?^ , , 7^ 75 , <5^ e^^'^P^ , e^,^, , [no sign change] , 

(A.13) 

but the following objects change sign when the Minkowski metric signature is reversed: 

9fiu , g^" , x^, p^, d^" , a^,Wf,, S^, Jf,, Af,, D^" , G^" , G^u , 7^ , [sign change]. (A. 14) 

Here, the spin four-vector is defined in eq. (3.1.15), is any conserved current, is 
any gauge vector potential, and and G^i, are the corresponding covariant derivative and 
antisymmetric tensor field strength, respectively. The Dirac gamma matrices are defined in 
eq. (G.1.2). The list of eq. (A. 14) can be deduced from eq. (A.13) by using the metric tensor 
and its inverse to lower and raise Lorentz indices, simply because each metric or inverse metric 
changes sign when the metric signature is reversed. Given any other object not included in 
eqs. (A.13) and (A. 14), it is straightforward to make the appropriate assignment by considering 
how the object is defined. For example, we must assign a^^, o'^u, (^^'^ and ct^*^ to the list of 
eq. (A.13), based on the definitions given in eqs. (2.69) and (2.70). In general, objects that do 
not carry Lorentz vector indices (including all fermion spinor fields and spinor wave functions) 
are defined to be the same in the two metric signatures, with the obvious exception of scalar 
quantities formed from an odd number of objects from the list of eq. (A. 14). For example, the dot 
product of two four- vectors may or may not change sign when the Minkowski metric signature 
is reversed. By writing out the dot product explicitly using the metric tensor to contract the 
indices, one can use eqs. (A.13) and (A. 14) to determine the behavior of a dot product under the 
reversal of the metric signature. In particular, p-A changes sign whereas p-a does not change 
sign, when the Minkowski metric signature is reversed. 

The translation between Minkowski metrics of opposite signatures is now straightforward. 
Given any relativistic covariant quantity or equation in the convention where 500 = +1) one need 
*®This convention persists in the literature of the spinor helicity method (cf. footnote 156 in Appendix 1.2). 
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only employ eqs. (A. 13) and (A. 14) to obtain the same quantity or equation in the convention 
where 500 = ~1) and vice versa. 

As an example, let us verify that under the reversal of the Minkowski metric signature the 
gauge covariant derivative does not change sign and the gauge field strength tensor G^^ 
changes sign. In the metric signature with ^00 = +1) we define 

D^ = Id^d^ + igA^, (500 = +1), (A.15) 

where = A'^T"' is the matrix gauge field for a representation R of dimension dn, and /^^ is 
the da X dn identity matrix. Since under the reversal of the metric signature, does not change 
sign [according to eq. (A. 13)] whereas A^ changes sign [according to eq. (A. 14)], it follows that 
the quantity defined in the metric signature where (700 = ~1) 

= Idad^ - igAf, , (500 = -1) (A. 16) 

has the same overall sign as eq. (A.15). It follows that when the metric signature is reversed, 
does not change sign whereas D'^ = g^^'^Di, does change sign, as indicated in eqs. (A. 13) and 
(A. 14). Next, consider the matrix gauge field strength tensor G^^ = GJJ^T", defined by 

Gf"' = ^[Df',D''] = df'A''-d''Af' + ig{A^',A''], (g^Q = +i) , (A.17) 

where the commutator [Z?^ , D'^] is an operator that acts on fields that transform with respect 
to an arbitrary representation R. In the metric signature with g^Q = —1, we define the gauge 
field strength tensor as a commutator of covariant derivatives with the opposite overall sign: 

Q^,u = 1 ^ = Qf^A" - d^At" - iglAt" , A"] , (500 = -1) , (A.18) 

9 

where is now defined as in eq. (A. 16). Since under a reversal of the metric signature, A^ 
does not change change sign [according to eq. (A. 13)] whereas changes sign [according to 
eq. (A. 14)], it follows that and Gf^i, = gfipguaG''^ do indeed change sign when the metric 
signature is reversed, as stated in eq. (A. 14). 

As another simple illustration, consider the cj-matrix identity, 

aV^a" = g^-'a'^ - g^^Pa'' + g^^a^ - ie^^^^a^ , (500 = +1) , (A.19) 

In the opposite metric signature with 500 = —1; we apply the results of eqs. (A. 13) and (A. 14) 
and then multiply both sides of the equation by —1 to obtain: 

a^^a'^a^ = -g^'^a^ + g^^^a^ - g^^^o^ + ie^^'^'^a, , (goo = - 1) • (A.20) 

*®Note that for any relativistic covariant term appearing additively in a valid equation, the relative sign that 
results from changing between Minkowski metrics of opposite signature is simply given by 5 = (—1)^, where 
M = Nra + + A^G + . . .. Here Nm. is the number of metric tensors appearing either explicitly or implicitly 
through contracted upper and lower indices, A'^^j is the number of spacetime and/or covariant derivatives, is 
the number of gauge field strength tensors, and the ellipsis (. . .) accounts for any additional quantities whose 
contravariant forms (with all Lorentz indices raised) appear in the list of eq. (A. 14). 
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Finally, in the sigma matrix conventions of Wess/Bagger [68] and Bilal [82], both eqs. (A. 19) 
and (A. 20) are modified by changing the overall sign of ie^^'^P'^Wf^. In general, to convert the 
identities of Appendix B to the conventions of WBB, one must first convert (if necessary) to the 
appropriate metric signature, and then interchange cr o a [cf. eqs. (A. 11) and (A. 12)]. 

We end this Appendix with a brief summary of our conventions for four-dimensional Eu- 
clidean space. The Euclidean components of the coordinates [represented in Minkowski space 
by the contravariant four- vector, x'^ = {x^ ; x), for ^ = 0, 1, 2, 3], are defined as 

= ^E^l = ^ ^ x% = XEi = ix^, (/i = 1,2,3,4) . (A.21) 

The four-momentum operator in Minkowski space is = id^ = i{d/dt, —V). Following the 
conventions of ref. [245], the Euclidean counterpart of the momentum operator is 

Pe = PE^l = {P, P%) = -id^E = -^'y ' ^/^^e) > Pe = PE4 = ip^ , (A.22) 

The Minkowski space Green functions are obtained from Euclidean space Green functions by 
means of a Wick rotation [123, 245, 246] of x"^ = ix^ in a counterclockwise sense. ^'^ Scalar 
products of Euclidean four-vectors are carried out by employing the Euclidean metric tensor 
Sfiu = S^"^ = diag(l ,1,1,1). For example, the Euclidean counterpart of —p-x = —p^x^ + p-x 
is p^x^ = p-x + p'^x^, etc. Given any tensorial equation in Euclidean space, the heights of the 
indices is irrelevant. Consequently, one can simply place all indices at the same height (either 
all raised or all lowered), with an implied sum over a pair of repeated indices. 
One can also introduce Euclidean sigma matrices [247]: 

a^ = {-ia,aE), a'^ = {ia,W^), where cr| = a| = l2x2 , (A.23) 

which satisfy:^^ 

a^a^ + a^a^ = 25^^^ , a^cT^ + a^a^ = 25'^'' . (A.24) 

The four-dimensional rotation group in Euclidean space is S0(4), which is locally equivalent to 
SU(2)xSU(2). It possesses two independent pseudo-real two-dimensional spinor representations 
(^,0) and (0, ^) [not related by hermitian conjugation in contrast to the Lorentz group], with 
corresponding hermitian generators a'^ and o''^ , respectively: 

'^'e = I {'^E^E - (^e^e) ' =\ {^e'^e - ^e<^e) ■ (A-25) 

These tensors are anti-self-dual and self-dual, respectively [120], 

cj^^ = _ leM^PV^" , = ^e^^P^aPj; , (A.26) 



^^Expressing the corresponding Green functions as Fourier transforms of momentum-space Green functions, 
one must simultaneously Wick-rotate p% = ip° in a clockwise sense to avoid singularities in the complex p^-plane. 

**It is seemingly more natural to define a'^ = (ct, a%) and ct^ = {—ff, o^) where a% — a% = il2x2, in which 
case one must replace ^'"^ with —5'"' in eq. (A.24). Nevertheless we prefer eq. (A.23), which avoids an overall minus 
sign in the respective anticommutation relations of the Euclidean sigma and gamma matrices [cf. footnote 133] . 
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where the totahy antisymmetric Levi-Civita tensor is defined in Euchdean space such that 
gi234 _ £j^234 = +1. One can express and in terms of the 't Hooft eta symbols [248], 

a^'^ = -i^'^A'V*^ , a"^^ = -Irf'^'^a^ , (A.27) 

where /x, i/ = 1, 2, 3, 4 and there is an implicit sum over k = 1,2, 3. Equivalently, 

a^a^ = 5^"" + irJ''^'•'a'' , a^cr^ = 6^"^ + iri'^'^a^ . (A.28) 

The 't Hooft symbols i] and 1) satisfy self-duality and anti-self-duality properties, respectively: 

^ki^v ^ l^f^upX^kpX ^ -kf,u ^ _l^f,upX-kpX ^ ^^ 29) 

and are explicitly given by: 

^kij ^ ^kij ^ ^ijk ^ ^kj4 ^ _^k4j ^ jjkij ^ _^kji ^ ^kj ^ j^fe44 ^ ^fc44 ^ Q 

For a more comprehensive treatment of two-component spinors in Euclidean space, see ref. [128]. 

Appendix B: Sigma matrix identities and Fierz identities 

In Section 2, we derived a number of identities involving cr^, a'*, o"^*^ and a^'^. When considering 
a theory regularized by dimensional continuation [124], one must give meaning to the sigma 
matrices and their respective identities in d 7^ 4 dimensions. In many cases, it is possible to 
reinterpret the sigma matrix identities for d 7^ 4. However, the Fierz identities, which depend on 
the completeness of {l2x2 5 f*} in the vector space of 2 x 2 matrices, do not have a consistent, 
unambiguous meaning outside of four dimensions (e.g., see refs. [249-252] and references therein). 
In Appendix B.l, we exhibit a comprehensive list of identities from which many generalized Fierz 
identities can be derived. In Appendix B.2, we examine the class of sigma matrix identities that 
can unambiguously be extended to ci 7^ 4 dimension and thus can be employed in the context of 
dimensional regularization. 

B.l Two-component spinor Fierz identities 

We begin with the basic identity for 2 x 2 matrices [77] , 

^ab^cd = ^ [SadScb + (^Id^lb] > (B.1.1) 

where there is an implicit sum over the repeated superscript i = 1,2,3. Eq. (B.1.1) is a conse- 
quence of the completeness of {l2x2 > c*} in the four-dimensional vector space of 2 x 2 matrices. 
In particular, we denote the four-dimensional vector spaces of 2 x 2 matrices labeled by undotted 
and dotted spinor indices, respectively, by V and V. It is also useful to consider matrices with 
one undotted and one dotted index. Hence, we construct the Kronecker product V (d)V, which 
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is a sixteen-dimensional vector space. The sixteen linearly independent matrices taken from the 
set,^^ 

r = {5/ , , a'^^'^ , -J"/^ , a^^^P , a^-''^ , (B.1.2) 

serve as a complete basis set for V ®V . Elements of F will be denoted by T^"^^ (n = 1, 2, . . . , 6). 
Starting from eq. (B.1.1), one can establish a set of 21 identities of the following form: 

V,q,K,L 

where each label /, J, K and L can represent zero, one or two Lorentz spacetime indices, and 
A, i?, C and D represent two-component spinor indices, each of which may be undotted or dotted 
and in the lowered or raised position as appropriate. The sum in eq. (B.1.3) is taken over the 
matrices specified in eq. (B.1.2), and the are numerical coefficients [cf. eqs. (B.1.5)-(B.1.25)]. 

Let us multiply eq. (B.1.3) by four (commuting or anticommuting) two-component spinors 
Z1AZ2BZ3CZ4D, where Zi stands for either the undaggered or daggered spinor Zi or zj, depend- 
ing on whether the corresponding spinor index is undotted or dotted. This procedure yields 
generalized Fierz identities of the form [74,77,85,88]: 

(ZirW^Z2)(Z3r(")-^Z4) = (-1)^ ^ (C7p\")i^^(Zir(p)^Z4)(Z3r(^)^Z2), (b.i.4) 

p,q,K,L 

where ( — 1)"^ = +1 [—1] for commuting [anticommuting] spinors.^" 

The explicit expressions for the 21 identities represented by eq. (B.1.3) are as follows. 



2 aa^M 



7 



5" .57^ + {,an''r{o^.)\ 



—II aa V 



(B.1.5 
(B.1.6 

(B.1.7 
(B.1.8 
(B.1.9 
(B.1.10 
(B.1.11 

(B.1.12 

(B.1.13 
(B.1.14 

(B.1.15 



*^Due to the self-duality relations of eq. (2.74), ct'^" and a^" are completely determined by the six matrices cr°' 
and {i = 1, 2, 3). However, for convenience we keep all cr^" and ct'"' matrices in the set V. 

^"it is often convenient to reverse the order of the spinors Z2 and Z-j, on the right-hand side of eq. (B.1.4) by 
using eqs. (2.58)-(2.60) and (2.93)-(2.94) to eliminate the factor of (-!)■* [cf. eq. (2.66)]. 
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U V 



a/3 ^ ' 



fJ,UpK 



a/3 



-Ma/3^<./3a ^ ^i^a/3-M/3a _ ^^v-Aa/3-^a _ 



act) ^'y 



(B.1.16) 
(B.1.17) 

(B.1.18) 
(B.1.19) 

(B.1.20) 

(B.1.21) 

(B.1.22) 



l{a'"')a^aP^)/ + l6a^6/ {g^Pg'"' - g^'^g^'P - ie'^'p'') 
+ii'5a" {g^^a"^ + g'^'^a^'P - g^Pa^^ - g'^'a^P)^ ^ 
-^iS^P (gPPa'"' + g^^aPP - g^Pa^"" - gP^a^P)^ ^ 



iaPP)a^a''n/ + K")a"K^)/ - ia''P)a^^n^^ - (ana^a'^P)/ 



+lgxa 



-<7""K'^)a"(fT^^)7^ - g^'icrnaicJ^X^ 



(B.1.23) 



{aPTp{^n\ = W^'fri^n^p + |<5^5^^ {gPPg^'^ - gP'^g'^P + le^^P^) 



+\i5^r (g^Pw'"' + g'^^a^'P - g^PaP^ - gP'^a'^P) 
-liS"'^ {gPPa"^ + g'^'^aPP - g'^Pa^'^ - gP^'a^P) 



7 . 



+igxa 



^M«(-p<x)a^(-vA)7 . ^ ^.p(_..)a . (-M)7 . 

-g''^{aPn''r{aP')\ - gPP{an''r{a''')\ 



(B.1.24) 



{aPno.'{aP^) 



{gPPg^^-gP^g^P)al^af 
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(B.1.25) 



From eqs. (B.1.5)-(B.1.25), one immediately obtains the corresponding 21 Fierz identities rep- 
resented by eq. (B.1.4). Eleven of these identities also appear in Appendix B of ref. [77].^^ 

The derivation of the 21 identities listed above is straightforward. Eqs. (B.1.5)-(B.1.7) are 
equivalent to the completeness relation of eq. (B.1.1). The next eight identities [eqs. (B.1.8)- 
(B.1.15)] are easily derived starting from eqs. (B.1.5)-(B.1.7). As a simple example, using the 
results of eqs. (B.1.6) and (B.2.20), it follows that 



Ja '-'7 



TO 



bJb. 



(B.1.26) 



where eq. (2.74) was employed in the final step. We can now use eqs. (B.1.8)-(B.1.11) to derive 
eqs. (B.1.16)-(B.1.22) by a similar technique. Finally, starting from eqs. (B.1.12)-(B.1.15) we 
may employ the same technique once more to derive eqs. (B.1.23)-(B.1.25).^^ A useful check of 
the last three identities can be carried out by multiplying these results by g^ipgvK and summing 
over the two repeated Lorentz index pairs. We then find: 

[oncPi^^vW = + \bjb^^ , (B.1.27) 

= -Wn^r[0^.uVf, + l^'-rb^ , (B.1.28) 

{oncP{^^uVr = ^. (B.1.29) 

Eq. (B.1.29) has already been recorded in eq. (2.82). To verify eqs. (B.1.27) and (B.1.28), we 
first rewrite these equations with the interchange of /3 -H- r and /? -H- f. Inserting the resulting 
equations back into eqs. (B.1.27) and (B.1.28) then yields the previously obtained eqs. (2.80) 
and (2.81) [or equivalently, eqs. (B.1.6) and (B.1.7)]. 

A similar check can be performed on eqs. (B.1.16)-(B.1.18) by multiplying these results by 
g^i, and summing over the repeated Lorentz index pair [with assistance from eq. (B.1.29)]: 

(B.1.30) 

(B.1.31) 

IbaPb^cc- (B.1.32) 
It follows that: 

2e„^e^^, (B.1.33) 

(B.1.34) 



a a , 



Ma/3 /3« 
" ^ fj. J 



2 e"^e"^ 



''^Note that in ref. [77], e^"'"' has the opposite sign with respect to our conventions, and cr'"^ is defined without 
an overall factor of i. Taking these differences into account, we have confirmed that the results of Appendix B of 
ref. [77] match the corresponding results obtained here. 

^^In particular, the identities given in eqs. (B.2.18) and (B.2.19) are especially useful in the evaluation of 
eqs. (B.1.19)-(B.1.24). 
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since eqs. (B.1.30) and (B.1.31) are antisymmetric under the separate interchanges of a o /3 and 
a ■v^ (3. The coefficients in eqs. (B.1.33) and (B.1.34) are determined by substituting a = a = 1 
and P = (3 = 2. Thus, we have confirmed the results previously obtained in eqs. (2.47)-(2.49). 

Eqs. (B.1.5)-(B.1.7) can also be used to derive four additional identities, which yield Fierz 
identities of a different form. Simply multiply each of these equations by two e symbols (with 
appropriately chosen undotted and/or dotted spinor indices), and use eqs. (2.30) and (2.77). 
Two of the resulting identities coincide with eqs. (B.1.33) and (B.1.34), while the other two are: 

ea/3e^" = -\ [^cPh'' - {^noP{cT^.u)p^] , (B.1.35) 

e'^^e^r = -k [^"-y^^f - {an'^ii^i^uYr] ■ (B.1.36) 

One can check that eqs. (B.1.35) and (B.1.36) are equivalent to the previously obtained eqs. (2.80) 
and (2.81). Multiplying eqs. (B.1.33)-(B.1.36) by four (commuting or anticommuting) two- 
component spinors ZiAZ2BZ3cZ'iD yields the corresponding Fierz identities of the form: 

(Zir('^)^Z2)(Z3r(")>^Z4) = (-1)^ J2 (Cp^^)^^L(^ir(^^)^Z3)(Z2r(«)^Z4), (B.1.37) 

p,q,K,L 

which differs from eq. (B.1.4) in the ordering of the spinors on the right-hand side. 
Finally, we note that the Schouten identities, 

^a/^e-yS + (-a-if-Sli + ^aS^-p^ = , ^a$^^5 + ^oii^5$ + ^aS^P'y = ^ ' (B.1.38) 

are the basis for Fierz identities given by eqs. (2.64) and (2.65), which do not assume the simple 
forms of either eqs. (B.1.4) or (B.1.37). 

B.2 Sigma matrix identities in d 7^ 4 dimensions 

When considering a theory regularized by dimensional continuation [124], one must be careful in 
treating cases with contracted spacetime vector indices /U, z^, k, p, . . .. Instead of taking on four 
possible values, these vector indices formally run over d values, where d is infinitesimally different 
from 4. This means that some identities that would hold in unregularized four-dimensional 
theories are inconsistent and must not be used; other identities remain valid if d replaces 4 in 
the appropriate spots; and still other identities hold without modification. 
Two important identities that do hold in d 7^ 4 dimensions are: 

[^M^^ + a^a^']o,^ = Ig^'^Sj , (B.2.1) 

[a^a^ + a^aTfi = V^^/j • (B.2.2) 

Equivalently, 

{a^'a'')J = g^'^Sj - 2i(a^-)/ , (B.2.3) 

{a^^aTp = r^'^-fi - , (B.2.4) 
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where a^'^ and a^'^ are defined in eq. (A. 10). The trace identities, 

TY[cj^CTn = Tr[CT^a^] = 2g^"' , (B.2.5) 
Tva'"' = Tra^"' = 0, (B.2.6) 

then follow. We also note that the spinor index trace identity, 

Tr[l] = 5^ = 62 = 2, (B.2.7) 

continues to hold in dimensional continuation regularization methods. In contrast, the Fierz 
identities of Appendix B.l do not have a consistent, unambiguous meaning outside of four 
dimensions [249-252]. However, the following identities that are implied by eq. (B.1.5) do 
consistently generalize to d 7^ 4 spacetime dimensions: 

= dSi , (B.2.8) 
[a^^a.fi, = d6l . (B.2.9) 

Using eqs. (B.2.8) and (B.2.9) along with the repeated use of eqs. (B.2.1) and (B.2.2) then yields: 

K^%W = -(^-2)<^' (B-2.10) 

[a>^a,a^fP = -{d-2)af , (B.2.11) 

Ka'^a^a^]/ = ^g^^t " (4 - d)\a-a''\J' , (B.2.12) 

^^a-aPa^ff, = ^g'^^S^^ - (4 - d)[aV^]"^ , (B.2.13) 

Ka^cjPa^a,]^^ = -2[a^aPa-]^^ + (4 - d)[a^aPa^]^^ , (B.2.14) 

[a>'a''aPcT''af,f^ = -2[a'' a^a^f^ + (4 - d)[a'' aPa^'f^ . (B.2.15) 

Identities that involve the (explicitly and inextricably four-dimensional) e^^P'^ symbol 

aPa^'aP = g'^'aP - gPPa"" + g'^Pa^ - ie^'^P'^a^ , (B.2.16) 

af^a^aP = gP^aP - gPPa"" + g^PaP + ieP'^P^a^ , (B.2.17) 

eP-^^xcT^P = -i (g^PaP'' - g^PaP"^ + gPPa"^) , (B.2.18) 

^i^vK-Xp ^ ■ ^g^P^i^u _ gUp-i,K ^ gt^P^y^^ ^ (B.2.19) 

aP'^aP = \i {g^PaP - gPPa^ + ieP'^P^'a^) , (B.2.20) 

aP'^aP = \i [g'^PaP - gPPa" - ieP'^P'^a^) , (B.2.21) 

aPa^P = \i {gP'^WP - gPPa" - ieP'^P'^a^) , (B.2.22) 

aPa^P = \i [gP^aP - gPPa"" + ieP^P^a^) , (B.2.23) 

^f^u^PK ^ -\{g'^Pgt^^ - gWgV^ + i^P^P^^^ + ^^(^''^£1'"^ + gP'^o^'P - gPP o'"'' - g'^'aPP) , (B.2.24) 

-pu-pK ^ -^(^g'^Pgf^^ _ g^Pg'^'^ _ i^P'^P^) + lf(g^/'a'"^ + gP'^w'^P - gPPw^"" - g^'^wPP) , (B.2.25) 
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are also only meaningful in exactly four dimensions. This applies as well to the trace identities 
which follow from them.^^ For example, 

Ttla^a^aPa"] = 2 (5^^/'' - g^'^'g"^ + g'^'g"'' + ie^'"'''') , (B.2.26) 
Tria^'a^aPa"] = 2 (5^^/'' - g^'Pg"^ + g^^'g"'' - ie^'"'''') . (B.2.27) 

This could lead to ambiguities in loop computations where it is necessary to perform the com- 
putation in d 7^ 4 dimensions (until the end of the calculation where the limit d — ?• 4 is taken). 
However, in practice one typically finds that the above expressions appear multiplied by the 
metric and/or other external tensors (such as four-momenta appropriate to the problem at 
hand). In almost all such cases, two of the indices appearing in eqs. (B.2.26) and (B.2.27) are 
symmetrized which eliminates the e^'^^'^ term, rendering the resulting expressions unambiguous. 
Similarly, the sum of the above trace identities can be assigned an unambiguous meaning in 
d 7^ 4 dimensions: 

Tria^a^aPa^] + TT[a>'a''aPa'^] = 4 {g^'^gf"' - g'^fg^'^ + g^'^g"'') . (B.2.28) 

One can recursively derive trace formulae for products of six or more a/ a matrices by using the 
results of eqs. (B.2.16) and (B.2.17) to reduce the number of a/ a matrices by two. For example, 

Tr[cj''a^a^CT''cjV] = g^^'TviaPa^a^a^] - gPPTi[a^a''a^a^] + g''fTr[a^a''a^a^] 

+ie^'^^^Tr[aea'^aV] , (B.2.29) 

Tr:[a^'a''aPa''a^a^] = gP''TT[aPa''a^a^] - g^'PTr[a''a''a^a^] + g^PTria^a^a^a^] 

-ieP''P'Tr[a,a''a^a^] . (B.2.30) 

We then use eqs. (B.2.26) and (B.2.27) to evaluate the remaining traces over four a/ a matrices. 

Appendix C: Explicit forms for the two-component spinor wave 
functions 

In this Appendix, we construct the explicit forms for the eigenstates of the spin operator ^cr-s, 
and examine their properties. For massive fermions, it is possible to transform to the rest frame, 
and quantize the spin along a fixed axis in space. The corresponding spinor wave functions will 
be called fixed-axis spinors. For either massive or massive fermions, one can quantize the spin 
along the direction of momentum. The corresponding spinor wave functions are helicity spinors. 

^■^This is analogous to the statement that Tr {'ysj'^'y'^'y^y'^) = —Aie^'^'"^ [in our convention where e^^^^ — +1, and 
75 is defined by eq. (G.1.2)] is only meaningful in d = 4 dimensions. In two-component notation, the equivalent 
result is Tr[a'^a^ a''a'^ — a^a"a''a'^] = 4ie'"''"'. In the literature various schemes have been proposed for defining 
the properties of 75 in d 7^ 4 dimensions [231, 252]. In two-component notation, this would translate into a 
procedure for dealing with general traces involving four or more a/a matrices. 
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Helicity spinor wave functions are most conveniently applied to massless fermions or fermions 
in the relativistic limit of high energy E ^ m. Fixed-axis spinors are most conveniently applied 
to massive fermions in the non-relativistic limit. 



C.l Fixed-axis spinor wave functions 

Consider a spin-1/2 fermion in its rest frame and quantize the spin along a fixed axis specified 
by the unit vector 

s = (sin cos , sm9sm<j) , cosO) , (C.1.1) 

with polar angle 9 and azimuthal angle (p with respect to a fixed z-axis. The relevant basis of 
two-component fixed-axis spinors Xs eigenstates of ^ff'S, i.e., 

la-sxs = sxs, s = ±i (C.1.2) 

In order to construct the eigenstates of ^cr-s, we first consider the case where s = z. In 

1 

2^ 



this case, we define the eigenstates of icr"^ to be: 



xi/2(-2) = y^j > x_i/2(^) = y^j ■ (c.1.3) 

By convention, we have set an arbitrary overall multiplicative phase factor for each spinor of 
eq. (C.1.3) to unity. We then determine Xs(^) from Xs(^) employing the spin-1/2 rotation 
operator that corresponds to a rotation from z to s. This rotation is represented by a 3 x 3 matrix 
TZ such that s = TZz. However, this rotation operator is not unique. In its most general form, 
the rotation operator can be parameterized in terms of three Euler angles (e.g., see refs. [44,45]): 

7^(0 , , 7) = R{z , 0) R{y , e) R{z , 7) , (C.1.4) 

The Euler angles can be chosen to lie in the range < ^ < vr and < <^ , 7 < 27r. Here, R{fi , 9) 
is a 3 X 3 orthogonal matrix that represents a rotation by an angle 9 about a fixed axis n, 

R'^fi , 9) = exp(-z0n-5) = n'n^ + {6'^ - n'n^) cos 9 - e'^^n^ sm9 , (C.1.5) 

where the S = {S^ , , S^) are three 3x3 matrices whose matrix elements are given by 
(Sy^ = -ie'^^ [cf. eq. (2.9)]. 

However, the angle 7 is arbitrary, since R{z , j)z = z. Thus, 

s = TZz = (sin cos (j) , sin 9 siiKp , cos 9) , (C.1.6) 

independently of the choice of 7. For ^ = or ^ = vr, where s is parallel to the z-axis, the 
azimuthal angle (p is undefined. Since s — )• — s corresponds in general to — >• vr — and 
4> ^ 4> + IT (mod 2it), we shall adopt a convention whereby: 

Ivr, for s = — z , {9 = tt) . 
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Using the spin-1/2 rotation operator corresponding to 7^((/> , 6 , 7), one can compute Xs(^), 



X,(s)=P(0,^,7)x.(i), (C.1.8) 
where T> is the spin-1/2 unitary representation matrix [253] 

P(0 , ^ , 7) = D{z, ct)) D{y, e) D{z, 7) , (C.1.9) 
and D is the 2x2 unitary matrix 

9 9 

D{h, 9) = exp {—i9fi-ff/2) = cos - — m-o'sin - . (C.1.10) 
Eq. (C.1.8) yields exphcit forms for the eigenstates of \ 



Xl/2(^) 



/ e-i(0+7)/2 COS - 

2 



/_e-»(0-7)/2 gin - 
2 



V 



sm — 



(C.1.11) 



V 



„i((^+7)/2 



COS - 



X-l/2(^) 

2 / \ ' """2 

The well-known two-to-one mapping between SU(2) and S0(3) implies that for a given 
rotation matrix IZ there are two corresponding spin-1/2 rotation matrices T>. In particular, 

P(</. + 27r,0,7) = -2?(<^,0,7), (C.1.12) 

which implies that a rotation of a spinor by 2tt yields an overall change of sign in the spinor 
wave function (an effect that can be observed in quantum interference experiments!). Strictly 
speaking, we should take the range of the Euler angles to be < < Att, < 9 < tt and 
< 7 < 2tt. However, when constructing the spinor wave function of a spin-1/2 particle whose 
spin quantization axis is given by eq. (C.1.6), we will fix the overall sign of the spinor wave 
function by convention. 

More generally, the overall phase of the spinor wave function is unphysical. Noting that 
D{z, 7) Xsi^) — ^~^^'''Xsi^)^ the choice of 7 is also a matter of convention. First, we will require 
that when s = z, eq. (C.1.8) should reproduce the spinor wave functions given in eq. (C.1.3). 
This implies that: 

7 = 0, fors = f, {9 = (l) = 0). (C.1.13) 
For s = —z, we use eq. (C.1.7) to obtain: 

X,{-z) = ie--^(-^) x-si^) , s = ±l (C.1.14) 

where the notation 7(— z) has been employed to allow the possibility that the convention for 7 
depends on the direction indicated by its argument. 

Two different conventions are commonly employed in the literature. In the first convention, 
one chooses 7 = —cp. This choice has the good feature that TZ{(p i , —cp) = IsxS) independently 
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of the angle (p, which is undefined when 9 = 0.^^ Moreover, the rotation matrix Tl{cl) , , — </>) 
and the corresponding spin-1/2 rotation matrix P((/>, 6, —(j)) can be expressed simply as a 
single rotation by an angle 9 about a fixed axis that points along a unit vector in the azimuthal 
direction: 

= (— sint/), cosc/), 0) , (C.1.15) 



In particular, 



R{>p,e) = R{z,cl))R{y,e)R{z, 



(C.1.16) 
(C.1.17) 



Hence, in this convention Xs(^) = D((p , 9)Xs{z), which is the most common choice for the 
spinor wave function [36,254,255]. 

In the second convention, one chooses 7 = 0. One motivation for this choice is that the 
corresponding rotation matrix is somewhat simpler: 



n{<P, e, 0) = R{z , cf>) R{y , 



COS f/ cos ( 



cos 6 sin ( 



sm ( 



cos ( 



sm ti cos 



sm f/ sm ( 



A 



V 



sm( 







cos ( 



(C.1.18) 



Employing the corresponding spin-1/2 rotation operator T>{(j) , 9,0) in eq. (C.1.8) yields a 
slightly more symmetrical form for the spinor wave function [256]. 

Explicit forms for the spinor wave functions in the two conventions are obtained from 
eq. (C.1.11) by taking 7(5) = —cp and 7(5) = 0, respectively. For example, eq. (C.1.14) reduces 
to: 

{-2sx_,(2) for 7(-£) = -(/>= -vr, 
s = ±l (C.1.19) 
iX-si^) for7(-£) = 0, 

in the convention specified by eq. (C.1.7). 

Many of the properties of the spinor wave functions are independent of the choice of the 
Euler angle 7. The spinor wave functions Xs defined by eq. (C.1.8) are normalized such that 



(C.1.20) 



and satisfy the following completeness relation: 



s 



Xs(.^)xl{s) 



1 
1 



(C.1.21) 



^*However, TZ{(j> , n , —(j>) 7^ Isxs even though ((> is also undefined when 9 = n. 
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The spinor wave functions Xs(^) ™d X-s(^) connected by the following relation: 

X^si^) = -2sia' xliS) . (C.1.22) 

Consider a spin-1/2 fermion with four-momentum = {E , p), with E = (|jo|^ + m?)^^"^, 
and the direction of p given by 

p = (sin 9p cos <j)p , sin Op sin (j)p , cos 9p) . (C.1.23) 

Using eqs. (2.106) and (2.107), one can employ eqs. (3.1.19)-(3.1.22) to obtain explicit expres- 
sions for the two-component spinor wave functions x{p, s), y{p, s), x^{p, s) and y^p, s). 

Additional properties of the Xs can be derived by introducing an orthonormal set of unit 
three-vectors s*^ that provide a basis for a right-handed coordinate system. Explicitly, 

ga^gb^^ab^ (C.1.24) 

s*^ X = e'^^^s^ (C.1.25) 

We shall identify 

= s (C.1.26) 

as the quantization axis used in defining the third component of the spin of the fermion in its 
rest frame. The unit vectors and are then chosen such that eqs. (C.1.24) and (C.1.25) 
are satisfied. To explicitly construct the s", we begin with the orthonormal set {x , y , z}, and 
employ the same rotation operator TZ used to define Xsi^)- That is, 

(s^ , , s^) = (7^£, 7^y , 7^f) , where 7^ = 7^((^ , 61 , 7) , (C.1.27) 

and (j), 6 and 7 are the Euler angles used to define the spinor wave function in eq. (C.1.8). 
From eq. (C.1.27), one can immediately derive the completeness relation (as a consequence of 

rnz^ = 1), 

gaigaj ^ gij ^ (C.1.28) 

where i and j label the space components of the three- vector s°'. 

We can use the to extend the defining equation of Xs [eq- (C.1.2)]: 

^ff-s"'xAS) = Hs'Xs{S), (C.1.29) 

where the t^^, are the matrix elements of the Pauli matrices. That is, ^a-{s^ ± is^) serve as 
ladder operators that connect the spinor wave functions X1/2 ^"^^ X-i/2- Using eq. (C.1.20), it 
follows that eq. (C.1.29) is equivalent to: 

xl{s)a-s''Xs'{s) = T^,,. (C.1.30) 

^*We use the symbol r rather than a to emphasize that the indices of the Pauli matrices r" are spin labels s, s' 
and not spinor indices a, a. The first (second) row and column of the r-matrices correspond to s = 1/2 (—1/2). 
For example, rf,/ = 2s5ssi (no sum over s). 
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It is instructive to prove eq. (C.1.30) directly. Employing eq. (C.1.8) and using the fact 
that P is a unitary matrix, 

xlis) ff-s'^xAs) = xliz) Pi^ , e , 7r i^^.s" vi<p,e, j)xAz) . (c.i.si) 

The above result can be simplified by a repeated use of the following identity, 

g-i0n.5/2 ^ j^jk^f^ ^ ^yfc ^ (C.1.32) 

which is valid for any fixed axis n, where R{h , 9) is the rotation matrix defined in eq. (C.1.5). 
It follows that 

[V{cP , 6 , 7)]-^ P(0 , , 7) = n^'^icp ,e,j)a\ (C.1.33) 
where TZ{(p > ^ i 7) is defined in eq. (C.1.4). Since TZ^ = Tl~^, 

xl{s)ff-§''xAs) = xl{z)^- [n-'s''] xAz). (c.i.34) 

Eq. (C.1.27) implies that (Tl^^s^ , Tl^^s^ , IZ'^s^) = {x,y, z), and it follows that 

a- [TZ^^s'^] = a". (C.1.35) 

Consequently, we end up with 

xliS) a-s'^xAS) = xl{z)<j''xAz) = , (C.1.36) 

which defines the matrix elements of the Pauli matrices, and our proof of eq. (C.1.30) is complete. 
Using the completeness relation given by eq. (C.1.28), we can rewrite eq. (C.1.30) as 

xl{§)a^xAs) = r!,,s'^\ (C.1.37) 

Taking the hermitian conjugate of eq. (C.1.37) is equivalent to interchanging s •H- s' , since the 
(T* are hermitian matrices and {t^A* ~ '^s's- evaluate expressions similar to eq. (C.1.37) that 
contain products of cr-matrices, it is sufficient to use the relation a^a^ = 5^^\ + ie^^^a^ as many 
times as needed to reduce the final expression to terms containing at most one c-matrix. For 
example, using eqs. (C.1.20) and (C.1.37), it follows that 

X\{S) a'a^xAs) = + te^'^tA^^'^ . (C.1.38) 

It is sometimes useful to have a more explicit representation of the s"". In the convention 
where 7 = — eq. (C.1.27) yields: 

9 6 
s"*" = (1 — 2 cos^ (j) s\v? — , — sin 2(j) s\t? — , — sin 9 cos (j)) , 

= (— sin 2(j) SVC? — , 1 — 2 sin^ (j) sin^ — , — sin 9 sin 0) , 

= (sin cos (j) 1 sin 9 sin (j) , cos 0) . (C.1.39) 
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The explicit forms for the are somewhat simpler in the convention where 7 = 0. In this case, 
eqs. (C.1.18) and (C.1.27) yield: 



s"*" = (cos cos (j), cos sin (j), — sin 9) , 
= (— sin (f>, cos ({>, 0) , 

= (sin 6* cos 0, sin sin 0, cos6) . (C.1.40) 
C.2 Fixed-axis spinors in the non-relativistic limit 

Consider an on-shell massive fermion of three-momentum p, mass m and spin quantum number s, 
where s = it^ are the possible projections of the spin vector (in units of h) along the fixed s 
direction [cf. eq. (C.1.2)]. The spinor wave functions, x, y, and their hermitian conjugates are 
given by eqs. (3.1.19)-(3.1.22). In the non-relativistic limit, 

ff-p\ I — — — / (t-p 



where we keep terms only up to Oi\p\lm). Inserting the above results into eqs. (3.1.19)-(3.1.22 
yields: 

xM s)^^{\- Xs{s) , (C.2.2 

x°(p, s) ~ -2s^xlsi^) (l + ^) , (C.2.3 

ya{p,s)c^2s^(l-^^X-s{S), (C.2.4 

y"{p,s) V^xliS) (l + ^) , (C.2.5 
for the undotted spinor wave functions and 

x^'^ip, s) ~ -2sV^ (l + x~s{S) , (C.2.6 



xl{p,s) ^ V^xUs) [1 - -^j , (C.2.7 

yt"(p, s)^V^(^l + ^) XsiS) , (C.2.8 

ylip, s) ~ 2sV^xlsi^) (l - ^) , (C.2.9 

for the dotted spinor wave functions. 

In the computation of the S-matrix amplitudes for scattering and decay processes, one 
typically must evaluate a bilinear product of spinors, i.e. quantities of the form 

Zi{p„Si)rZ2{p2,S2), (C.2.10) 
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where zi and Z2 represent one of the two-component spinor wave functions x, y, or y"^ , and F 
is a 2 X 2 matrix (in spinor space) that is either the identity matrix, or is made up of alternating 
products of a and a. In the non-relativistic hmit, these bilinears take on rather simple forms. 
In what follows, we work to first order in \p^\/mi. For example. 



i , I cr-p cr-p 

y {Pi,si)xa{P2,S2) ^ VmYm^XsA^) 1 + — TTZ" ) Xsal^j 



2mi 2m2 

Pi P2 



2m\ 2m2 

where we have used the results of eqs. (C.1.20) and (C.1.37). Similarly, 



(C.2.11) 



2mi 27712 



y/mim2Z^^^s^{pi,P2) 



(C.2.12) 



where^^ 



Z^APi,P2)={ 



+ 



P2 



for /i = , 



2mi 2m2 



\2mi 2m2_ 

^ - ) ie^^'^s" V,",, , for M = i = 1, 2, 3 , 

712 27711 / 

(C.2.13) 

is obtained after using the results of eqs. (C.1.37) and (C.1.38). 

In summary, we list the non-relativistic forms of the spinor bilinears. Referring to eq. (C.2.10), 
if F = 1, then 



x"{pi,Si)XaiP2,S2) ^ 252^^17772 

y"{'Pi,si)ya{P2, S2) ^ 2s2^fmYrrn 
x"{Pi,si)ya{P2,S2) ^ ^/mim2 

y'^{Pl,Si)Xa{P2,S2) ^ yjmim2 

where we have used 



Pi 



P2 



27771 27772 

Pi _ P2 

27771 27772 

Pi P2 



2mi 27772 

( Pi P2 



* ^Si-S2 



Sa a 

* ^S2,Si 



V 27771 27r72/ ''''^ 



3, s' — ±i , 



(C.2.14) 
(C.2.15) 
(C.2.16) 
(C.2.17) 

(C.2.18) 



-s,—s' J ■-'J " -^2 

to arrive at the final forms given in eqs. (C.2.14) and (C.2.16). However, in using the above 
results, one must now pay close attention to the ordering of the subscript indices of the r". The 
corresponding formulae for dotted spinor wave function bilinears are obtained by taking the 



^^We also define Z^,^{p2,pi) as the expression given by eq. (C.2.13) with the interchange of {s , pi , mi} and 
{s' , p2 , 7712} . 
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hermitian conjugates of eqs. (C.2.14)-(C.2.17), which complex-conjugates the r" that appear on 
the right-hand side of these equations. Since (t^^/)* = t^,^, we obtain 



(pi,si)x'^"(p2,S2) ^ 2siVmim2 
yi(Pi>'Si)y'^"(P2>S2) ^ 2siVrnim2 
yi(Pi)Si)2;^"(P2>S2) ^ -yjmxm2 

Likewise, if T = cr^, then 



<5, 



f Pi P2 



V2mi 2m2 
\2mi 2m2 



\2mi 21712] 



a;°(Pi,si)cJ^^y"^^(p2,S2) ^ -2siymim2^f!^^,,2(jDi,jD2) , 
y"(Pi,si)o-''A2;^'^(P2,S2) ^ -2s2^/mm^Z^^ _^^{p^,p2) , 



(C.2.19) 
(C.2.20) 
(C.2.21) 
(C.2.22) 

(C.2.23) 
(C.2.24) 
(C.2.25) 
(C.2.26) 



where Z^^,{pi,p2) is defined in eq. (C.2.13). If F = ct^, one can use zia^^z^ = z^a^zi [i.e. eq. (2.60) 
for commuting spinors] to obtain the corresponding formulae for the spinor wave function bilin- 
ears (cf. footnote 96): 



x\{p^,si)a^"^l^xi3P2,S2) ^ 4siS2\/^raIm^Z^^2 _^^(p2,Pl) 
yi(Pi,si)a''"^2//3(p2,S2) ^ yJmim2Z'^^ ,^{p2,Pi) , 
y\{Pi,si)a>"^^xp{p2,S2) ~ -2s2yjmim2 Z'^,^ ,^ (P2, Pi) , 
xiiPi,si)a'"^'^yfs{p2,S2) -2si,/rnrrn^ Z^^ _^^{p2,pi) . 



(C.2.27) 
(C.2.28) 
(C.2.29) 
(C.2.30) 



These results can also be derived directly from eqs. (C.2.2)-(C.2.9), after employing eq. (C.2.18). 

It is straightforward to evaluate the spinor wave function bilinears when F is a product of 
two or more a /a matrices. As the corresponding expressions are considerably more complicated, 
we shall not write them out explicitly here. 

C.3 Helicity spinor wave functions 

All the results of Appendix C.l apply to the helicity spinors Xai which are defined to be eigen- 



states of hff-p, i.e., 



2 ' 



(C.3.1) 
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where p = (sin Op cos (pp , sin Op sin (jyp , cos Op). It follows that: 

VP^XxiP) = ^-xip) XxiP) ' Vp^XxiP) = ^xiP) XxiP) > (C.3.2) 

where 



u^{p)^{E + 2X\p\)'/\ E = yW+^- (C.3.3) 

As a result, the explicit forms for the two-component helicity spinor wave functions [cf. eqs. (3.1.19)- 
(3.1.22)] simplify: 

Xo^{p,X)=u:_^XxiP), x"{p,X) = -'2Xio^^xlxiP)^ (C-3.4) 

2/a(p, A) = 2Aa;;^X_A(p) ' y°'ipA)=^^xx{{p), (C.3.5) 

xt"(p,A) = -2Aa;„;,X-A(p), x^ip, ^) = ^^xx{{p) , (C.3.6) 

y^^ip, X) = oj^ XxiP) , yiiP, A) = 2A^A xlxiP) > (C.3.7) 

where w^;^ = uj^xiP)- 

In analogy with the s"', it is convenient to introduce an orthonormal set of unit three- vectors 
such that p^ = p. Then, eqs. (C.1.24)-(C.1.30) apply as well to the two-component helicity 
spinors after taking = p°^. 

In scattering processes, it is often convenient to work in the rest frame of the incoming 
particles, in which the corresponding incoming fermion three-momenta are denoted by p and 
— p, respectively. The helicity spinor wave function of the second fermion depends on the 
definition of Xxi~P)- ^^^^ review, we follow a convention^"^ in which Xxi~P) defined to be 
the spinor wave function obtained from Xxi^) ^ rotation by a polar angle tt — Op and an 
azimuthal angle (pp + tt with respect to the ^-direction. Then, 

Xxi-p) = VicPp + TT,7r-0p, 7(-p)) xxi^) , (C.3.8) 

where we have exhibited the possible dependence of 7 on the direction —p. Using the properties 
of the spin-1/2 rotation matrices, one can derive 

V{<Pp + 7r,7T-0p, 7(-p)) = -VicPp , Op , 7(p)) D{z, -^{p) - j{-p)) D{x, vr) . (C.3.9) 

Inserting this result in eq. (C.3.8) and using the relation 

D{x, 7r)xx{z) = -i^\xi^) = -^X^xi^) , (C.3.10) 

we obtain 

Xxi-P) = ^~xiP)x^xiP) , (C.3.11) 



"^An alternative convention (called the second-particle convention) advocated by Jacob and Wick [257] is to 
define Xx{~P) by starting with X-xi^) s-nd then rotating the spinor by polar and azimuthal angles 9p and (f>p. In 
this case, X\i~P) = X-a(p)i ^^^^ i'he extra phase factors of eq. (C.3.11) is absent, i.e. ^)^{p) = 1 in eq. (C.3.11). 
However, this convention is less suited to scattering processes involving final states with more than two fermions. 
Hence, we do not adopt the second-particle convention in this review. 



175 



where the phase factor ^a(p) is given by 



^x{p) = ie'^Mp)+'^(-P)^ , A = ±i . (C.3.12) 



-2 

Since 7 is a real angle, it follows that: 

1 

UP) 

Using eq. (C.3.12), we note that X\{p) possesses the peculiar property that: 



Up) = T7:^^ = -^^x(p) ■ (C-3.i3) 



Xxi-i-P)) = -XxiP) ■ (C.3.14) 

This is a consequence of the fact that the result of two successive inversions is equivalent to 
(pp —7- (f)p + 2-K, which yields an overall change of sign of a spinor wave function [cf. eq. (C.1.12)].^^ 
For example, corresponding to the two conventional choices for 7, 

f(-l)^"'e-2^^^^ for jip) = -cPp, j{-p) = -n + cPp, 
Up) = < (C.3.15) 
[ i for 7(p) = 7(-p) = 0, 

with the proviso that for p = ibz, we define 4>p according to eq. (C.1.7). 

Suppose that the two fermions considered above have equal mass. In the center-of-mass 
frame, if the four- momentum of one of the fermions is = {E , p), then the four- momentum of 
the other fermion is 

p^^^(E,-p}. (C.3.16) 

The following numerical identities are then satisfied: a-p = a-p and a-p = a -p. However, in 
order to maintain covariance with respect to the undotted and dotted spinor indices, we shall 
write these identities as: 

P-^a^ = <^LiP-^'"')<^%, (C.3.17) 

'"q/3 



p-a^l^ = a^^''{p-a.)a^l^'^ . (C.3.18) 



Taking the matrix square root of both sides of eqs. (C.3.17) and (C.3.18) removes one of the 
factors of (t'' ando^, respectively [cf. eqs. (2.108)-(2.114)]. Thus, using eqs. (3.1.19) and (C.3.11), 

xa{-P, -A) = V^x-xi-p) = ^°v^eA(p) XxiP) = ^Is Up) y^Hp^ A) . (c.3.19) 



Q/3 

In this way, we can derive all relations of this kind for the helicity spinor wave functions: 
Xa{-p,-X) = ^x'^l^y^^ip,\)=u:^CxXxiP), (C.3.20) 
y^{-p,-X) = C^,al^x^^{p,X) = -2A^_,CaX-a(p), (C.3.21) 
xt'^(-p, -A) = C-x^'"^ VM A) = 2A^;,^„, xUp) , (C.3.22) 
V^^{-p,-X)=i,a^^^xp{p,X) = ^^xixXx{p). (C.3.23) 



A slightly modified procedure (not adopted in this review) is to take the azimuthal angle of —p to be i^p ± vr, 
where the ± sign is chosen according to which of the two conditions < <;!>p ± tt < 27r is true. This procedure 
would yield an extra minus sign in the definition of Ca(p) when -k < (pp < 2tt. In this convention, two successive 
inversions are equivalent to the identity rotation so that Xxi~i~P)) = XxiP)- 
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where a;_|_;^ = uj^)^{p) and = ■Ca(p)- Raising the undotted index and lowering the dotted index 
yields: 

-A) = y^ip, A) Ca^^" = 2\u^CxxlxiP) > 
-A) = x^ip, A) = u;_,C, x\ip) , 

Xii-P, -A) = /(p, A) eA^T^c. = ^A^A Xiip) , 

-A) = x^ip, A) CA^°a = -2A^_,Ca X^(p) • 
Eqs. (C.3.20)-(C.3.27) can also be obtained directly from eqs. (C.3.4)-(C.3.7). 

Appendix D: Matrix decompositions for mass matrix diagonal- 
ization 

In scalar field theory, the diagonalization of the scalar squared-mass matrix is straightfor- 
ward. For a theory of n complex scalar fields, is an hermitian n x n matrix, which can be 
diagonalized by a unitary matrix W: 

W^M'^W = = diag(m?, m|, . . . , ml) . (D.l) 

For a theory of n real scalar fields, is a real symmetric nxn matrix, which can be diagonalized 
by an orthogonal matrix Q: 

Q'^M^Q = n? = diag(?n?, m\, . . . ,m\) . (D.2) 

In both cases, the eigenvalues m| of are real. These are the standard matrix diagonalization 
problems that are treated in all elementary linear algebra textbooks. 

In spin-1/2 fermion field theory, the most general fermion mass matrix, obtained from the 
Lagrangian, written in terms of two-component spinors, is complex and symmetric [cf. Sec- 
tion 3.2]. If the Lagrangian exhibits a U(l) symmetry, then a basis can be found such that 
fields that are charged under the U(l) pair up into Dirac fermions. The fermion mass matrix 
then decomposes into the direct sum of a complex Dirac fermion mass matrix and a complex 
symmetric neutral fermion mass matrix. In this Appendix, we review the linear algebra theory 
relevant for the matrix decompositions associated with the general charged and neutral spin-1/2 
fermion mass matrix diagonalizations. The diagonalization of the Dirac fermion mass matrix is 
governed by the singular value decomposition of a complex matrix, as shown in Appendix D.l. 
In contrast, the diagonalization of a neutral fermion mass matrix is governed by the Takagi 
diagonalization of a complex symmetric matrix, which is treated in Appendix D.2.^^ These two 

^^One may choose not to work in a basis where the fermion fields are eigenstates of the U(l) charge operator. 
In this case, all fermions are governed by a complex symmetric mass matrix, which can be Takagi-diagonalized 
according to the procedure described in Appendix D.2. 



(C.3.24) 
(C.3.25) 
(C.3.26) 
(C.3.27) 
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techniques are compared and contrasted in Appendix D.3. Dirac fermions can also arise in the 
case of a pseudo-real representation of fermion fields. As shown in Section 3.2, this latter case 
requires the reduction of a complex antisymmetric fermion mass matrix to real normal form. 
The relevant theorem and its proof are given in Appendix D.4. 

D.l Singular value decomposition 

The diagonalization of the charged (Dirac) fermion mass matrix requires the singular value 
decomposition of an arbitrary complex matrix M. 

Theorem: For any complex [or real] nxn matrix M, unitary [or real orthogonal] matrices 
L and R exist such that 

lJmR = Md = diag(mi,m2,...,m„), (D.1.1) 

where the ruk are real and non-negative. This is called the singular value decomposition of the 
matrix M (e.g., see refs. [147,258]). 

In general, the are not the eigenvalues of M. Rather, the nrik are the singular values 
of the general complex matrix M, which are defined to be the non-negative square roots of 
the eigenvalues of M'^ M (or equivalently of MM'^). An equivalent definition of the singular 
values can be established as follows. Since is an hermitian non-negative matrix, its 

eigenvalues are real and non-negative and its eigenvectors, Vk, defined by M^Mv^ = rn'^Vk, can 
be chosen to be orthonormal.^"^ Consider first the eigenvectors corresponding to the non-zero 
eigenvalues of M^M. Then, we define the vectors Wk such that Mvk = nikwl.. It follows that 
m^Vk = M'^Mvk = mkM^w"^, which yields: M^w'^ = mj^Vk- Note that these equations also imply 
that MM^w"^ = mf.w'^. The orthonormality of the Vk implies the orthonormality of the Wk, and 
vice versa. For example, 

Sjk = {vj\vk) = -^{M^w*\M^wl) = -^{wj\MM^wl) = —{w*\wl) , (D.1.2) 
nijUik rrijmk rrij ■' 

which yields {wk\wj) = 6jk- If M is a real matrix, then the eigenvectors can be chosen to be 
real, in which case the corresponding Wk are also real. 

If Vi is an eigenvector of M^M with zero eigenvalue, then = vjM'fMvi = {Mvi\Mvi), 
which implies that Mvi = 0. Likewise, if w* is an eigenvector of MM^ with zero eigenvalue, then 
= wJMM^w* = {M'^ Wi\M'^ Wi)* , which implies that M'^Wi = 0. Because the eigenvectors of 
M^M [MM^ can be chosen orthonormal, the eigenvectors corresponding to the zero eigenvalues 
of M [Mt] can be taken to be orthonormal. ^"^^ Finally, these eigenvectors are also orthogonal 
to the eigenvectors corresponding to the non-zero eig envalues of M^M [MMt]. That is, if the 

^''"We define the inner product of two vectors to be {v\w) = v''w. Then, v and w are orthonormal if {v\w) = 0. 
The norm of a vector is defined by || = {v\v)^^^ . 

^''^This analysis shows that the number of linearly independent zero eigenvectors of M [MM^] with zero 
eigenvalue, coincides with the number of linearly independent eigenvectors of M [M^] with zero eigenvalue. 
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indices i and j run over the eigenvectors corresponding to the zero and non-zero eigenvalues of 
MtM [MMt], respectively, then 

{vj\vi) = —{M^w*\vi) = —{w*\Mvi) =0, (D.1.3) 
nij •' rrij ■' 

and similarly {wj\wi) = 0. 

Thus, we can define the singular values of a general complex n x n matrix M to be the 
simultaneous solutions (with real non-negative m^) of:^''^ 

Mvk = rukwl , wIm = mkvl . (D.1.4) 

The corresponding Vk (wk), normalized to have unit norm, are called the right (left) singular 
vectors of M. In particular, the number of linearly independent Vk coincides with the number 
of linearly independent Wk and is equal to n. 

Proof of the singular value decomposition theorem: Eqs. (D.1.2) and (D.1.3) imply 
that the right [left] singular vectors can be chosen to be orthonormal. Consequently, the unitary 
matrix R [L] can be constructed such that its kth. column is given by the right [left] singular 
vector Vk [wk]- It then follows from eq. (D.1.4) that: 

wjMvi = rrikSke , (no sum over k). (D.1.5) 

In matrix form, eq. (D.1.5) coincides with eq. (D.1.1), and the singular value decomposition is 
established. If M is real, then the right and left singular vectors, Vk and Wk, can be chosen to 
be real, in which case eq. (D.1.1) holds for real orthogonal matrices L and R. 

The singular values of a complex matrix M are unique (up to ordering), as they correspond 
to the eigenvalues of M^M (or equivalently the eigenvalues of MM^). The unitary matrices L 
and R are not unique. The matrix R must satisfy 

R^M^MR = Ml, (D.1.6) 

which follows directly from eq. (D.1.1) by computing M^^Md = M^. That is, i? is a unitary 
matrix that diagonalizes the non-negative definite matrix M^M. Since the eigenvectors of Af^M 
are orthonormal, each Vk corresponding to a non-degenerate eigenvalue of M^M can be multi- 
plied by an arbitrary phase e*^*" . For the case of degenerate eigenvalues, any orthonormal linear 
combination of the corresponding eigenvectors is also an eigenvector of M^M. It follows that 
within the subspace spanned by the eigenvectors corresponding to non-degenerate eigenvalues, 
R is uniquely determined up to multiplication on the right by an arbitrary diagonal unitary ma- 
trix. Within the subspace spanned by the eigenvectors of M^M corresponding to a degenerate 
eigenvalue, R is determined up to multiplication on the right by an arbitrary unitary matrix. 

^''^One can always find a solution to eq. (D.1.4) such that the irik are real and non-negative. Given a solution 
where ruk is complex, we simply write mk = \mk\e'^ and redefine Wk — >■ Wfce*^ to remove the phase 6. 
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Once R is fixed, L is obtained from eq. (D.1.1): 



(D.1.7) 



However, if some of the diagonal elements of Mo are zero, then L is not uniquely defined. 
Writing Mo in 2 x 2 block form such that the upper left block is a diagonal matrix with positive 
diagonal elements and the other three blocks are equal to the zero matrix of the appropriate 
dimensions, it follows that. Mo = MoW, where 



Wq is an arbitrary unitary matrix whose dimension is equal to the number of zeros that appear 
in the diagonal elements of Mo, and 1 and O are respectively the identity matrix and zero 
matrix of the appropriate size. Hence, we can multiply both sides of eq. (D.1.7) on the right 
by W, which means that L is only determined up to multiplication on the right by an arbitrary 
unitary matrix whose form is given by eq. (D.1.8).^^'^ 

If M is a real matrix, then the derivation of the singular value decomposition of M is given 
by Eq. (D.1.1), where L and R are real orthogonal matrices. This result is easily established by 
replacing "phase" with "sign" and replacing "unitary" by "real orthogonal" in the above proof. 

D.2 Takagi diagonalization 

The mass matrix of neutral fermions (or a system of two-component fermions in a generic 
basis) is complex and symmetric. This mass matrix must be diagonalized in order to identify 
the physical fermion mass eigenstates and to compute their masses. However, the fermion mass 
matrix is not diagonalized by the standard unitary similarity transformation. Instead a different 
diagonalization equation is employed that was discovered by Takagi [111], and rediscovered many 
times since [147]."'^'^^ 

Theorem: For any complex symmetric n x n matrix M, there exists a unitary matrix 0, 
such that: 



^"^■^Of course, one can reverse the above procedure by first determining the unitary matrix L. Eq. (D.1.1) implies 
that MM^ L* = M^, in which case L is determined up to multiphcation on the right by an arbitrary [diagonal] 
unitary matrix within the subspace spanned by the eigenvectors corresponding to the degenerate [non-degenerate] 
eigenvalues of MM^. Having fixed L, one can obtain R = L* Md from eq. (D.1.1). As above, R is only 
determined up to multiplication on the right by a unitary matrix whose form is given by eq. (D.1.8). 

^"''Subsequently, it was recognized in Ref. [258] that the Takagi diagonalization was first established for nonsin- 
gular complex symmetric matrices by Autonne [259]. In the physics literature, the first proof of eq. (D.2.1) was 
given in ref. [149]. Applications of Takagi diagonalization to the study of neutrino mass matrices can be found in 
refs. [5,260]. 
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where the are real and non-negative. This is the Takagi diagonahzation^''^ of the complex 
symmetric matrix M. 

In general, the rrij. are not the eigenvalues of M. Rather, the are the singular values of 
the symmetric matrix M. From eq. (D.2.1) it follows that: 

J^+M+MO = mI = diag(m?, m^, . . . , m^) . (D.2.2) 

If all of the singular values mk are non-degenerate, then one can find a solution to eq. (D.2.1) 
for $7 from eq. (D.2.2). This is no longer true if some of the singular values are degenerate. 
For example, if M = (^ 'q ), then the singular value \m\ is doubly-degenerate, but eq. (D.2.2) 
yields = l2x2i which does not specify 0. That is, in the degenerate case, the physical 
fermion states cannot be determined by the diagonalization of M'^ M . Instead, one must make 
direct use of eq. (D.2.1). Below, we shall present a constructive method for determining Q that 
is applicable in both the non-degenerate and the degenerate cases. 

Eq. (D.2.1) can be rewritten as MVt = WMd, where the columns of f2 are orthonormal. If 
we denote the kth column of Q, hy Vk, then, 

Mvk = mkvl , (D.2.3) 

where the m^, are the singular values and the vectors are normalized to have unit norm. 
Following Ref. [261], the Vk are called the Takagi vectors of the complex symmetric n x n 
matrix M. The Takagi vectors corresponding to non-degenerate non-zero [zero] singular values 
are unique up to an overall sign [phase] . Any orthogonal [unitary] linear combination of Takagi 
vectors corresponding to a set of degenerate non-zero [zero] singular values is also a Takagi 
vector corresponding to the same singular value. Using these results, one can determine the 
degree of non-uniqueness of the matrix 0. For definiteness, we fix an ordering of the diagonal 
elements of Md-^'^^ If the singular values of M are distinct, then the matrix $7 is uniquely 
determined up to multiplication by a diagonal matrix whose entries are either ±1 (i.e., a diagonal 
orthogonal matrix). If there are degeneracies corresponding to non-zero singular values, then 
within the degenerate subspace, $7 is unique up to multiplication on the right by an arbitrary 
orthogonal matrix. Finally, in the subspace corresponding to zero singular values, $7 is unique 
up to multiplication on the right by an arbitrary unitary matrix. 

For a real symmetric matrix M, the Takagi diagonalization [eq. (D.2.1)] still holds for a 
unitary matrix 0, which is easily determined as follows. Any real symmetric matrix M can be 
diagonalized by a real orthogonal matrix Z, 

Z'^MZ = diag(eimi , £2^2 , . . . , Enmn) , (D.2.4) 

^"^In Ref. [147], eq. (D.2.1) is called the Takagi factorization of a complex symmetric matrix. We choose to refer 
to this as Takagi diagonalization to emphasize and contrast this with the more standard diagonalization of normal 
matrices by a unitary similarity transformation. In particular, not all complex symmetric matrices are diagonal- 
izable by a similarity transformation, whereas complex symmetric matrices are always Takagi-diagonalizable. 

^"^Permuting the order of the singular values is equivalent to permuting the order of the columns of O. 
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where the are real and non-negative and the Skfnk are the real eigenvalues of M with 
corresponding signs = ±1.^''^ Then, the Takagi diagonalization of M is achieved by taking: 

Qij = e^J"^ Zij , no sum over i . (D.2.5) 

Proof of the Takagi diagonalization. To prove the existence of the Takagi diagonaliza- 
tion of a complex symmetric matrix, it is sufficient to provide an algorithm for constructing the 
orthonormal Takagi vectors that make up the columns of il. This is achieved by rewriting 
the nx n complex matrix equation Mv = mv* [with m real and non-negative] as a 2n x 2n real 
matrix equation [262,263]: 




ReM 
ImM 





where m > 0.(D.2.6) 



Since M = M""", the 2n x 2n matrix Mj^ = {_f^^ Ir^m) is a real symmetric matrix. In 
particular, Mj^ is diagonalizable by a real orthogonal similarity transformation, and its eigen- 
values are real. Moreover, if m is an eigenvalue of with eigenvector (Rev, Imv), then —m 
is an eigenvalue of Mj^ with (orthogonal) eigenvector {—Imv , Kev). This observation implies 
that Mj^ has an equal number of positive and negative eigenvalues and an even number of zero 
eigenvalues. ^'^^ Thus, eq. (D.2.3) has been converted into an ordinary eigenvalue problem for 
a real symmetric matrix. Since m > 0, we solve the eigenvalue problem Mj^u = mu for the 
real eigenvectors u = (Ret;, \m.v) corresponding to the non-negative eigenvalues of M^,^^^ 
which then immediately yields the complex Takagi vectors, v. It is straightforward to prove 
that the total number of linearly independent Takagi vectors is equal to n. Simply note that the 
orthogonality of (Revi , Imvi) and (— Imvi , Reui) with (Ret;2 , \u1v2) implies that v\v2 = 0. 

Thus, we have derived a constructive method for obtaining the Takagi vectors Vk- If there 
are degeneracies, one can always choose the in the degenerate subspace to be orthonormal. 
The Takagi vectors then make up the columns of the matrix Vt in eq. (D.2.1). A numerical 
package for performing the Takagi diagonalization of a complex symmetric matrix has recently 
been presented in ref. [264] (see also refs. [261,265] for previous numerical approaches to Takagi 
diagonalization) . 

D.3 Relation between Takagi diagonalization and singular value decomposition 

The Takagi diagonalization is a special case of the singular value decomposition. If the complex 
matrix M in eq. (D.1.1) is symmetric, M = M"*", then the Takagi diagonalization corresponds to 



^''^In the case of rrik = 0, we conventionally choose the corresponding Sk = +1- 
losrpj^g 2n X 2n matrix is a real representation of the n x n complex matrix M. 

^"^Note that (— Im v , Re v) corresponds to replacing in eq. (D.2.3) by iv^ . However, for m < these solutions 
are not relevant for Takagi diagonalization (where the mt are by definition non-negative). The case of m = is 
considered in footnote 110. 

^^"For m = 0, the corresponding vectors (Rew, Imi;) and {—Imv, Kev) are two linearly independent eigen- 
vectors of Mjf^; but these yield only one independent Takagi vector v (since v and iv are linearly dependent). 



182 



Q = L = R. In this case, the right and left singular vectors coincide {vk = Wk) and are identified 
with the Takagi vectors defined in eq. (D.2.3). However as previously noted, the matrix 
cannot be determined from eq. (D.2.2) in cases where there is a degeneracy among the singular 
values. For example, one possible singular value decomposition of the matrix M = (^o* ) 
[with m assumed real and positive] can be obtained by choosing R = ( J 5 ) and L = ( 5 J ) , in 
which case L^MR = ('q m) ~ Of course, this is not a Takagi diagonalization because 

L ^ R. Since R is only defined modulo the multiplication on the right by an arbitrary 2x2 
unitary matrix O, then at least one singular value decomposition exists that is also a Takagi 
diagonalization. For the example under consideration, it is not difficult to deduce the Takagi 
diagonalization: QJMQ = Md, where 




(D.3.1) 



and O is any 2x2 orthogonal matrix. 

Since the Takagi diagonalization is a special case of the singular value decomposition, it 
seems plausible that one can prove the former from the latter. This turns out to be correct; for 
completeness, we provide the proof below. Our second proof depends on the following lemma: 

Lemma: For any symmetric unitary matrix V, there exists a unitary matrix U such that 
V = U'^U. 

Proof of the Lemma: For any n x n unitary matrix V , there exists an hermitian matrix H 
such that V = exp {iH) (this is the polar decomposition of y). liV = V'^ then H = = H* 
(since H is hermitian); therefore H is real symmetric. But, any real symmetric matrix can 
be diagonalized by an orthogonal transformation. It follows that V can also be diagonalized 
by an orthogonal transformation. Since the eigenvalues of any unitary matrix are pure phases, 
there exists a real orthogonal matrix Q such that Q^VQ = diag (e^^^ , e'^^ , • • • , e'^°). Thus, the 
unitary matrix, 

U = diag (e'^l/2 ^ g^e2/2 ^ ^ ^ ^ ^ gi0„/2) gT ^ ^ g ^) 

satisfies V = U'^U and the lemma is proved. Note that U is unique modulo multiplication on 
the left by an arbitrary real orthogonal matrix. 

Second Proof of the Takagi diagonahzation. Starting from the singular value de- 
composition of M, there exist unitary matrices L and R such that M = L*Mj:,R\ where 
is the diagonal matrix of singular values. Since we have two differ- 

ent singular value decompositions for M. However, as noted below eq. (D.1.6), R is unique 
modulo multiplication on the right by an arbitrary [diagonal] unitary matrix, V , within the 

^^^This is in contrast to the singular value decomposition, where R can be determined from eq. (D.1.6) modulo 
right multiplication by a [diagonal] unitary matrix in the [non-] degenerate subspace and L is then determined by 
eq. (D.1.7) modulo multiplication on the right by eq. (D.1.8). 
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[non-] degenerate subspace. Thus, it follows that a [diagonal] unitary matrix V exists such that 
L = RV. Moreover, V = V'^ . This is manifestly true within the non-degenerate subspace where 
V is diagonal. Within the degenerate subspace, Mu is proportional to the identity matrix so 
that L*R^ = R*L^ . Inserting L = RV then yields V'^ = V. Using the Lemma proved above, 
there exists a unitary matrix U such that V = U'^U. That is, 

L = RU'^U, (D.3.3) 

for some unitary matrix U . Moreover, it is now straightforward to show that 

MdU* = U*Md ■ (D.3.4) 

To see this, note that within the degenerate subspace, eq. (D.3.4) is trivially true since Md is 
proportional to the identity matrix. Within the non-degenerate subspace V is diagonal; hence 
we may choose U = U'^ = V^^'^, so that eq. (D.3.4) is true since diagonal matrices commute. 
Using eqs. (D.3.3) and (D.3.4), we can write the singular value decomposition of M as follows 

M = L*MdR'' = R*U'^U*MdR^ = {RU'^TMdU*R^ = WMd^"^ , (D.3.5) 

where = RU^ is a unitary matrix. Thus the existence of the Takagi diagonalization of an 
arbitrary complex symmetric matrix [eq. (D.2.1)] is once again proved. 

In the diagonalization of the two-component fermion mass matrix, M, the eigenvalues 
of M'^ M typically fall into two classes — non-degenerate eigenvalues corresponding to neutral 
fermion mass eigenstates and degenerate pairs corresponding to charged (Dirac) mass eigen- 
states. In this case, the sector of the neutral fermions corresponds to a non-degenerate subspace 
of the space of fermion fields. Hence, in order to identify the neutral fermion mass eigenstates, it 
is sufficient to diagonalize M^M with a unitary matrix R [as in eq. (D.1.6)], and then adjust the 
overall phase of each column of R so that the resulting matrix satisfies OJ MQ. = Md, where 
Mo is a diagonal matrix of the non-negative fermion masses. This last result is a consequence 
of eqs. (D.3.3)-(D.3.5), where Q = RV^^"^ and y is a diagonal matrix of phases. 

D.4 Reduction of a complex antisymmetric matrix to real normal form 

In the case of two-component fermions that transform under a pseudo-real representation of a 
compact Lie group [cf. eq. (3.2.35)], the corresponding mass matrix is in general complex and 
antisymmetric. In this case, one needs the antisymmetric analogue of the Takagi diagonalization 
of a complex symmetric matrix [147]. 

Theorem: For any complex [or real] antisymmetric nx n matrix M, there exists a unitary 
[or real orthogonal] matrix U such that: 

C/^MC/ = iV = diag n , ' • • M , 0„-2p >, (D.4.1) 

[ / \-m2 / \-mp / J 
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where N is written in block diagonal form with 2x2 matrices appearing along the diagonal, 
followed by an (n — 2p) x (n — 2p) block of zeros (denoted by On~2p), and the rrij are real and 
positive. N is called the real normal form of an antisymmetric matrix [149,266,267]. 

Proof: A number of proofs can be found in the literature [148, 149,266-268]. Here we 
provide a proof inspired by ref. [266]. Following Appendix D.l, we first consider the eigenvalue 
equation for M^M: 

M^Mvk = mlvk , mk>0, and Muk = , (D.4.2) 

where we have distinguished the eigenvectors corresponding to positive eigenvalues and zero 
eigenvalues, respectively. The quantities are the positive singular values of M. Noting that 
u\M^Muk = {Muk I Muk) = 0, it follows that 

Muk = 0, (D.4.3) 

so that the Uk are the eigenvectors corresponding to the zero eigenvalues of M. For each 
eigenvector of M^M with mk 7^ 0, we define a new vector 

Wk = —M*vt . (D.4.4) 
rrik 

It follows that m\vk = M'^Mvk = rukM^w'^, which yields M^w"^ = mkVk- Comparing with 
eq. (D.l. 4), we identify Vk and Wk as the right and left singular vectors, respectively, corre- 
sponding to the non-zero singular values of M. For any antisymmetric matrix, = —M*. 
Hence, 

Mvk = m,kw*k , Mwk = -mkv*k , (D.4.5) 

and 

M^lwk = -m^kM^vl = mkM*vl = mlwk , mfc > . (D.4.6) 

That is, the Wk are also eigenvectors of M^M. 

The key observation is that for fixed k the vectors Vk and Wk are orthogonal, since eq. (D.4.5) 
implies that: 

{wk\vk) = {vk\wk)* = — \{Mwk\Mvk) = — ^-^{wk\M^Mvk) = - {wk\vk) , (D.4.7) 

which yields (wklvk) = 0. Thus, if all the m^, are distinct, it follows that m| is a doubly 
degenerate eigenvalue of M^M, with corresponding linearly independent eigenvectors Vk and 
Wk, where k = l,2,...,p (and p < ^n). The remaining zero eigenvalues are (n — 2p)-fold 
degenerate, with corresponding eigenvectors Uk (for k = 1, 2, . . . , n — 2p). If some of the are 
degenerate, these conclusions still apply. For example, suppose that rrij = ruk for j ^ k, which 
means that m| is at least a three- fold degenerate eigenvalue of M^M. Then, there must exist 
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an eigenvector Vj that is orthogonal to Vk and Wk such that Mvj = m'^Vj. We now construct 
Wj = M*v*/mk according to eq. (D.4.4). According to eq. (D.4.7), Wj is orthogonal to vj. But, 
we still must show that wj is also orthogonal to and Wk- But this is straightforward: 

{wj\wk) = {wk\wj)* = -^{Mvk\Mvj) = -l^{vk\M^Mvj) = {vk\vj) = , (D.4.8) 

{wj\vk) = {vk\wj)* = — ^-^{Mwk\Mvj) = — \{wk\M^Mvj) = - {wk\vj) =0, (D.4.9) 

where we have used the assumed orthogonality of Vj with Vk and Wk , respectively. If follows that 
Vj , Wj , Vk and Wk are linearly independent eigenvectors corresponding to a four- fold degenerate 
eigenvalue m| of M^M. Additional degeneracies are treated in the same way. 

Thus, the number of non-zero eigenvalues of M^M must be an even number, denoted by 
2p above. Moreover, one can always choose the complete set of eigenvectors {uk , Vk , Wk} of 
M'^M to be orthonormal. These orthonormal vectors can be used to construct a unitary matrix 
U with matrix elements: 

Ue^2k~i = {wk)e , U£^2k = {vk)e, k = l,2,... ,p, 

Ue^k+2p = {uk)e, k = l,2,... ,n-2p, (D.4.10) 

for i = 1,2,... ,n, where e.g., (ffc)f is the ith component of the vector v^. with respect to the 
standard orthonormal basis. The orthonormality of {u^ , Vk , Wk} implies that {U^U)£k = ^ek 
as required. Eqs. (D.4.3) and (D.4.5) are thus equivalent to the matrix equation MU = U*N, 
which immediately yields eq. (D.4.1), and the theorem is proven. If M is a real antisymmetric 
matrix, then all the eigenvectors of M'^M can be chosen to be real, in which case C/ is a real 
orthogonal matrix. 

Finally, we address the non-uniqueness of the matrix U. For definiteness, we fix an ordering 
of the 2x2 blocks containing the in the matrix N. In the subspace corresponding to a 
non-zero singular value of degeneracy d, U is unique up to multiplication on the right by a 
2d X 2d unitary matrix 5 that satisfies: 

S'^JS = J, (D.4.11) 

where the 2d x 2d matrix J, defined by 




(D.4.12) 



is a block diagonal matrix with d blocks of 2 x 2 matrices. A unitary matrix S that satisfies 
eq. (D.4.11) is an element of the unitary symplectic group, Sp((i). If there are no degeneracies 
among the ruk, then d = 1. Identifying Sp(l) = SU(2), it follows that within the subspace 



186 



corresponding to a non-degenerate singular value, U is unique up to multiplication on the right 
by an arbitrary SU(2) matrix. Finally, in the subspace corresponding to the zero eigenvalues 
of M, U is unique up to multiplication on the right by an arbitrary unitary matrix. 

Appendix E: Lie group theoretical techniques for gauge theories 

E.l Basic facts about Lie groups, Lie algebras and their representations 

Consider a compact connected Lie Group G [269]. The most general form for G is a direct 
product of compact simple groups and U(l) groups. If no U(l) factors are present, then G is 
semisimple. For any U £ G, 

U = exp(-irT") , (E.1.1) 

where the are called the generators of G, and the 9^ are real numbers that parameterize the 
elements of G. The corresponding real Lie algebra q consists of arbitrary real linear combinations 
of the generators, 9"'T°'. The Lie group generators satisfy the commutation relations: 

[T'^,T^] = iffT'' , (E.L2) 

where the real structure constants /^^ define the compact Lie algebra. The generator indices 
run over a, 6, c = 1,2, .. . ^dc-, where dc is the dimension of the Lie algebra. For compact 
Lie algebras, the Killing form g""^ = Tt{T"'T^) is positive definite, so one can always choose a 
basis for the Lie algebra in which 

gab ^ 

(where the proportionality constant is a positive 
real number). With respect to this new basis, the structure constants /"''^ = g'^'^ are totally 
antisymmetric with respect to the interchange of the indices a, h and c. Henceforth, we shall 
always assume that such a preferred basis of generators has been chosen. 

The elements of the compact Lie group G act on a multiplet of fields that transform under 
some dij-dimensional representation R of G. The group elements U £ G are represented by 
dR X dR unitary matrices, Dr{U) = exp(— i^^'T^), where the are dn x d^ hermitian matrices 
that satisfy eq. (E.l. 2) and thus provide a representation of the Lie group generators. For any 
representation i? of a semisimple group, TrT^ = for all a. A representation R' is unitarily 
equivalent to R if there exists a fixed unitary matrix S such that Dri^U) = Dji{U)S for all 
U £ G. Similarly, the corresponding generators satisfy T^, = S^^T^S for all a = 1, 2, ... , do- 

For compact semisimple Lie groups, two representations are noteworthy. If G is one of 
the classical groups, SU(iV) [for > 2], SO(iV) [for iV > 3] or Sp(iV/2) [the latter is defined 
by eqs. (D.4.11) and (D.4.12) for even N > 2], then the N x N matrices that define these 
groups comprise the fundamental (or defining) representation F, with dp = N. For example, 
the fundamental representation of SU(A) consists of N x N unitary matrices with determinant 
equal to one, and the corresponding generators comprise a suitably chosen basis for the N x N 
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traceless hermitian matrices. Every Lie group G also possesses an adjoint representation A, with 
dA = da- The matrix elements of the generators in the adjoint representation are given by^^^ 

{T%f^ = -ir^^. (E.1.3) 

Given the unitary representation matrices Dji{U) of the representation R of G, the ma- 
trices [Dpi{U)]* constitute the conjugate representation R* . Equivalently, if the comprise a 
representation of the Lie algebra g, then the — (T^)* = — {T^)'^ comprise a representation R* of 
Q of the same dimension (Ir. If i? and R* are unitarily equivalent representations, then we say 
that the representation R is self-conjugate. Otherwise, we say that the representation R is com- 
plex, or "strictly complex" in the language of ref. [270]. However, the representation matrices 
Dr{U) of a self-conjugate representation can also be complex. We can then define two classes 
of self-conjugate representations. If R and R* are unitarily equivalent to a representation R' 
that satisfies the reality property [Djii{U)]* = [Djii{U)] for all [/ G G (equivalently, the matrices 
iT^, are real for all a), then R is said to be real, or "strictly real" in the language of ref. [270]. 
If R and R* are unitarily equivalent representations, but neither is unitarily equivalent to a 
representation that satisfies the reality property above, then R is said to be pseudo-real. 

Henceforth, we drop the adjective "strictly" and simply refer to real, pseudo-real and com- 
plex representations. Self-conjugate representations are either real or pseudo-real. An important 
theorem states that for self-conjugate representations, there exists a constant unitary matrix W 
such that [270] 

[Dr{U)]* = WDr{U)W~^ , or equivalently, (iT^)* = W{iT^)W~^ , (E.L4) 

where 

WW* = 1 , W'^ = W, for real representations , (E.1.5) 

WW* = —1 , W'^ = —W , for pseudo-real representations , (E.1.6) 

and 1 is the d^ x dfi identity matrix. Taking the determinant of eq. (E.1.6), and using the fact 
that W is unitary (and hence invertible), it follows that 1 = (— l)'^^. Therefore, a pseudo-real 
representation must be even-dimensional. 

If we redefine the basis for the Lie group generators by — )• V^^T^ V, where V is unitary, 
then W V^WV. We can make use of this change of basis to transform W to a, canonical 
form. Since W is unitary, its singular values (i.e. the positive square roots of the eigenvalues of 
W^W) are all equal to 1. Hence, in the two cases corresponding to W'^ = ±W, respectively, 

^^^Since the /"^"^ are real, the iT^ are real antisymmetric matrices. The heights of the adjoint labels a, b and c 
are not significant, as they can be lowered by the inverse Killing form given by gat oc Sat in the preferred basis. 
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eqs. (D.2.1) and (D.4.1) yield the following canonical forms (for an appropriately chosen V), 

W = 1 , for a real representation R, with = +1 , (E.1.7) 

W = J , for a pseudo-real representation R, with = — 1 , (E.1.8) 

where J = diag { ( o ) ' ( - i o ) > " " " > ( -i o ) } is a d/j x d/j matrix (and is even). 

There are many examples of complex, real and pseudo-real representations in mathematical 
physics. For example, the fundamental representation of SU(A^) is complex for > 3. The 
adjoint representation of any compact Lie group is real [cf. footnote 112]. The simplest example 
of a pseudo-real representation is the two-dimensional representation of SU(2),^^^ where T" = 
^r" (and the are the usual Pauli matrices). More generally, the generators of a pseudo-real 
representation must satisfy 

(iT^)* = C^\iT^)C , (E.1.9) 

for some fixed unitary antisymmetric matrix C [previously denoted by in eqs. (E.1.4) and 
(E.1.6)]. For the doublet representation of SU(2) just given, C"'' = (zr^)"'' = e"* is the familiar 
SU(2)-invariant tensor. 

Finally, we note that for U(l), all irreducible representations are one-dimensional. The 
structure constants vanish and any d-dimensional representation of the U(l)-generator is given 
by the dxd identity matrix multiplied by the corresponding U(l)-charge. For a Lie group that is 
a direct product of a semisimple group and U(l) groups, TrT^ is non-zero when a corresponds 
to one of the U(l)-generators, unless the sum of the corresponding U(l)-charges of the states of 
the representation R vanishes. 

E.2 The quadratic and cubic index and Casimir operator 

In this section, we define the index and Casimir operator of a representation of a compact 
semisimple Lie algebra g. The index hiR) of the representation R is defined by [269,271-273] 

Tr(TgT^) = l2iR)5''^ , (E.2.1) 

where l2{R) is a positive real number that depends on R. Once l2{R) is defined for one represen- 
tation, its value is uniquely fixed for any other representation. In the case of a simple compact 
Lie algebra g, it is traditional to normalize the generators of the fundamental (or defining) 
representation F according to^^^ 

TY(T^T^) = Id""^ . (E.2.2) 

^^■^No unitary matrix W exists such that the WiT°'W~^ are real for all a = 1,2,3. Thus, the two-dimensional 
representation of SU(2) is not real. However, (ir")* = (jr^)(ir°)(ir^)~^ for a = 1,2,3, which proves that the 
two-dimensional representation of SU(2) is pseudo-real. 

^^*In the literature, the index is often defined as the ratio I2{R) / I2{F) , where hiF) is fixed by some convention. 
This has the advantage that the index of R is independent of the normalization convention of the generators. In 
this Appendix, we will simply refer to h {R) as the index. 
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If the representation R is reducible, it can be decomposed into the direct sum of irreducible 
representations, R = J2k ^k- In this case, the index of R is given by 

l2{R) = Y,h{Rk). (E.2.3) 

k 

The index of a tensor product of two representations Ri and R2 is given by [271] 

hiRi ® R2) = dRj2{R2) + dR,l2{Ri) . (E.2.4) 

Finally, we note that if R* is the complex conjugate of the representation R, then 

l2{R*) = h{R). (E.2.5) 

A Casimir operator of a Lie algebra g is an operator that commutes with all the generators 
T". If the representation of the T" is irreducible^ then Schur's lemma implies that the Casimir 
operator is a multiple of the identity. The proportionality constant depends on the representation 
R. The quadratic Casimir operator of an irreducible representation R is given by 

(T^),^' ^ (T-),'^(T«)fc^- = V , (E.2.6) 

where the sum over the repeated indices are implicit and i, j , k = 1,2 ... df(. A simple compu- 
tation then yields the eigenvalue of the quadratic Casimir operator, Cr, 

Cr = . (E.2.7) 

dR 

For a simple Lie algebra (where the adjoint representation is irreducible), it immediately follows 
that Ca = l2{-^)- For a reducible representation, is a block diagonal matrix consisting of 
dR^ X dijj, blocks given by Cr^\ for each irreducible component R^ of R. 

The example of the simple Lie algebra 5u{N) is well known. The dimension of this Lie 
algebra (equal to the number of generators) is given by A^^ — 1. As previously noted, dp = N and 
/2(F) = \. It then follows that Cp = (A^ - 1)/(2A^). One can also check that Ca = h{A) = A. 

The Lie algebras su(A) [A > 3] are the only simple Lie algebra that possesses a cubic 
Casimir operator. First, we define the symmetrized trace of three generators [273,274]: 

D"^^ = Str {T'^T^T'') = \ Tv{T''T^T'' + perm.) , (E.2.8) 

where "perm." indicates five other terms obtained by permuting the indices a, b and c in all 
possible ways. Due to the properties of the trace, it follows that for a given representation R, 

D'^^^iR) = i Tr [{Tg, T^}T^j . (E.2.9) 

For the A-dimensional defining representation of su(A), it is conventional to define 

{T^,T^}T^] . (E.2.10) 



^abc ^ 2Tr 
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One important property of the d is [275,276]: 

In general, D°'^'^{R) is proportional to d"'^'^. In particular, the cubic index IsiR) of a representa- 
tion R is defined such that [273,275,277], 

D''^^{R) = h{R)d''^'' . (E.2.12) 

Having fixed 13(F) = |, the cubic index is uniquely determined for all representations of 
5u{N) [275,277-279]. As in the case of the quadratic index l2{R), we have: 

h{R) = Y,HRk), (E.2.13) 

A: 

for a reducible representation R = Rk- The cubic index of a tensor product of two represen- 
tations Ri and R2 is given by [277] 

hiRi ^ R2) = dnMRi) + dR,h{Ri) ■ (E.2.14) 

If the generators of the representation R are T^, then the generators of the complex conjugate 
representation R* are —T^. It then follows that 

h{R*) = -h{R) . (E.2.15) 

In particular, the cubic index of a self-conjugate representation vanishes. Note that the converse 
is not true. That is, it is possible for the cubic index of a complex representation of 5u{N) to 
vanish in special circumstances [279]. 

One can show that among the simple Lie groups, D"''^'^ = except for the case of SU(A^), 
when > 3 [275]. For any non-semisimple Lie group (i.e., a Lie group that is a direct product 
of simple Lie groups and at least one U(l) factor), D°'^'^ is generally non-vanishing. For example, 
suppose that the constitute an irreducible representation of the generators of GxU(l), where 
G is a semisimple Lie group. Then the U(l) generator (which we denote by setting a = Q) is 

= ql, where q is the corresponding U(l)-charge. It then follows that D^""^ = ql2{R)5°'^ . 
More generally, for a compact non-semisimple Lie group, D°'^'^ can be non-zero when either one 
or three of its indices corresponds to a U(l) generator. 

In the computation of the anomaly [cf. Section 6.26], the quantity Tr(r^T^T^) appears. 
We can evaluate this trace using eqs. (E.1.2) and (E.2.12): 

Tr(rgT^T^) = h{R)d''^^ + ^l2{R)r^^ . (E.2.16) 

The cubic Casimir operator of an irreducible representation R is given by 

{T^y ^ d'^'^iT^T^T^y = C3Rdi' . (E.2.17) 
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Using eqs. (E.2.11) and (E.2.12), we obtain a relation between the eigenvalue of the cubic Casimir 
operator, C^r and the cubic index [275]: 

CsR- . (E.2.18) 

Again, we provide two examples. For the fundamental representation of 5u{N), 13(F) = j 
and C3F = (N'^ - l)(iV^ - 4)/(4iV2). For the adjoint representation, /3(^) = C^a = 0, since 
the adjoint representation is self-conjugate. A general formula for the eigenvalue of the cubic 
Casimir operator in an arbitrary su(A^) representation [or equivalently the cubic index I^iR), 
which is related to C3R by eq. (E.2.18)] can be found in refs. [275,277-279]. 

Appendix F: Path integral treatment of two- component fermion 
propagators 

In Section 4.2 we derived the two-component fermion propagators in momentum space, which 
are the Fourier transforms of the free-field expectation values of time-ordered products of two 
two-component fermion fields, for example, 

(0| TUx)Cliy) |0)ft = / d^w (0| TU^)cliy) |0) e'^'^ , w^x-y, (F.l) 



where the (translationally invariant) expectation values such as (0| T^ctix)£,0{y) |0) are functions 



of the coordinate difference w = x — y. In Section 4.2, the Fourier transforms of these quantities 
were computed by using the free-field expansion obtained from the canonical quantization pro- 
cedure, and then evaluating the resulting spin sums. In this Appendix, we provide a derivation 
of the same result by employing path integral techniques. We follow the analysis given in Ap- 
pendix C of ref. [280] (with a few minor changes in notation). For a similar textbook treatment 
of two-component fermion propagators see for example ref. [220]. For the analogous treatment 
of the four-component fermion propagator, see for example ref. [114]. 

We first consider the action for a single massive neutral two-component fermion ^q(x), 
coupled to an anticommuting two-component fermionic source term Ja{x) [cf. eq. (3.1.1)]: 

s = j <fx{^ + ji + jt) = j rf^x |i [ieVa^c + ^CfT^s^e^ - + e^e^)] +Ji + c^^^} , 

(F.2) 

where we have split the kinetic energy term symmetrically into two terms. The generating 
functional is given by 

W[J, f] = N [ ViVi^ e^^[«'«^"^"^^l , (F.3) 



where is a normalization factor chosen such that VF[0,0] = 1 and T>^T>£^'^ is the integration 
measure. It is convenient to Fourier transform the fields ^(x), ^\x) and sources J(x), J^(x) in 
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eq. (F.3), and rewrite the action in terms of the corresponding Fourier coefficients ^{p), ^{p) , J{p) 
and J^(p): 



Ja{x) 



(fp 



-ip-x 



Up), Jlix) 



d^p 
d^p 



e'P--jl{p). 



(2vr)4 

Furthermore, we introduce the integral representation of the delta function: 



5^^\x-x') 



(F.4) 
(F.5) 

(F.6) 



(27r)4 

In order to rewrite eq. (F.3) in a more convenient matrix form, we introduce the following 
definitions: 



n{p) 



V Uv) 



X{p) 



^ Up) 
\ J^^'i-p) 



M{p) 



( 



\ 



-m 6°' 



p-a 



(F.7) 

Note that M is an hermitian matrix. We can then rewrite the action [eq. (F.2)] in the following 
matrix form [after using eqs. (2.58) and (2.59) to write the product of the spinor field and the 
source in a symmetrical fashion]: 

s = - j {Q'^Mn + n'^x + x^d^ . 

The linear term in the field O can be removed by a field redefinition 

^ = ^^M-^X. 



(Fi 



In terms of Jl', the action now takes the convenient form: 

1 /■ d^p 
2] (27r)4 . 
where the inverse of the matrix Ai is given by 



n'^Mn' - x^M-^x) , 



1 



p2 _ 



m 5' 



(F.9) 



(F.IO) 



(F.ll) 



The Jacobian of the field transformation given in eq. (F.9) is unity. Hence, one can insert 
the new action, eq. (F.IO), in the generating functional, eq. (F.3) to obtain (after dropping the 
primes on the two-component fermion fields): 



W[J, J'^]=N / P^P^texp<' - 



2 J (27r)^ 



(F.12) 



d'^p 
2 J ("2^ 



exp 



d'^p 

2 J (2^ 



X^M-^X } , 



X^M~^X } (F.13) 



(F.14) 
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where we have defined the normaUzation constant A'^ such that VF[0, 0] = 1. Inserting the exphcit 
forms for X and M into eq. (F.14), we obtain 



W[J, J^] = exp< 



(2^ 



r{-p) 



p2 _ jy^2 



-P) + jliP) 



ip-a 



■a/3 



p2 _ 



p2 _ 



(F.15) 



Using eq. (2.60), it is convenient to rewrite the first two terms of the integrand on the right-hand 
side of eq. (F.15) in two different ways: 



(fp 



r{-p) 

d^p 
(2^ 



2 2J''i-P) + 'J^l^P) 2 2 

pZ _ j^Z pZ _ j^Z 

'^J^^{-p) 



ip.(j'^P 



Mp) 



r{-p) 



ip-a^ 



p2 _ ^2 



d^p 



ip-a' 



■al3 



p2 _ 



Mp), (F.16) 



(27r)4 ° 

where we have changed integration variables from p — t- —p in relating the two terms above. The 
vacuum expectation value of the time-ordered product of two spinor fields in configuration space 
is obtained by taking two functional derivatives of the generating functional with respect to the 
sources J and j"^ and then setting J = J^^ = at the end of the computation (e.g., see ref. [114]). 
For example. 



— > 
6 



(5J°(xi) 



W[J, Jt] -i 



5Jt/3(x2) 



N 



J=Jt=0 



J VCVe Uxi)^li^2)exp(^i J d^x^ 



(o|rc„(xi)e^(x2)|o) 



(F.17) 



where the functional derivatives act in the indicated direction (which ensures that no extra 
minus signs are generated due to the anticommutativity properties of the sources and their 
functional derivatives). To obtain the two-point functions involving the product of two spinor 
fields with different combinations of dotted and undotted spinors, it may be more convenient 
to write = and/or jt = jt^t 

in eq. (F.3). One can then easily verify the following 
expressions for the four possible two-point functions: 



{^\TS}'^{x^)e{x2 



(o|Tet"(xi)e;^(x2)io) 



(o|rea(xi)c^(x2)|o) 



'5J"(xi) 

''^4(^1). 

5J°'{xi) 



W[J, Jt] 
W[J, Jt] 
W[J, Jt] 
W[J, Jt] 



5Jt/3(x2) 
' 5Jl3{x2) j 

'5J^P{X2)^ 
5Jl3{x2) ) 



.J=.J'I=0 



J=Jt=0 



J=Jt=0 



J=Jt=0 



(F.18) 
(F.19) 
(F.20) 
(F.21) 
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As an example, we provide details for the evaluation of eq. (F.18). Using eqs. (F.15) and 
(F.16), we obtain: 



(o|re<.(xi)e^(x2)io) 



SJ'^ixi) \J (27r) 



pi 



-P) 



(F.22) 



The chain rule for functional differentiation and the inverse Fourier transforms of eq. (F.5) yield: 



(5J"(2;i) 
6 



Applying eqs. (F.23) and (F.24) to eq. (F.22), we obtain: 



5 



SJ"{-pi) 
6 

5J^f^{-p2) 



muxi)il{x2 



d'^p 

(2^ 



-ip-{xi—X2) 



p2 _ jy^2 



(F.23) 
(F.24) 

(F.25) 



which is equivalent to eq. (4.2.1) of Section 4.2. With the same methods applied to eqs. (F.19)- 
(F.21), one can easily reproduce the results of eqs. (4.2.2)-(4.2.4). 

We next consider the action for a single massive Dirac two-component fermion. We shall 
work in a basis of fields where the action, including external anticommuting sources, is given by 

(F.26) 



X ' 'I I ' I "V 

Following the techniques employed above, we introduce Fourier coefficients for all the fields and 
sources and define / 



n,{p) 



rj''^{—p) 



( 



Xc{p) 



JmiP) 

\jTi-p), 



(F.27) 



\ Xaip) 

The action functional, eq. (F.26), can then rewritten in matrix form as before (but with no 
overall factor of 1/2): 

^ = / {^l^n, + nix, + xln,) , (f.28) 

where A4 is again given by eq. (F.7). The remaining calculation proceeds as before with 
few modifications, and yields the Dirac two-component fermion free-field propagators given 
in eqs. (4.2.7)~(4.2.10). 

Appendix G: Correspondence to four- component spinor notation 

G.l Dirac gamma matrices and four-component spinors 

In four-dimensional Minkowski space, four-component spinor notation employs four-component 
Dirac spinor fields and the 4x4 Dirac gamma matrices, whose defining property is: 

{r,Y} = 2g'^''l, (G.1.1) 
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where 1 is the 4x4 identity matrix. 

The correspondence between the two-component spinor notation and the four-component 
Dirac spinor notation is most easily exhibited in the basis in which 75 is diagonal (this is called 
the chiral representation^^^). In 2x2 blocks, the gamma matrices are given by:^^^ 



CT^ 



(G.1.2) 



/3/ 



• n 1 2 s / ^'^^^ ^ 
' I , 75 = «7 7 7 7 = 

^fJ^^a(3 / \ (5" 

and the 4x4 identity matrix that appears in eq. (G.1.1) can be written as: 





In addition, we identify the generators of the Lorentz group in the (^,0)0(0, ^) representation: 

jfJ.U J3 Q 



1 



(G.1.3) 



/3/ 



1S^^ = ^[7^71 



(G.1.4) 







where T,^'^ satisfies the duality relation, 

TgS'^^ = iie'^^^'Sp, . (G.1.5) 

A four-component Dirac spinor field, ^{x), is made up of two mass-degenerate two-component 
spinor fields, Xa{x) and r]a{x), of opposite U(l)-charge as follows: 



*(x) 



^r]''°'{x)^ 

We next introduce the chiral projections operators. 



(G.1.6) 



i(l 



75 J 




and 



^'r = ^(1 + 75) 




(G.1.7) 



and the (left and right-handed) Weyl spinor fields, ^'^(2;) and ^'^(a;), which are defined by:^^* 

/ 



\ y 



^Rix) = PR^ix) 







\r]''°'{x)^ 



{G.U 



^'^^For a review of other representations of the Dirac gamma matrices and their properties, see e.g. refs. [281,282]. 

^^^Employing the conventions for the sigma matrices described in Appendix A, it follows that the definition of 
7'' is independent of the choice of metric signature, whereas 7,, = g^i^j'^ changes sign under a reversal of the 
metric signature. In the metric signature convention with goo = +1, our gamma matrix conventions follow those 
of ref. [114], whereas in the convention with goo = — 1, our gamma matrix conventions follow those of ref. [65]. 

^^^In most textbooks, E*^" is called a'"'. Here, we use the former symbol so that there is no confusion with 
definition of a^'^ given in eq. (2.69). 

^^*In the earlier literature, a different set of conventions for the sigma matrices in which the roles of a and a 
were reversed [e.g, as in eqs. (A. 11) and (A. 12)] resulted in 7g = diag(l2x2 , — I2X2) in the chiral representation, 
which differs from our convention by an overall sign [cf. eq. (G.1.2)]. As a result, in this latter convention, Pl 
[Pr\ projects out the raised dotted [lowered undotted] two-component spinor field. This latter convention is still 
prevalent in the literature of the spinor helicity method (see footnote 156 in Appendix 1.2). 
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Equivalently, one can define the Weyl spinors "3/^ and as the four-component spinor eigen- 
states of 75 with corresponding eigenvalues —1 and +1, respectively (i.e., 75^'l,r = T^L,i?)- 
The Dirac conjugate field ^{x) and the charge conjugate field ^''^(x) are defined by: 

^(x) = ¥A = (rj'^ix), xiix)) , (G.1.9) 

^^(x) = C^'^ix) = I , (G.1.10) 

\x^'^{x)j 

where the Dirac conjugation matrix A and the charge conjugation matrix C satisfy [283-285]: 

A^^A~' = ^l, C-S^C7 = -7j. (G.1.11) 

It is convenient to introduce a notation for left and right-handed charge-conjugated fields (which 
are also Weyl spinor fields) following the conventions of refs. [67,286]/^^ 

^^(x) = Pz.^^(x) = C^lix) = [^^{x)f , (G.1.12) 
vl/g(x) = Pr^^(x) = C^lix) = Jx)]^ . (G.1.13) 

To fix the properties of A and C, it is conventional to impose two additional conditions: 

yi> = A~^'^\ ($C')C = $. (G.1.14) 

The first of these conditions together with eq. (G.1.9) is equivalent to the statement that 
is hermitian. The second condition corresponds to the statement that the (discrete) charge 
conjugation transformation applied twice is equal to the identity operator. Using eqs. (G.1.11) 
and (G.1.14) and the defining property of the gamma matrices [eq. (G.1.1)], one can show 
(independently of the gamma matrix representation) that the matrices A and C must satisfy: 

A^ = A, C'^ = -C, {ACY'^ = {ACf. (G.1.15) 

Following ref. [135], it is convenient to introduce a matrix D such that 

D = CA^, D~%D = -j;, (G.1.16) 

and D*D = DD* = 1. The charge-conjugated four-component spinor is then given by: 

^^(x) eeD^'*(x). (G.1.17) 

A four-component Majorana spinor field, "^m{x), is defined by imposing the constraint ^''-'(x) = 
^(x) on a four-component Dirac spinor, which sets f] = x- That is, the Majorana condition is 

^,,{x) = D^l,{x)= I ^"^""^ I . (G.1.18) 

xHx) 



^^^The reader is warned that the opposite convention is often employed in the hterature (e.g., see ref. [287]) in 
which '^1 is a right-handed field and is a left-handed field. 
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For a review of the Majorana field and its properties, see e.g. refs. [143, 144]. 

For completeness, we also introduce a matrix B that satisfies [283-285,288]: 

B^-C~\, Bj^B~'=^J. (G.1.19) 

The matrix B arises in the study of time reversal invariance of the Dirac equation. In the chiral 
representation. A, B, C and D are explicitly given by 

^= I . ' h C=\ M , (G.1.20) 




e 



a/3 



Note the numerical equalities, A = B = 7^7^, C = ^7*^7^ and D = — ^7^. However these iden- 
tifications do not respect either the structure of the undotted and dotted spinor indices specified 
in eqs. (G.1.20) and (G.1.21), or the four-component spinor index structure introduced below 
[cf. eqs. (G.1.46) and (G.1.47)].^^'^ In translating between two-component and four-component 
spinor notation, eqs. (G.1.20) and (G.1.21) should always be used. In practical four-component 
spinor calculations, there is often no harm in employing the numerical values for A, B, C and D. 
Using eqs. (G.1.11)-(G.1.19), the following results are easily derived: 

ATA-^ = , = 1+^ ' for r = 1 , 7^ 7'^75 , , 

^ ^ forr = 75,S/^'^75, 

^ ^ \-l, for r = 7/^75 , £^^^75 , 

C-^rC7 = ,,^r^ V? = i^'^ for r = 1,75,7^^75, (G_,_24) 

^ ^ [-1, for r = 7/^ , S'^'^ , S/^'^75 . 

forr = 7'',75,E'"'. 

The Lorentz transformation properties of the four-component spinor field can be determined 
from those of the two-component spinor fields given in Section 2. The 4x4 representation 
matrices of the Lorentz group in the (^, 0) ® (0, |) representation are given by 

M = ("^ " I = exp (-U^.^'^A ~ l4x4 - ii^S^^" , (G.1.26) 




^^"When treated as ordinary 4x4 matrices A, B, C and D are unitary. But when written in 2 x 2 block 
form [noting that 5"^ = and e"'' = (e"^)*, as indicated below eqs. (2.19) and (2.23)], the products AA\ 

BB\ CC'' and DD^ are not covariant with respect to the dotted and undotted two-component spinor indices. 
Similarly, these matrix products are not covariant with respect to the four-component spinor indices. In practice, 
only covariant combinations of A, B, C, D and the four-component spinor fields arise in typical calculations. 
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where the infinitesimal forms of M and {M are given in eqs. (2.99) and (2.100). Two useful 
identities that follow from eqs. (G.1.22), (G.1.24) and (G.1.26) are:^^! 

AMA-^ = (M-^)^ , (G.1.27) 
C-^MC = (M^Y. (G.1.28) 

The four-component Dirac or Majorana spinor, i is assigned a lowered spinor index a, 
and is defined in terms of two-component spinors by eqs. (G.1.6) or (G.1.18), respectively. Four- 
component spinor indices, which will be chosen in general from the beginning of the lower case 
Roman alphabet, a, 6, c, . . ., can assume integer values 1, 2, 3, 4. Under a Lorentz transformation, 
transforms as 

^a^Ma^^b- (G.1.29) 

In analogy with the conventions for two-component spinor indices, we sum implicitly over a pair 
of repeated indices consisting of a raised and a lowered spinor index. The transformation law for 
the Dirac conjugate spinor (often called the Dirac adjoint spinor), ^' = ^"^A, is obtained from 
eq. (G.1.29) after employing A'^ = A and eq. (G.1.27), 

^« ^ -^fc (M-i)f,'' . (G.1.30) 

In particular, = "^"^f a is a Lorentz scalar, which justifies the assignment of a raised spinor 
index for the Dirac conjugate spinor 

It is convenient to introduce barred four-component spinor indices [289] in the transforma- 
tion laws of the hermitian-conjugated four-component spinors, 

^l^^liM^f-a, (G.1.31) 
^ta ^ [(M-^)t]"-^'*t6 ^ (G.1.32) 

where there is an implicit sum over the repeated lowered and raised barred spinor indices, and 

^l = i^a)^, W^ = {^'')K (G.1.33) 

The spinor index structure of the Dirac conjugation matrix A is then fixed by noting that the 
Dirac conjugate spinor, "i>^ = has a raised unbarred spinor index, whereas the hermitian- 

conjugated spinor has a lowered barred spinor index. 

The charge conjugation matrix can be used to raise and lower four-component spinor in- 
dices [289], which we shall employ in defining the spinors 

^a = Cai>^\ ^'' = {C~'r'^h, (G.1.34) 

^t=Q_^tb^ ^ta ^ (^-i)a6^t (G.1.35) 



^■^^Note that eq. (G.1.28) is a direct consequence of the identities in two-component spinor notation given in 
eqs. (2.101) and (2.102). 

^■^^ Of course, eqs. (G.1.29)-(G.1.32) can also be derived directly from the corresponding two-component spinor 
transformation laws of Section 2. 
^^■^In contrast to the epsilon symbols of the two-component spinor formalism, here we prefer to explicitly exhibit 

l\ab „„j /r^—l\ab 



the inverse symbols in (C"^)"" and {C~^f [cf. footnote 7] 
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where 

= (CabT , {C-'f ^ [{C-'r'r ■ (G.1.36) 

Eqs. (G.1.34) and (G.1.35) also apply to ^f", ^'^ and their hermitian conjugates. In particular, 
one can identify the Dirac conjugate spinor with a lowered spinor index {^a) as the charge- 
conjugated spinor, = C^'^ , and the Dirac spinor with a raised spinor index (^'") as the 
Dirac conjugate of the charge-conjugated spinor, = — ^^C~^. That is,^^^ 

= ^„ = Cab■*^ W = ^'' = {C-^)''''^b- (G.1.37) 

The rules for raising and lowering spinor indices are consistent with the Lorentz transformation 
properties of eqs. (G.1.29)-(G.1.32), as a consequence of eq. (G.1.28). In particular, the condition 
for a self-conjugate four-component (Majorana) spinor, ^'^ = = ^'a, is Lorentz covariant. 

Using eqs. (G.1.15), (G.1.34), (G.1.35), and the definition of the Dirac conjugate spinor, it 
then follows that: 

'^a = {A~^)ab'^^~\ "*" = ^'J^^% (G.1.38) 

^l=^''{A-^)b-a, ^^^ = A^''^b- (G.1.39) 

One can check that eqs. (G.1.38) and (G.1.39) are consistent with the Lorentz transformation 
properties of eqs. (G.1.29)-(G.1.32), as a consequence of eq. (G.1.27). 

In addition to the Lorentz scalar = ^"^'a, one can construct two additional independent 
Lorentz scalar quantities, 

_^T^-i ^ ^ -^^{C-^y^^u = ^"^a , (G.1.40) 

and its hermitian conjugate, 

= '^"'Cab^^ = '^"'^a = "^W^ = (^''^a)"^ , (G.1.41) 

after using C-i and C to raise and lower the appropriate spinor indices, respectively. The 
penultimate equality in eq. (G.1.41) is a consequence of eq. (G.1.39). The Lorentz invariance of 
"^""^a, ^"*I'a and 'I'i>I'^'^ = ^'"^a is manifest and demonstrates the power of the four-component 
spinor index notation developed above. After invoking eq. (G.1.37), we note that [analogous 
to eq. (2.35)] descending contracted unbarred spinor indices and ascending contracted barred 
spinor indices can be suppressed in spinor-index-contracted products. For example, 

^«'^^ = "^^ = "^"^'a EE "^C^ "^"^"^a = "^^^-^ = "^^-c , (G.1.42) 

where the suppression of barred spinor indices is implicit in the definition of = ^tA""^. 

^^*For a Dirac spinor field defined in eq. (G.1.6), '^a{x) — '^ai^) is given in terms of two-component spinors by 
eq. (G.1.10), and ^^x) =W^x) = (x" (x) , vli^)) ■ 

^^^A fourtli possible Lorentz scalar, ^'''fa = (C~^)''''Cac*6* = -'I'c*'' = *^c, is not independent. Here, 
we have used = —C and the anticommutativity of the spinors. Equivalently, ^'C'^'^' _ xj;^ 
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The charge-conjugated spinor can also be written as = Da^^l [cf. eq. (G.1.17)]. The 
spinor index structure of D (and its inverse) derives from: 

Dj = CabiA')'' = CabA'' , = (CM)/ = C-,j,A^^ , (G.1.43) 

where we have used D^^ = D* . Combining the resuhs of eqs. (G.1.34), (G.1.35), (G.1.38) and 
(G.1.39) then yields: 

= Da^^l, ^\ = (G.1.44) 

^ _^tE(^-l)_a^ ^ta^_-^c^^a_ (G.1.45) 

In summary, a four-component spinor ^'^ and its charge-conjugated spinor possess 
a lowered unbarred spinor index, whereas the corresponding Dirac conjugates, ^I'" and 
possess a raised unbarred spinor index. The corresponding hermitian-conjugated spinors exhibit 
barred spinor indices (with the height of each spinor index unchanged). Following eqs. (G.1.34) 
and (G.1.35), one can also lower or raise a four-component unbarred or barred spinor index by 
multiplying by the appropriate matrix C, C~^, C* or (C~^)*, respectively. 

The identity matrix, the gamma matrices and their products are denoted collectively by T. 
The spinor index structure of these matrices and their inverses is given by: 

5i,Ta\{T-W (G.1.46) 

where the 5\ are the matrix elements of the identity matrix 1. In this case, the rows are labeled 
by the lowered index and the columns are labeled by the raised index. Note that the quantities 
\^'^Yj''^}y, ^'^Fa^'^'b, and xj/^p^^vf ^ transform as Lorentz tensors, whose rank is equal to the 
number of (suppressed) spacetime indices of F. 

For the matrices A, B, C, D and their inverses, the spinor index structure is given by: 

A^' , (A-i),5 , , {B-\, , Cab , {C~'r' , Da' , . (G.1.47) 

The corresponding complex-conjugated matrices exhibit the analogous spinor index structure 
with unbarred spinor indices changed to barred spinor indices and vice versa. Matrix transpo- 
sition interchanges rows and columns. For example, 

(FT)^ = F,^ (^Y' = ^'^ {C^)ab = Cba, {D''fb^D,\ (G.1.48) 

Hermitian conjugation is complex conjugation followed by matrix transposition. For example, 

(Ft)^5 = (F,-^)* , {A^f' = {A^y , (Ct),5 = {CbaT , (D^r-b = iD,y . (G.1.49) 

Using the above results, it is straightforward to identify the four-component spinor index struc- 
ture of eqs. (G.1.1)-(G.1.28). For example, specifying the four-component spinor indices of 
eq. (G.1.28) yields: 

{C-y'M,'C,d = [{M-'VVd = (M-^)/ . (G.1.50) 
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To complete the spinor index formalism, we introduce hybrid quantities L, L, R and R that 
contain an unbarred four-component spinor index and a two-component undotted or dotted 
spinor index [290]: 



V = (12X2 ©2X2) , R"' = (©2X2 I2X2) , (G.1.51) 





These quantities satisfy: 

La°'L(J' = {Pl)(i' ) La"'La^ = 6a^ , (G.1.53) 

RaaR''' = {PR)a' , = ' (G.1-54) 

where Pl and Pr are the chiral projection operators defined in eq. (G.1.7). It then follows that: 

La%PL)J' = Lj' , (PL)a'I/ = la^ , (G.1.55) 

i?"'^(PR)a' = i?°', {PR)a'R,^ = R,p. (G.1.56) 

The hybrid quantities L, L, R and R connect objects with four-component and two- 
component spinor indices. For the Dirac spinor defined in eq. (G.1.6), it follows that: 

Xa = La''^b, r/"=#Ib", (G.1.57) 

^t" = ^«fevi/,, ^1=^'r,.. (G.1.58) 

The corresponding inverse relations are: 

{PL)a' = L/Xp , ^"(PL)a' = V^Lp' , (G.1.59) 

{Pr)J' = , ^"{PR)a' = x\R^' ■ (G.1.60) 
One can use eqs. (G.1.2), (G.1.4) and (G.1.20) to identify: 

</3 = ^-"(7^)a% , a^"^ = R'^^inaLb^ , (G.1.61) 



= -ia'^(75)a'i/ , 6% = R^^{j,)a'R,, , (G.1.63) 



2^ Ja -^b " /3 ~ \2 /a -"-6/3: 

/3 = R'^'^ilblaRb^ 

e^p = La'^CabLf,' , e"^ = R'^'^CabR^' , (G.1.64) 

= La'^iC-'r^Lb" , e = Raa{C-'r%^ . (G.1.65) 



Inverting these results yields: 

(i'^Pl)/ = i^caa^"^^:/ , {i^Pr)/ = Lc'^^T^.R^" , (G.1.66) 



= L.-a'^'^/L/ '^{^'"'Pr)/ = Rcaa^^^'^^R^'' , (G.1.67) 

(APl)/ = Rc^Lp" , (APn)/ = L.pR^" , (G.1.68) 
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{PLC)cd — '^a(sLc°'Ld^ , {PRC)cd — ("^RcaRfi^ ' (G.1.69) 

(^C^lp^yd ^ ^ ^^^Ip^yd ^ ^^.j^acj^^d _ (G.1.70) 

Likewise, one can introduce L"^ , , B) and i?^, which are hybrid quantities that contain a 
barred four-component spinor index and a two-component undotted or dotted spinor index: 

(Lt)^^ = {Lpy , {R^fP = {R^y , (G.1.71) 

{vr-a = (L/r , = . (G.1.72) 

In particular, using eqs. (G.1.59) and (G.1.60), one can relate the quantities L, L, R and R and 
their hermitian conjugates: 

{L^y0 = A''%0, {R^ff^ = A^''Lb^, (G.1.73) 

{Vf-a = R^\A~'),-, , (i?t)^, = ^^''(A-^);,, , (G.1.74) 

after employing AP^ = Pj^A [cf. eq. (G.1.22)] and A^ = A. The set of equations analogous to 
eqs. (G.1.53)-(G.1.70) involving the corresponding hermitian-conjugated quantities can also be 
obtained. However, such formulae will rarely be needed in practice. 

Eqs. (G.1.53)-(G.1.70) [and their hermitian conjugates] can be employed to translate any 
expression involving two-component spinors into the corresponding expression involving four- 
component spinors, and vice versa. With a little practice, both two-component and four- 
component spinor indices can be suppressed, which greatly simplifies the manipulation of the 
spinor quantities. In particular, by treating the four-component spinors and as column 
vectors and their hermitian (Dirac) conjugates and "^^^ (^'" and ^'^'"') as row vectors, all 
equations in the four-component spinor formalism have a natural interpretation as products of 
matrices and vectors. Henceforth, we shall suppress all four-component spinor indices. 

Multiple species of fermions are indicated with a flavor index such as i and j. Dirac fermions 
are constructed from two-component fields of opposite charge, Xi (hence the opposite 

flavor index heights). Thus, we establish the following conventions for the flavor indices of 
four-component Dirac fermions: 

Mx) = (""f"^] , = (r (X) , xi^(x)) , ^^\x) = ( ^^^"^ ] . (G.1.75) 

Note that x^* = (x*)^ vl = iv^V following the conventions established in Section 3.2. Raised 
flavor indices can only be contracted with lowered flavor indices and vice versa. In contrast, 
Majorana fermions are neutral so that there is no a priori distinction between raised and lowered 
flavor indices. That is. 




(G.1.76) 
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In this case, the contraction of two repeated flavor indices is allowed in all cases, irrespective of 
the heights of the two indices. In the convention adopted in Section 3.2, in which all neutral 
left-handed (^,0) [right-handed (0,^)] fermions have lowered [raised] flavor indices, the height 
of the flavor index of a four-component Majorana fermion fleld is meaningful when multiplied 
by a left-handed or right-handed projection operator. Thus, the height of the flavor index for 
Majorana fermions can be consistently chosen according to one of the following four cases: 

PL'fM^, ^MiPl, Pr^'m^ '^IiPr- (G.1.77) 

Bilinear covariants are quantities that are quadratic in the spinor flelds and transform irre- 
ducibly as Lorentz tensors. We first construct a translation table between the two-component 
form and the four-component form for the bilinear covariants made up of a pair of Dirac flelds. 
Using eqs. (G.1.59) and (G.1.60) to convert the four-component spinor fields into the correspond- 
ing two-component spinor fields, and employing the appropriate identities involving products of 
the hybrid quantities L, L, R and i2, the following results are then obtained: 







(G.1.78) 


'^'PR^j 




(G.1.79) 




= X^'^''Xj, 


(G.1.80) 


'^'i^Pr'^j 




(G.1.81) 






(G.1.82) 






(G.1.83) 



The first two results above follow immediately after using eqs. (G.1.53) and (G.1.54), respec- 
tively, and the last four results are a consequence of eqs. (G.1.61) and (G.1.62). 

Eqs. (G.1.78)~(G.1.83) apply to both commuting and anticommuting fermion flelds. 
These results can then be used to express the standard four-component spinor bilinear covariants 
in terms of two-component spinor bilinears: 

*%=r/*Xi + X^S] (G.1.84) 

W^,^, = -ri\,+x^^ (G.1.85) 

W^f'^, = x^'W'xj + ^ V^r/J (G.1.86) 

^■'7^75*, = -X^'^'^Xj + ^?V^?] (G.1.87) 

-^i^f^u^, ^ 2{r]'a^"'xj + X^'^^^r]]) (G.1.88) 

= 2{-r]'a^''xj + X^'^^'v}) • (G.1.89) 



^■^^In the case of anticommuting spinors, it is often useful to apply eq. (2.60) to eqs. (G.1.81), (G.1.86) and 
(G.1.87) and rewrite ■q'a'^rjj = -rjj-a''ri\ 
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Additional identities can be derived that involve the charge-conjugated four-component 
Dirac fermion fields. As an example, we may use C'^ = —C and = — ^"""C"^ to prove that 

"^r^-^^' = -(-i)^^^cr'^C"^*i = -(-i)^77^"^^r$i, (G.1.90) 

where the sign rj^ is given in eq. (G.1.24). The factor of (—1)"^ = ±1 [for commuting/anticommut- 
ing fermion fields, respectively] arises at the second step above after reversing the order of the 
terms by matrix transposition. Identities involving just one charge-conjugated four-component 
field can also be easily obtained. For example, using eqs. (G.1.57) and (G.1.70), 

'^Pl^j = -^JC-'Pl^j = -^aie'^'L^^Lp'^bj = -e''^Xa^Xp, = XiXj ■ (G.1.91) 

In general, if one replaces with '^^^ in eqs. (G.1.78)-(G.1.89), then in the corresponding 
two-component expression one simply interchanges Xk ^ ff" and X^'^ ^ ^I- 

Eqs. (G.1.78)-(G.1.89) also apply to four-component Majorana spinors, ^ ui-, by setting 
Xi = = ai^d = Vi = This implements the Majorana condition, "^Mi = -^^l/i) aiid 
imposes additional restrictions on the Majorana bilinear covariants. For example, eqs. (G.1.24) 
and (G.1.90) imply that anticommuting Majorana four-component fermions satisfy:^^'^ 

'^Mi^Mj= "^Mj^Mi, (G.1.92) 

^Mi75'^'Mj= "^Mj75*Mi, (G.1.93) 

'^Ma'^'^Mj = -"^Mj7''^Mi , (G.1.94) 

'^Aia'^l^'^Mj = "^MjT^'Ts^Mi , (G.1.95) 

*A/^S'"^^MJ = -^Mj^'^'^AU , (G.1.96) 
^M^^^''l5'^Mj = -^Mj^^''J^^M^ • (G.1.97) 

By setting i = j, it follows that "^mT^^m = '^m'^'^'^^m = ^m^^^I^^^m = 0. One additional 
useful result is: 

^i^7^PL*Mi = -^mjI^Pr-^'m , (G.1.98) 

which follows immediately from eqs. (G.1.94) and (G.1.95). Note that in eq. (G.1.98), the heights 
of the flavor indices follow the convention established in eq. (G.1.77). 

In the four-component spinor formalism, Fierz identities (first introduced in ref. [291]) 
consist of relations among products of two bilinear covariants, in which the fermion fields appear 
in two different orders. The corresponding two-component spinor Fierz identities are treated in 
detail in Appendix B.l. In principle, the latter can be converted into four-component spinor 
Fierz identities using the techniques developed in this Appendix. However, it is easier to derive 
the four-component spinor Fierz identities directly using the properties of the gamma matrix 
algebra [281,288]. 



Here, one is free to choose all flavor indices to be in the lowered position [cf. eq. (G.1.76)]. 
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Instead of eqs. (B.1.5)-(B.1.7), the equivalent identity relevant for four-component spinors is: 



efe jrd 1 
Oa^c = 4 



+ (75)a'(75)c'' + {r)a'{l,)c'' " {ri,)a'{l,l,)c'' + ^^^^ a' ,u) c'] • (G.1.99) 



This is the fundamental identity from which many other such identities can be derived 
(cf. the Appendix of ref. [285]). One of many possible Fierz identities can be obtained by 
multiplying eq. (G.1.99) by '^l^2b^3^4d = (-l)'^"^i*4d*^3^2fe, where (-1)^ = +1 [-1] for 
commuting [anticommuting] Dirac, Majorana or Weyl spinors. More generally [281,292,293], 



(^,rW^^'2)(^3rS'^^'4) = (-1)^ Yl (^ir(")''^4)(^3r5'^^2) , (G.i.ioo) 



n=l 



where the sum is taken over the 4x4 matrices, F^") G F, which have been ordered as follows, 

F = {1 , 7^ S^"^ (^i < 1.) , . 75} , (G.1.101) 
/, J represent zero, one or two spacetime indices (sums over repeated / and J are implied), and 
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(G.1.102) 



For example, taking A; = 1 in eq. (G.I.IOO) yields a result equivalent to eq. (G.1.99): 

("^1^2)C^3^4) = i(-l)^ [(^1^4)(*3*2) + ("^175^4) ("^375^2) + ('^17^^4)(^37m^2) 

-(*17'^75^'4)(^37m75^2) + ^(^iS^"^'4)(^3S^.^2)] • (G.1.103) 

For a comprehensive treatment of all possible four-component spinor Fierz identities, see 
ref. [294]. Simple derivations of generalized Fierz identities have also been given in refs. [293,295]. 
A Mathematica package for performing Fierz transformations is available in ref. [296]. 

G.2 Free-field four-component fermion Lagrangians 

The free-field Lagrangian density in four-component spinor notation can be obtained from the 
corresponding two-component fermion Lagrangian by employing the relevant identities for the 
bilinear covariants given in eqs. (G.1.78)-(G.1.89). First, consider a collection of free anticom- 
muting four-component Majorana fields, = ^^fi- '^^^ free-field Lagrangian (in terms of 
mass eigenstate fields) may be obtained from eq. (3.2.10) by converting to four-component spinor 
notation using eqs. (G.1.84) and (G.1.86) with X = V = which yields [3]: 



(G.2.1) 



The 16 matrices of F constitute a complete set that spans the sixteen-dimensional vector space of 4 x 4 
matrices. 
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where the sum over i is imphcit. The corresponding free- field equation for is the Dirac 
equation: 

(i7'^9^-m)^'A/, = 0. (G.2.2) 

For simplicity, we focus on a theory of a single four-component Majorana fermion field, 
^m{x) = ^'^j-(x). One can rewrite the free-field Majorana fermion Lagrangian in terms of a 
single Weyl fermion, ^i{x) = Pl^{x), where ^{x) is a four-component fermion field whose 
lower two components (in the chiral representation) are irrelevant for the present discussion. 
The Majorana and Weyl fields are related by: 

^j,j{x) = ^l{x) + ^^^{x), (G.2.3) 

where is defined in eq. (G.1.13). The corresponding Dirac conjugate field is given by 

"^m(^) = ^li^) + ^ni^): where 

^i(x) = [Pl^{x)]^A = ^(x)P^ , (G.2.4) 
^(x) = '^{x)Pl = -^^(x)C-^Pi = -^l{x)C-^ . (G.2.5) 

Using the identity: 

¥g7''a^^g = -^■^C-^Pl7^5^PrC"^"^ = "^^7^9^^^ + total divergence , (G.2.6) 
the Lagrangian for a single Majorana field can be written in terms of a single Weyl field: ^'^'^ 

^ = i^L^'^d^^'^L + \m (^\C-^^^ - ^lC^I) . (G.2.7) 



The corresponding free-field equation is 

iT'^S^^L = mC^\ , (G.2.8) 

where we have used (^'lC)"'' = — and the anticommutativity of ^'l, ^'l. The general- 
ization of eqs. (G.2.3)-(G.2.7) to the case of a multiplet of four-component Majorana fields is 
straightforward and is left as an exercise for the reader. 

Of course, one could have chosen instead to rewrite the four-component Majorana fermion 
Lagrangian in terms of a single Weyl fermion, ^j^{x) = Pji^{x), in which case the upper two 
components (in the chiral representation) of ^(x) are not relevant. In this case, the Majorana 
and Weyl fields are related by:^'^^ 

^a/(^) = ^«(^) + ^l(^)> (G.2.9) 



^■^^In deriving eq. (G.2.6), we have used eq. (G.1.24) and the anticommutativity of the spinor fields. The total 
divergence can be dropped from the Lagrangian, as it does not contribute to the field equations. 
""Using eq. (G.1.15), it follows that (*"^C-^*)+ = -^yl^^C"^ * = -^C*"^. 

I'^ijf »!/ is an unconstrained four-component spinor, then vI'l and "^/r are independent Weyl fields, in which case 
+ "tfl and + are independent self-conjugate fields. 
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where is defined in eq. (G.1.12). The corresponding Dirac conjugate field is given by 

^Mi^) = "^r(^) + where 

^^(x) = [Pr^{x)]^A = ^(x)P^ , (G.2.10) 
¥f (x) = '^{x)Pii = -^^{x)C^^Pj^ = -^l{x)C-^ . (G.2.11) 

The corresponding Weyl fermion Lagrangian is given by eq. (G.2.7) with L replaced by R. 

Thus, a Majorana fermion can be represented either by a four-component self-conjugate 
field ^jy.f{x) or by a single Weyl field [either ^i{x) or ^j^{x)]. Both descriptions are unitarily 
equivalent [287,297]; i.e., one can construct a unitary similarity transformation that connects a 
Majorana field operator and a Weyl field operator (and vice versa). Of course, this is hardly a 
surprise in the two-component spinor formalism, where both the Majorana and Weyl forms of 
the Lagrangian correspond to the same field theory of a single two-component spinor field ^^(x). 

For m 7^ 0, the Weyl Lagrangian given by eq. (G.2.7) possesses no global symmetry, and 
hence no conserved charge. In contrast, for m = the Weyl Lagrangian exhibits a U(l) chiral 
symmetry. In a theory of massless neutrinos, the U(l) chiral charge of the neutrino is correlated 
with its lepton number L, and one is free to use either a Majorana or Weyl description. In 
the former, the neutrino is a neutral self-conjugate fermion, which is not an eigenstate of L. 
In the latter, ^^(x) corresponds to the left-handed neutrino and "^^{x) corresponds to the 
right-handed antineutrino, which are eigenstates of L with opposite sign lepton numbers. No 
experimental observable can distinguish between these two descriptions. 

We now consider a collection of free anticommuting four-component Dirac fields, ^j. The 
free-field Lagrangian (in terms of mass eigenstate fields) may be obtained from eq. (3.2.34) by 
converting to four-component spinor notation. We then obtain the standard textbook result: 

^ = i'^Va^^'i - ruiW'^i . (G.2.12) 

By writing ^ = ^'^ -|- ^1*^, we see that the Lagrangian for a single Dirac field can be written in 
terms of two Weyl fields: 

if = i^Ll'^d^'fL + i^BYd^^R - m (*^^^ + ^^^^) . (G.2.13) 

The corresponding free-field equations are: 

i7^5^^L = m^R , i-f'^df.^R = l ■ (G.2.14) 

Summing these two equations yields the Dirac equation, {ij^d^ — m)^ = 0. 

As a pedagogical example in which both Dirac and Majorana mass terms are present, we 
perform the diagonalization of the neutrino mass matrix in a one-generation seesaw model^^^ us- 
ing the four-component spinor formalism. Following Appendix A of ref. [298], we first introduce 
^■^^In Appendix J. 2, the seesaw model of neutrino masses is introduced using the two-component spinor formalism. 
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a four-component anticommuting neutrino field V£), and the corresponding Weyl fields, 

vl = Plt^d, v^ = Pli'%, vr = Prvd, and v'j^ = Prv^. (G.2.15) 

Note that eqs. (G.1.12) and (G.2.5) imply that the anticommuting Weyl fermion fields satisfy: 

vgul = W^UL , ^L^R= '^^R ■ (G.2.16) 

A Dirac mass term for the neutrinos in the one-generation seesaw model couples and u^^ 
(and by hermiticity of the Lagrangian, v'^ and i^/j), and can be written equivalently as: 

mniyJ^C^^v^ + ^li C^^i^r) = -moii^Ri^L + ^l'^r) = -'mni'^yL + T^i^r) = -moVoVD , 

(G.2.17) 

after making use of eq. (G.2.16). The Majorana mass term for the neutrinos in the one-generation 
seesaw model couples Vj^ to itself (and by hermiticity of the Lagrangian, ur to itself), and can 
be written equivalently as: 

iM(i/f "^C- + I'l C~'i^r) = -\M{T7]iy1 + '^vr) . (G.2.18) 

We shall define the phases of the neutrino fields such that the parameters rriD and M are real 
and non-negative. 

Thus, the mass terms of the one-generation neutrino seesaw Lagrangian, given in eq. (J. 2. 18) 
in terms of two-component fermion fields, translates in four-component spinor notation to 




where we have used eq. (G.2.16) to write the first line of eq. (G.2.19) in a symmetrical fashion 
and eqs. (G.1.12) and (G.2.5) to obtain the final form above. Note that if M = 0, then one can 
write ^mass = —fnDi'DVD and identify vd as a four-component massive Dirac neutrino. 

The Takagi diagonalization of the neutrino mass matrix yields two mass eigenstates, which 
we designate by v^^ and z/^, where £ and h stand for light and heavy, respectively. The mass 
eigenstate Weyl neutrino fields are related to the interaction eigenstate Weyl neutrino fields via 



(G.2.20) 
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where W is a 2 x 2 unitary matrix that is chosen such that 









(■ 






M j 






W \ \U = \ ' I . (G.2.21) 



For M 7^ 0, the neutrino mass eigenstates are not Dirac fermions. In the seesaw hmit of 
M ^ niD-, the corresponding neutrino masses are rriy^ ~ rnjj/M and m^^^ ~ M + m'j^/M, with 
^'^ug ^ ^T^uf^- In terms of the mass eigenstates, the neutrino mass Lagrangian is: 



mass 



m^^uJC'^PLi^^ + m^j^uf^'^C-^PLU^] + h.c. , (G.2.22) 



after using eq. (G.1.24). We now define four-component self-conjugate Majorana neutrino fields, 
denoted by ^'^ and respectively, according to eqs. (G.2.3) and (G.2.9), 

= Plv, + Pr Cv] , = u,Pr - vJc-^Pl , (G.2.23) 

= Pr^h + PlCuI , '^h = ^hPL - ^IC-^Pr ■ (G.2.24) 

Then, eq. (G.2.22) reduces to the expected form: 

^mass = -\ [rriy^i^i^ + m^j^h^h] ■ (G.2.25) 

A comparison with the analysis of the neutrino mass matrix given in Appendix J. 2 exhibits the 
power and the simplicity of the two-component spinor formalism, as compared to the rather 
awkward four-component spinor analysis presented above. 

G.3 Gamma matrices and spinors in spacetimes of diverse dimensions and 
signatures 

The translation from two-component to four-component spinor notation given in Appendix G.l 
is specific to 3 -|- 1 spacetime dimensions. In d = 4 Euclidean space dimensions (independently 
of the choice of convention for the Minkowski metric), the Dirac gamma matrix algebra is 
defined by {7^ , 7^} = 25^'"1, where 5^''' = diag(l ,1,1,1). Using eqs. (A.23) and (G.1.2), the 
Euclidean gamma matrices (defined for /i, = 1 , ... ,4) are hermitian and given by 7I; = —27*^ 
{k = 1,2,3), 7I = 7O and 75^ = -^^^1^%^% = 7^ (e.g, see Appendix A.1.2 of ref. [299])P^ 
The four-dimensional reducible (Dirac) spinor representation corresponds to the (^,0) ^ (0, ^) 
representation of S0(4), although the (|,0) and (0, |) representations are independent pseudo- 
real representations of SO (4) not related by hermitian conjugation, as noted at the end of 
Section 2. A complete treatment of Euclidean two-component spinors can be found in ref. [128]. 



^ One can also choose to define the Euchdean Dirac algebra by {7^ , 7^} = — 2(5'"'l (simply by multiplying 
all gamma matrices by a factor of i), in which case the Euclidean gamma matrices, 7I; = 7*° and 7I; = 17" are 
anti-hermitian, and 75^; = —"fE'yE^E'yE ~ Ts is hermitian (e.g., see ref. [300]). These conventions arise more 
naturally in the general treatment of gamma matrices in d spacetime dimensions as defined in eq. (G.3.1). The 
corresponding Euchdean sigma matrices would then be defined as in footnote 88. 
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The Euclidean space formalism for fermions is necessary for a rigorous definition of the 
path integral in quantum field theory [121, 122]. Using the Euclidean Dirac gamma matrices 
introduced above, one can express the four-component Dirac Lagrangian directly in Euclidean 
space [220]. Carrying out the same procedure for the four-component Majorana Lagrangian is 
problematical. Because the (^,0) and (0,^) representations of S0(4) are not hermitian conju- 
gates of each other, a self-conjugate Euclidean Majorana fermion does not exist. Nevertheless, it 
is possible to devise a continuous Wick rotation from Minkowski spacetime to Euclidean space 
for Dirac, Majorana and Weyl spinor fields and the gamma matrices. In particular, one can 
construct a non-hermitian Euclidean action for a single Majorana or Weyl field whose Green 
functions are related to the usual Minkowski space Green functions by analytic continuation and 
a Wick rotation of the spinor fields. Further details can be found in refs. [126, 127].^'^^ 

The two-component spinor technology of this review is specifically designed to treat spinors 
in three space and one time dimension. In theories of d spacetime dimensions (where d is any 
positive integer), more general techniques are required. By considering spinors in this more 
general setting, one gains insight into the concepts of Majorana, Weyl and Dirac spinors and 
their distinguishing features. 

The mathematics of spinors [130] in spacetimes of dimension d = t + s (where t is the 
number of time dimensions and s is the number of space dimensions) is most easily treated by 
introducing higher-dimensional analogues of the gamma matrices, F'^, which satisfy the Clifford 
algebra [90, 91, 131-136, 140-142, 289, 301] ,^35 

{F^ , F^} = 27/^^^! , <^ = diag(++^^__+,^-^^), (G.3.1) 

t s 

where the identity matrix 1 and the F'^ are 2['^/^l x 21'^/^] matrices, and [d/2] is the integer part 
of d/2, 

r , -, \d/2, for d even, 

[d 2] = < ' (G.3.2) 
[{d-l)/2, for d odd. ^ ^ 

The choice of {s,t) denotes the signature of the spacetime. One can choose F^t = for 
/i = 1, 2, . . . , t and F/^t = .p' for = t + 1 , t + 2 , . . . , d. We identify iS^^ = 3 « [F^ , F"^] as 
the generators of SO(s,t) in the spinor representation. Next, we introduce the [(i/2]-component 
(complex) Dirac spinor ^ and its Dirac conjugate = where A = F^F^ • • • F* is a unitary 

matrix that satisfies: "^^^ 

A^^'A~^ = (-l)*+iF^t ^ = (_i)t(t-i)/2^ _ (Q,3,3) 



^■^^Previous attempts in the literature to define Euclidean Majorana field theories can be found in ref. [125]. 

^■^^This includes the Euclidean case [139] corresponding to t — and s — d [cf. footnote 133], and the Minkowski 
case corresponding to t = 1 and s — d — 1. 

^^^In d-dimensional Euclidean space (where t — 0), F'^^ = — r'' for all /i = 1, 2, . . . , d. As a result, we may 
choose j4 = 1, in which case Vl' = ^f^. 
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One can now build SO(,s, t)-covariant bilinears, ^'F^', where F is a product of gamma matrices. 
Biquadratic spinor Fierz identities involving quantities such as (^'iF^^'2)(^'3Fj\I'4) can also be 
derived [302], where the F^ = {l , F^, T^" (fi < u) , TfTT^ < < A) , . . . , F^F^ • • • T^W^^ } 
are a complete set of 2^['^/^l linearly independent matrices [which generalizes eq. (G. 1.101)]. 
If d is even, one can also introduce the d-dimensional analogue of 7^ by defining^^^ 

Fd+i = F^F^ . . . F'^ , (G.3.4) 

which is hermitian and satisfies (Td+i)'^ = 1 and {F^ , F(i+i} = 0. In the case of even-dimensional 
spacetimes, there are two possible choices for the charge-conjugated spinor ij/'^^i^s 

^ 5-1^* ^ where r? = ±1 , (G.3.5) 

and the are unitary matrices that satisfy: 

S^F^S"^ = 7?F^* , r] = ±l. (G.3.6) 

For even d, a convenient choice is B^^- = B^Fd+i [135]. 

If d is odd with signature {s,t), then the 2^'^~^^^'^ x 2^'^"-^)/^ gamma matrices F'^ (// = 
1, 2, . . . , d) consist of |F^, F^, . . . , F'^"-^, ^ir^+i} of the [d — l)-dimensional theory of signature 
(s — 1, t). By assumption, = d is a space index, so that F"^ = ztiF^+i is anti-hermitian. In the 
case of odd d, only one sign choice for t], namely rj = (— l)(*~*+i)/2^ ig consistent with eq. (G.3.6) 
as applied to F'^.^'^^ Consequently, only one definition of the charge-conjugated spinor is viable, 
namely ^'^ = Bz'^'if* for s - t = 1, 5 (mod 8) and ^'^ = B^^"^* for s - t = 3, 7 (mod 8). 

One important property of the i?^ is [131, 134, 140, 141]: 

b;b^ = , e^ = ±l, (G.3.7) 

for rj = ±1 in even-dimensional spacetimes and rj = (— l)(''~*+i)/2 in odd-dimensional spacetimes. 
In particular [134],^^" 

_f-M, for s-t = 0,1,2 (mod 8), -/+^' for s - t = 0, 6, 7 (mod 8) , 

^"~[-l, for s-t = 4,5,6 (mod 8), ^^~j-l, for s - t = 2, 3, 4 (mod 8) . 

(G.3.8) 

Using the charge-conjugated spinor defined in eq. (G.3.5), one can define a self-conjugate 
spinor, ^'-^ = ^. Two cases arise depending on the sign of rj [134,140-142], 

Major ana spinor: ^> = BZ^'^*, (G.3.9) 
pseudo-Major ana spinor: ^ = BT^"^* . (G.3.10) 



^■^^For t — I and d even, one traditionally takes /i = 0, 1, 2, . . . , d — 1 (where is the time index), in which case, 

-p _ •(d-2)/2 -pOrl -rd-l 

i d+1 = ^ " 1 1 • • • 1 
^■'^In four-dimensional Minkowski spacetime, we identify D = BZ^ [cf. eq. (G.1.17)] and 75-D = 
^''^The two sign choices for F'* correspond to two inequivalent representations of the Clifford algebra [eq. (G.3.1)] 

for d odd. Nevertheless, the corresponding S'"' yield equivalent spinor representations of SO{s,t). 
"°For d even, one can use B+ = B-Td+i and Br,Td+iB-^ = to derive e+ = (-1)'""*'/^ e_. 
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Due to the reahty conditions [eqs. (G.3.9) and (G.3.10)], the (pseudo-)Majorana spinor possesses 
grees of freedom. Using eq. (G.3.7), one immediately sees that eqs. (G.3.9) and 
(G.3.10) are respectively consistent if and only if = +1.^^^ The possible existence of Majorana 
[pseudo-Majorana] spinors in d-dimensional spacetime depends on the choice of s — t such that 
e_ = +1 [e_|_ = +1]. Using eq. (G.3.8), it follows that Majorana spinors can only exist in 
spacetimes where s — t = 0, 1, 2 (mod 8), and pseudo-Majorana can only exist in spacetimes 
where s—t = 0, 6, 7 (mod 8).^"^^ In particular, a Majorana spinor cannot exist in four-dimensional 
Euclidean space. 

Given a choice of sign for rj = ±1, one can define a corresponding charge conjugation matrix 
Cri, which is unitary and is defined by^^'^ 

Cr, = B]^A, where C^VC'^ = rii-lY+^V^ . (G.3.11) 

Eq. (G.3.5) then yields ^''-^ = C* The unitary matrices A, and Cr^ satisfy the following 
useful identities [134,140]: 

Bj^=e^B^, CT = e^??*(-l)*(*-i)/2C^, A* Br, = rf Br,A , A" = rfC,,A-\ 

(G.3.12) 

In the case of even d, one can define left and right-handed chiral projection operators: 

= i(l - Td+i) , PR = \{l + Td+i), (G.3.13) 

and introduce Weyl fermions, and ^ r, which satisfy Td+i^R^i = r^l. Equivalently, 

^l^Pl^', mR = Pn^, (G.3.14) 

so that (and likewise ^ b) possesses 2^'^^^)/^ complex degrees of freedom. It is possible 
for a spinor to be simultaneously a (pseudo) Majorana and a Weyl spinor if the spinor and 
its charge conjugate have the same chirality, in which case Br^Td+iB'^ = (for even d). 

The latter condition holds when = 1 or equivalently s — t = (mod 4). Combining this 
requirement with the condition for the existence of a (pseudo) Majorana spinor, it follows that a 
(pseudo) Majorana- Weyl spinor, which possesses grees of freedom, can only exist 

in spacetimes where s — t = (mod 8). For further details, see refs. [91, 131-134, 140-142,289]. 

As in Section 3.2, one can also consider a multiplet of fermions that transforms under a 
complex, real or pseudo-real representation R of the flavor group G as 

■^i^{DR)i^-^j, Dr = expi-i9''T^) , i,j = l,2,...,dR, (G.3.15) 

^''^If = —1 then one can introduce a generalized reality condition [cf. eq. (G.3.16)], which constrains the 
structure of a multiplet of Dirac fermions that transforms under a pseudo-real representation of the flavor group. In 
this case, the corresponding (generalized) self-conjugate spinors are called symplectic (pseudo-)Majorana spinors, 
as discussed below eq. (G.3.20). 

^''^As shown in ref. [134,140], no SO(s, f)-invariant mass term is allowed for a pseudo-Majorana spinor. 

^*^In four-dimensional Minkowski spacetime, we identify C = (Cl)^^ — C* [cf. eq. (G.1.10)] and B = C+ 
[cf. eq. (G.1.19)]. In this case, one cannot use C+ to consistently define a self-conjugate spinor, as the corresponding 
e+ = -1. 
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where Dji is unitary and the corresponding generators are hermitian. The dimension of R 
is denoted by dpi, which must be even in the pseudo-real case. In both the real and pseudo- 
real cases, one can also impose a reality condition that generalizes the Majorana conditions of 
eqs. (G.3.9) and (G.3.10), 

(^.)* = ^*i = W'^Bri-ifj , (G.3.16) 

where is a unitary matrix and acts on the (suppressed) spinor indices of ^j. Additional 
constraints on the form of W are obtained as follows. First, taking the complex conjugate of 
eq. (G.3.16) and inserting the result back into the same equation, it follows that 

W*W = er,l, (G.3.17) 

after making use of eq. (G.3.7). Second, eq. (G.3.16) must hold true if 'J/ is replaced by Dfj^ 
on both sides of the equation, in order to be compatible with the flavor symmetry group trans- 
formation law [eq. (G.3.15)]. This latter requirement combined with eq. (G.3.17) yields: 

Dr = e^W*D*RW = W^^D*rW . (G.3.18) 

Eq. (G.3.18) can be expressed in terms of the flavor group generators, 

iT^ = W-^{iT^)* W . (G.3.19) 

Comparing with eqs. (E.1.4)-(E.1.6), we conclude that the unitary matrix W satisfies: 

J j -M , i? is a real representation, 

W = erjW , — i (G.3.20) 

I — 1 , i? is a pseudo-real representation . 

When i? is a real representation, W = W'^ , and a basis for the flavor group generators can 
be chosen such that = 1 [cf. eq. (E.1.7)], in which case Dr is a real orthogonal matrix. Since 
= +1, eq. (G.3.16) yields (pseudo-)Majorana spinors (depending on the sign of i]) as defined 
previously in eqs. (G.3.9) and (G.3.10). 

When i? is a pseudo-real representation, W = —W'^, and a basis for the flavor group 
generators can be chosen such that W = J = diag { ( J ) , ( o ) , ■ ■ ■ , ( _? o ) } is a x d/j 
matrix, where dji is even [cf. eq. (E.1.8)]. In this case, DJ^JDr = J, which implies that Dr is 
a unitary symplectic matrix [136]. Moreover, = —1, which was incompatible with the reality 
conditions of eqs. (G.3.9) and (G.3.10), but is compatible with the generalized reality condition 
of eq. (G.3.16). 

Therefore, we define symplectic (pseudo-)Majorana spinors [134, 136, 137, 142, 289] to be 
spinors that transform as a pseudo-real representation under some flavor group and satisfy the 
generalized reality condition of eq. (G.3.16), where is a unitary antisymmetric matrix, de- 
pending on the choice of 77 = ±1 (with ij = —1 yielding the "pseudo" designation). As suggested 
by eqs. (3.2.35)-(3.2.40), 2dR symplectic (pseudo-)Majorana spinors are equivalent to dR Dirac 
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fermions. The possible existence of symplectic (pseudo-) Major ana spinors in a d-dimensional 
spacetime is governed by eq. (G.3.8). Requiring that = — 1 implies that symplectic Majorana 
spinors exist in spacetimes where s — t = 4, 5, 6 (mod 8), and symplectic pseudo-Major ana 
spinors exist in spacetimes where s — t = 2, 3, 4 (mod 8). Using this nomenclature, the fermions 
described by the four-dimensional Minkowski space Lagrangian given in eq. (3.2.35) are sym- 
plectic pseudo-Major ana spinors. 

G.4 Four-component spinor wave functions 

In four-dimensional Minkowski space, the free four-component Majorana field can be expanded 
in a Fourier series; each positive [negative] frequency mode is multiplied by a commuting spinor 
wave function u{p,s) [v{p,s)] as in eq. (3.2.11),^^^ 



(27r)3/2(2i^,p)i/2 



u{p, s)ai{p, s)e ^P-^ + v{p, s)aj(p, s)e'P- 



(G.4.1) 



where Eip = (|jo|^ + m?)^/^, and the creation operators a| and the annihilation operators Oj 
satisfy anticommutation relations: 

{ai{p,s),a]{p',s')} = 6^{p-p')6ss'6^j , (G.4.2) 

with all other anticommutation relations vanishing. We employ covariant normalization of the 
one-particle states given by eq. (3.2.13). It then follows that 

(0| ^m{x) \p, s) = u{p, s)e-'P-^ , (0| ^A/(x) \p, s) = v{p, s)e-^P-" , (G.4.3) 

{p, s\ ^^Mix) |0) = u{p, s)e'P-'' , {p, s\ *m(x) |0) = v{p, s)e'P-^ . (G.4.4) 

These results are the four-component spinor versions of eqs. (3.1.7) and (3.1.8). 
Likewise, the free Dirac field can be expanded in a Fourier series. 



cfp 



(27r)3/2(2ii;,p)i/2 



n(p, s)ai{p, s)e 'P'"' + v{p, s)b\{p, s)e'P 



(G.4.5) 



where the creation operators a| and b- and the annihilation operators and bi satisfy anticom- 



mutation relations: 



{ai{p, s), a]{p\ s')] = 6'\p- p')6ss'Sij , 
{biip, s), b]ip', s')} = 5^{p- p')6ss'6ij , 



(G.4.6) 
(G.4.7) 



with all other anticommutation relations vanishing. We employ covariant normalization of the 
fermion (F) and antifermion (F) one-particle states given by eq. (3.2.22). It then follows that 



(0|^(x)|p,s;F) =^z(p,s)e-*f■^ 
{p,s;F\^{x)\0)=u{p,s)e'P-^, 



(0| ^{x) \p, s; F) = v{p, s)e-^P-^ , (G.4.8) 
(p,s;F\^{x)\0) =v{p,s)e'P-^ , (G.4.9) 



^''^Some subtleties arise in the choice of relative phases of the creation and annihilation operators, which are 
related to the C, CP and CPT transformation properties of the Majorana field. For further details, see ref. [303]. 



215 



and the four other single-particle matrix elements vanish. These results are the four-component 
spinor versions of eqs. (3.2.23)-(3.2.26). The Fourier expansion of the charge-conjugated free 



Dirac field ^'p(x) = C^'j' (x) is given by: 



(27r)3/2(2i?,p)i/2 L 



u{p, s)bi{p, s)e 'P-"" + v{p, s)a]{p, s)e'P- 



(G.4.10) 



where we have used eq. (G.4.13). That is, the charge conjugation transformation interchanges 
the annihilation and creation operators, ai -H- hi and a\ -f-)- b\. Thus, if ^''^(x) = ^'(x), then we 
must identify a = b and = b^ , corresponding to the free Majorana field given in eq. (G.4.1). 

The two-component spinor momentum space wave functions are related to the traditional 
four-component spinor wave functions according to: 



u{p, s) 



v{p, s) = 

where the u and f-spinors are related by 
v{p,s) = Cu{p,s)'^ , 




uiP,s) = {y"ip,s), x\{p,s)) 



v{p,s) = yi{p,s)) 



v{p,s) = -u{p,s)^C ^ 



u{p, s) = Cv{p, s)'^ , 
u{Pis) = -v{p,s)'^C^^ 



(G.4.11) 



(G.4.12) 



(G.4.13) 
(G.4.14) 



The spin quantum number takes on values s = it^, and refers either to the component of 
the spin as measured in the rest frame with respect to a fixed axis or to the helicity (as discussed 
in Section 3.1 and Appendix C). Note that the u and u-spinors also satisfy: 



v{p,s) = -2s-fr,u{p, -s) , 



u{p, s) = 2sj^v{p, -s) 



(G.4.15) 



which follows from eq. (3.1.23). Explicit forms for the four-component spinor wave functions in 
the chiral representation can be obtained using eqs. (3.1.19)-(3.1.22), where Xs(^) is given in 
eq. (C.1.11). For helicity spinors, further simplifications result by employing eqs. (C.3.4)-(C.3.7). 
One can check that u and v satisfy the Dirac equations 



{■^ — m) u{p, s) = + m) v{p, s) = , 
u{p, s) {j) — m) = v{p, s) {;^ + m) = , 
corresponding to eqs. (3.1.9)-(3.1.12), and 

{2sjJ - 1) u{p, s) = {2s^J - 1) v{p, s) = , 
u(p, s) (2s75^ - 1) = ^(P. (2575"? - 1) = , 



(G.4.16) 
(G.4.17) 

(G.4.18) 
(G.4.19) 
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corresponding to eqs. (3.1.24)-(3.1.27), where the spin vector is defined in eq. (3.1.15).^^^ 
For massive fermions, eqs. (3.1.46)-(3.1.49) correspond to 



u{p, s)u{p, s) = i(l + 2s75^) (J^ + ' 
v{p, s)v{p, s) = i(l + 2s75^) (J>-m). 



(G.4.20) 
(G.4.21) 



To apply the above formulae to the massless case we must employ helicity states, where s 
is replaced by the helicity quantum number A, and is defined by eq. (3.1.16). In particular, 
in the m — )• limit, = p'^/m + 0{m/E). Inserting this result in eqs. (G.4.18) and (G.4.19) 
and using the Dirac equations, it follows that the massless helicity spinors are eigenstates of 75, 



75m(p, A) = 2An(p, A) , l^^iP, A) = -2Xv{p, A) . 

Combining these results with eq. (G.4.15) [with s replaced by A] yields: 

v{p, A) = -2\-f^u{p, -A) = u{p, -A) , A = ±i , 



(G.4.22) 



(G.4.23) 



and we see that the massless u and v spinors of opposite helicity are the same. 

Applying the above m — )• limiting procedure to eqs. (G.4.20) and (G.4.21) and using the 
mass-shell condition (|i/^ = p^ = m?), one obtains the massless helicity projection operators 
corresponding to eqs. (3.1.54)-(3.1.57): 

n(p,A)n(p,A) = \{l + 2\^^)i), (G.4.24) 

v{p, X)v{p, A) = i(l - 2A75) ^ ■ (G.4.25) 

Summing over the spin degree of freedom, we obtain the spin-sum identities corresponding 
to eqs. (3.1.58)-(3.1.61), 

^ u{p, s)u{p, s) 



^v{p,s)v{p,s 

s 

^u{p,s)v'^{p,s 

s 

^v^{p,s)v{p,s 

s 

^v'^{p,s)u{p,s 

s 

^v{p,s)u^{p,s 



fi — m , 



(G.4.26) 

(G.4.27) 
(G.4.28) 
(G.4.29) 
(G.4.30) 
(G.4.31) 



which are valid for both the massive case and the massless m — t- limit. 
^**We use the standard Feynman slash notation: ^ = ■Jii.p'^ and ^ = f/j.S'^. 
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As previously noted, the results for the bilinear covariants obtained in eqs. (G.1.78)-(G.1.89) 
can also be applied to expressions involving the commuting spinor wave functions. Various 
relations among the possible bilinear covariants can be established by using eqs. (G.4.13) and 
(G.4.14). As an example, for T = 1 , 75 , , 7^75 , , S'^^75, 

u{pi, si)rv{p2, S2) = -v{pi, si)'^C~^rCu{p2, = -r]^u{p2, S2)Tv{pi, Si) , (G.4.32) 
u{Pi,si)Vu{p2, S2) = -v{pi, si)'^C~^rCv{p2, 82)'^ = u(p2, S2)Tv{pi,si) , (G.4.33) 

where the sign 7]^ [defined in eq. (G.1.24)] arises after taking the transpose and applying 
eq. (G.1.24). In particular, the (commuting) u and v spinors satisfy the following relations: 



u{Pi,si)Plv{p2, S2) = -u{p2, S2)Plv{pi,si) , (G.4.34) 

u{pi, si)Prv{p2, S2) = -u{p2, S2)Prv{pi,si) , (G.4.35) 

u{pi,si)j''Plv{p2, S2) = u{p2, S2)i^Prv{pi,si) , (G.4.36) 

u{Pi,sih''PRviP2, S2) = u{p2, S2)i^Plv{Pi,si) , (G.4.37) 



and four similar relations obtained by interchanging f (p2i ^2) ^ '^{'92^ ■^a)- 
G.5 Feynman rules for four-component fermions 

We now illustrate some basic applications of the above formalism. In particular, we shall estab- 
lish a set of Feynman rules for four-component fermions that treat both Dirac and Majorana 
fermions on the same footing. These rules generalize the standard Feynman rules for four- 
component Dirac fermions found in most quantum field theory textbooks. Two advantages of 
the rules presented here are: (i) no factors of the charge conjugation matrix C are required for 
fermion interaction vertices and propagators, and (ii) the relative sign between different diagrams 
corresponding to the same physical process is simply determined. Our rules have been obtained 
by translating our two-component fermion Feynman rules into the four-component spinor lan- 
guage. The resulting Feynman rules for four-component Majorana fermions are equivalent to 
the set of rules independently obtained in ref. [304] (see also refs. [305,306]). 

Consider first the Feynman rule for the four-component fermion propagator. Virtual Dirac 
fermion lines can either correspond to ^ or . Here, there is no ambiguity in the propagator 
Feynman rule, since for free Dirac fermion fields, 

(0| T[^a{x)^\y)] |0) = (0| r[^^(x)^'(y)] |0) , (G.5.1) 

so that the Feynman rules for the propagator of a ^' and ^''^ line, exhibited in Fig. G.5.1, are 
identical. The same rule also applies to a four-component Majorana fermion. 

^*'^In deriving eq. (G.5.1), we have used C*aC"^ = r^c^a and C^^C"^ = 77^*'^", where C is the charge 
conjugation operator that acts on the quantum Hilbert space and 77c is a convention-dependent phase factor [36,38]. 
Note that C is a unitary operator and C |0) — jO) in the free- field vacuum. 
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p2 _ jy^2 _j_ 



Figure G.5.1: Feynman rule for the propagator of a four-component fermion with mass m. 
The same rule applies to a Majorana, Dirac and charge-conjugated Dirac fermion. The four- 
component spinor labels a and h are specified. 



Using eq. (G.1.2), the four-component fermion propagator Feynman rule can be expressed 
partitioned matrix of 2 x 2 blocks, 

P ( \ 

, (G.5.2) 




— m? + ie _ 

where a and 6 are four-component spinor indices. That is, eq. (G.5.2) is a partitioned matrix 
whose blocks consist of two-component fermion propagators defined in Fig. 4.2.1, with the 
undotted and dotted a [/3] indices on the left [right] and with the momentum flowing from right 
to left. 

The derivation of the four-component Dirac fermion propagator is treated in most modern 
textbooks of quantum field theory (see, e.g., ref. [114]). Here, we briefly sketch the path integral 
derivation of the four-component fermion propagator by exploiting the path integral treatment 
of the two-component fermion propagators outlined in Appendix F. Consider a single massive 
Dirac fermion ^[x) coupled to an anticommuting four-component Dirac fermionic source term 

J-qa (2^) 

The corresponding action [eq. (F.2)] in four-component notation is given by 
Introducing the momentum space Fourier coefficients: 



(G.5.3) 



(G.5.4) 



-ip 



-$(p), J^{x) 



(G.5.5) 



(27r)4 J (27r)4 

we can identify the following four-component quantities with matrices of two-component quan- 
tities given in eqs. (F.7) and (F.27): 

$(p) = A-'n,{p) , 



J^{p) = Xc{p) , i)-m = M{j>)A , 



(G.5.6) 



where A is the Dirac conjugation matrix defined in eqs. (G.1.9) and (G.1.11). Using the results 
of Appendix F, one easily derives: 

' -t \ -J . V ■ 



(0|T(^(xi)^(x2))|0) 



5J^{xi) 



W[J,J] 



SJ^{X2) 



(G.5.7) 
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where 

W[J^ , J^] = exp |-. j ^74p)^±^ J^(p)} . (G.5.8) 
Using the analogues of eqs. (F.23) and (F.24), we end up with the expected result 

(0|r(^(.0^(-2))|0) = / e-^^-(---) . (G.5.9) 

In principle, the analogous computation can be carried out for a single four-component Ma- 
jorana fermion field m{x) coupled to a Majorana fermionic source, J^{x). The corresponding 
action is similar to that of eq. (G.5.4), with an extra overall factor of 1/2. However, in eval- 
uating the functional derivative in eq. (G.5.8), one must take into account that the Majorana 
fermionic source J({x) satisfies = CJj = J^. Consequently, the functional derivative with 
respect to is related to the corresponding functional derivative with respect to Jg. Hence, 
the calculation of eq. (G.5.8) will yield two equal terms that will cancel the overall factor of 
1/2, resulting again in eq. (G.5.9). Nevertheless, this computation is somewhat awkward using 
four-component spinor notation, in contrast to the straightforward calculation of Appendix F. 

We next examine the various interactions involving four-component fermions. First, we 
consider the interactions of a neutral scalar (f) or a gauge boson with a pair of Majorana 
fermions To obtain the interactions of the four-component fermion fields, we first identify the 
neutral two-component fermion mass eigenstate neutral fields ^j. Using eqs. (4.3.9) and (4.3.15), 
the interaction Lagrangian in two-component form is given by: 

^int = -^(A*^e.6- + K.^^'^^'H - {cni e^'^o^^ , (G.5.10) 

where A is a complex symmetric matrix with A*-' = X^j [cf. eq. (3.2.2)], the are the mass 
eigenstate gauge fields, and the corresponding hermitian matrices are defined in eq. (4.3.16). 
It is now simple to convert this result into four-component notation: 

^int = -U>^''^MiPL^Mj + ^ij^lPuKlH - {G^^^in^'PL^MjA''^ , (G.5.11) 

where the ^Mj are a set of (neutral) Majorana four-component fermions. It is convenient to use 
eq. (G.1.98) to rewrite the term proportional to {G"')i^ in eq. (G.5.11) as follows 

= \'^M^r [{G^VPl - {.G'')j'Pr] ^Mj ■ (G.5.12) 

In the last step above, we have lowered the flavor indices of the four-component Majorana 
fermion fields, as the heights of these indices can be arbitrarily chosen [cf. eq. (G.1.76)]. 

Using standard four-component spinor methods, the corresponding four-component spinor 
Feynman rules are displayed in Fig. G.5.2. A Majorana fermion is neutral under all conserved 
charges (and thus equal to its own antiparticle) . Hence, an arrow on a Majorana fermion line 
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-i[X'^PL + XijPR]t 



Figure G.5.2: Feynman rules for neutral scalar and gauge boson interactions with a pair of 
four-component Majorana fermions (labeled by four-component spinor indices b and c). The 
are defined in eq. (4.3.16). The index a runs over the neutral (mass eigenstate) gauge bosons. 



simply reflects the structure of the interaction Lagrangian; i.e., [^m] is represented by an 
arrow pointing out of [into] the vertex. These arrows are then used for determining the placement 
of the u and v spinors in an invariant amplitude, according to the rules of Appendix G.6. In 
particular, the four-component spinor labels of Fig. G.5.2 indicate that one should traverse any 
continuous fermion line by moving antiparallel to the direction of the fermion arrows. 

Next, we consider the interactions of a (possibly complex) scalar $ or a gauge boson with 
a pair of Dirac fermions. The Dirac fermions are charged with respect to some global or local U(l) 
symmetry, which is assumed to be a symmetry of the Lagrangian. To obtain the interactions of 
the four-component fermion fields, we first identify the mass-degenerate oppositely charged pairs 
Xj and rjj (with U(l)-charges qj and —qj, respectively) that combine to form the mass eigenstate 
Dirac fermions. The scalar field $ carries a U(l)-charge q^. We also identify the gauge boson 
mass eigenstates of definite U(l)-charge by ^4^ as described in Section 4.3 (cf. footnote 41). 
Using eqs. (4.3.9) and (4.3.18), the interaction Lagrangian in two-component form is given by: 



(G.5.13) 



where = (K^j)* [cf. eq. (3.2.28)] and k is an arbitrary complex matrix coupling, subject to the 
conditions that = unless q^ = qj—qi- For the gauge boson couplings, we follow the notation 
of eqs. (4.3.19) and (4.3.20). In particular, A^G^ and ^^G^ are hermitian matrix-valued gauge 
fields, which when summed over a can contain both neutral and charged [with respect to U(l)] 
mass eigenstate gauge boson fields. Converting to four-component notation yields: 

^int = -ti'j'^^PL^i^ - k^WPr^j^^ - [{Giy^'^^'PL^j + {Gj^y^'j^PR^j] Al , (G.5.14) 

where the are a set of Dirac four-component fermions. If <^ is a real (neutral) scalar field, 
then we shall write (j) = ^ = The corresponding four-component spinor Feynman rules 
are exhibited in Fig. G.5.3. The rules involving the charge-conjugated Dirac fields have been 
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Figure G.5.3: Feynman rules for neutral scalar {(p), charged scalar ($) and gauge boson (A^"") 
interactions with a pair of four-component Dirac fermions (labeled by four-component spinor 
indices b and c). In each case, one has two choices for the corresponding Feynman rule: one 
involving ^ and one involving the oppositely charged (with the arrows of the corresponding 
^ and 'if'-" lines pointing in opposite directions). The arrows indicate the direction of flow of the 
U(l)-charges of the Dirac fermion and charged scalar fields. The index a runs over both neutral 
and charged (mass eigenstate) gauge bosons, consistent with charge conservation at the vertex. 

obtained by using eq. (G.1.90). Note that the arrows on the charged scalar and Dirac fermion 
lines depict the flow of the conserved U(l)-charge. 

Finally, we treat the interaction of a charged scalar boson ^ (with U(l)-charge q^) or a 
charged vector boson W (with U(l)-charge q^r) with a fermion pair consisting of one Majorana 
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and one Dirac fermion. We denote the neutral fermion mass eigenstate fields by and pairs of 
oppositely charged fermion mass eigenstate fields by Xj ^^'^ '?"' (with U(l)-charges qj and —qj, 
respectively). Using eqs. (4.3.9) and (4.3.21), the interaction Lagrangian is given by: 

-W^KGl)/x^^a^^^^ - {G2hC^'a^^v'] " WlUGiY - {G2fr,]^''^^] , (G.5.15) 

where ki, K2, Gi, and G2 are arbitrary complex coupling matrices, subject to the conditions 
that {kiYj = {n2)ij = unless = qj, and (G'i)j* = {G2)ij = unless q^r = qj- Converting to 
four-component spinor notation yields: 

- [{Gi)/^^rPL-^An + {G2)ij^^rpRni] + ^.c. (G.5.16) 

The corresponding four-component spinor Feynman rules are exhibited in Fig. G.5.4. 

There is an equivalent form for the interactions given by eqs. (G.5.13) and (G.5.16) where 
Jfint is written in terms of charge-conjugated Dirac fields [after using eq. (G.1.90)]. The Feynman 
rules involving Dirac fermions can take two possible forms, as shown in Figs. G.5.3 and G.5.4. 
As previously noted, the direction of an arrow on a Dirac fermion line indicates the direction 
of the fermion charge flow (whereas the arrow on the Majorana fermion line is unconnected to 
charge flow). However, we are free to choose either a ^' or "i^^ line to represent a Dirac fermion at 
any place in a given Feynman graph. For any decay or scattering process, a suitable choice of 
either the ^-rule or the ^'^-rule at each vertex (the choice can be different at different vertices), 
will guarantee that the arrow directions on fermion lines flow continuously through the Feynman 
diagram. Then, to evaluate an invariant amplitude, one should traverse any continuous fermion 
line (either "if or ^''-') by moving antiparallel to the direction of the fermion arrows, as indicated 
by the order of the four-component spinor labels in the Feynman rules of Figs. G.5.3 and G.5.4. 
Examples will be provided in Appendix G.6. 

G.6 Applications of four-component spinor Feynman rules 

For a given process, there may be a number of distinct choices for the arrow directions on the 
Majorana fermion lines, which may depend on whether one represents a given Dirac fermion by 
ijf or . However, different choices do not lead to independent Feynman diagrams. When 
computing an invariant amplitude, one first writes down the relevant Feynman diagrams with 
no arrows on any Majorana fermion line. The number of distinct graphs contributing to the 

^""^Since the charge of '^'^ is opposite in sign to the charge of 'if, the corresponding arrow directions of the ^ 
and ^''^ Unes must point in opposite directions. 

^**In contrast, the two-component Feynman rules developed in Section 4 require that two vertices differing by 
the direction of the arrows on the two-component fermion lines must both be included in the calculation of the 
matrix element. 
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or 



or 




[{^^lyjPL + {^^2)ijPR)\^ 



[{^^2rPL + {Kl)i'PR)\ 




i^^ {{G^)^■PL^{G2)^,PR)\ 



or 



or 




iY [(G2).,Pl + (Gi)/P^)], 




[(Giy,PL + (G2)*^Pi?], 



or 



or 




^7/^ [{G2rPL + {Gl)hPR], 



Figure G.5.4: Feynman rules for charged scalar and vector boson interactions with a fermion 
pair consisting of one Majorana and one Dirac four-component fermion (labeled by four- 
component spinor indices h and c). In each case, one has two choices for the corresponding 
Feynman rule: one involving ^ and one involving the oppositely charged (with the arrows 
of the ^ and lines pointing in opposite directions). The arrows of the Dirac fermion and 
charged bosons indicate the direction of flow of the corresponding U(l)-charges. That is, the 
charge of the boson (either <1> or above) must coincide with the charge of ^j. The arrows 
of the Majorana fermions satisfy the requirement that the fermion line arrow directions flow 
continuously through the vertex. 224 



process is then determined. Finally, one makes some choice for how to distribute the arrows on 
the Majorana fermion lines and how to label Dirac fermion lines (either as the field ^ or its 
charge conjugate ^''^) in a manner consistent with the rules of Figs. G.5.2 and G.5.4. The end 
result for the invariant amplitude (apart from an overall unobservable phase) does not depend 
on the choices made for the direction of the fermion arrows. 

Using the above procedure, the Feynman rules for the external fermion wave functions are 
the same for Dirac and Majorana fermions: 

• u{'p,s): incoming ^ [or ^'-'J with momentum p parallel to the arrow direction, 

• uip, s): outgoing ^' [or ^'^] with momentum p parallel to the arrow direction, 

• v{p,s): outgoing ^ [or ^'-"] with momentum p antiparallel to the arrow direction, 

• u(jD, s): incoming [or ^''^] with momentum p antiparallel to the arrow direction. 

The proof that the above rules for external wave functions apply unambiguously to Majorana 
fermions is straightforward. Simply insert the plane wave expansion of the Majorana field given 
by eq. (G.4.1) into eq. (G.5.11), and evaluate matrix elements for, e.g., the decay of a scalar or 
vector particle into a pair of Majorana fermions. 

We now reconsider the matrix elements for scalar and vector particle decays into fermion 
pairs and 2—7-2 elastic scattering of a fermion off a scalar and vector boson, respectively. We 
shall compute the matrix elements using the Feynman rules of Fig. G.5.2, and check that the 
results agree with the ones obtained by two-component methods in Section 4.5. 

Consider first the decay of a neutral scalar boson (p into a pair of Majorana fermions, 
(j) —5- ^Mi(Pi, •5i)*I'Mj(P2 5 •52)5 of fiavor i and j, respectively. Here, ^Mi{p,s) denotes the one- 
particle state given by eq. (3.2.13). The matrix element for the decay is given by 



One can easily check that this result matches with eq. (4.5.2), which was derived using two- 
component spinor techniques. Note that if one had chosen to switch the two final states (equiv- 
alent to switching the directions of the Majorana fermion arrows), then the resulting matrix 
element would simply exhibit an overall sign change [due to the results of eqs. (G.4.34) and 
(G.4.35)]. This overall sign change is a consequence of the Fermi-Dirac statistics, and corre- 
sponds to changing which order one uses to construct the two-particle final state. 

Consider next the decay of a (neutral or charged) scalar boson <I> into a pair of Dirac 
fermions, ^ — )• Fi(pi,si)F\p2,S2), where by F{p,s) and F{p,s) we mean the one-particle 
states given by eq. (3.2.22). The matrix element for the decay is given by 



iM 



iu{pi, si){\'^Pl + XijPR)v{p2, S2) . 



(G.6.1) 



iM 



iu{pi, Si){K>iPL + Ki^PR)v{p2, S2) 



(G.6.2) 
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which is equivalent to eq. (4.5.5), which was derived using two-component spinor techniques. 
For the decay of a neutral vector boson (denoted by into a pair of Majorana fermions, 
— *I'Mi(Pi, si)^A/j(P2> '^2)) we use the Feynman rules of Fig. G.5.2 to obtain: 

iM = -zn(pi, sOt'' [G^Pl - Gj'Pr] v{p2, 82)8^, , (G.6.3) 

The above result is equivalent to eq. (4.5.8), which was derived using two-component spinor 
techniques. Again, we note that if one had chosen to switch the two final states (equivalent 
to switching the directions of the Majorana fermion arrows), then the resulting matrix element 
would simply exhibit an overall sign change [due to the results of eqs. (G.4.36) and (G.4.37)]. 
For i = j, eq. (G.6.3) simplifies to 

iM = iGu{p^, si)Yl5v{P2, S2)si, , (G.6.4) 

where G = Gi. The absence of a vector coupling of the vector boson to a pair of identical 
Majorana fermions is a consequence of the identity ^mT^^a/ = noted below eq. (G.1.97). 

For the decay of a (neutral or charged) vector particle into a fermion pair consisting of 
a Dirac fermion and antifermion, — )• Fi{pi, si)F^ {p2, S2), the matrix element is given by: 

iM = -iu{p^, si)7^ [{GL)^^PL + {Gr)^Pr] vip2, ^2)8^ , (G.6.5) 

which matches the result of eq. (4.5.12). 

Finally, we consider the decay of a charged boson to a fermion pair consisting of one Dirac 
fermion and one Majorana fermion. Using the Feynman rules of Fig. G.5.4, we see that we 
have a choice of two rules for each decay process. As an example, consider the decay W — )• 
^Mi(Pi, si)Fj{p2, S2). If we apply the W^^a/^ Feynman rule of Fig. G.5.4, we obtain: 

iM = -iu{p2,S2) [iGi)/PL + {G2)ijPR] vip„si) . (G.6.6) 

If we apply the corresponding W'^m^'^' Feynman rule, we obtain the negative of eq. (G.6.6) 
with Pi -H- Pr and {pi, si) o {p2, 82)- Using eqs. (G.4.36) and (G.4.37), the resulting amplitude 
is the negative of eq. (G.6.6), as expected since the order of the spinor wave functions in the 
two computations is reversed. A similar conclusion is obtained for the decay ^ — )• ^MiPj- 

Turning to the elastic scattering of a Majorana fermion and a neutral scalar, we shall 
examine two equivalent ways for computing the amplitude. Following the rules previously stated, 
there are two possible choices for the direction of arrows on the Majorana fermion lines. Thus, 
may evaluate either one of the following two diagrams: 
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plus a second set of diagrams (not shown) where the initial and final state scalars are crossed. 
Evaluating the first diagram above, the matrix element for (f>^M — )• (I)^m is given by: 

iM = ~^ „ u{p2, S2){XPl + X*Pr){^ + m){XPL + X*Pr)u{pi, si) + (crossed) 
s — 

= u{P2, S2) [|A|V + (A'Pl + {X*fPR) m] u{p^, si) + (crossed) , (G.6.7) 

where m is the Major ana fermion mass and ^/s is the center-of-mass energy. Using eqs. (G.1.2) 
and (G.4.11), one recovers the results of eq. (4.5.13). Had we chosen to evaluate the second 
diagram instead, the resulting amplitude would have been given by: 

iM = v{Pi,si) [-|A|V + (A^Pl + {X*fPR) m] vip^, S2) + (crossed) . (G.6.8) 

Using eq. (G.4.33), it follow that: 

v{p^,si)v{p2, S2) = -u{p2, S2)u{pi, Si) , (G.6.9) 
viPi, si)j''v{p2, S2) = u{p2, S2)-i^u{p^, Si) . (G.6.10) 

Consequently, the amplitude computed in eq. (G.6.8) is just the negative of eq. (G.6.7). This 
is expected, since the order of spinor wave functions in eq. (G.6.8) is an odd permutation of 
the order of spinor wave functions in eq. (G.6.7) [(12) and (21), respectively]. As in the two- 
component Feynman rules, the overall sign of the amplitude is arbitrary, but the relative signs of 
any pair of diagrams is unambiguous. This relative sign is positive [negative] if the permutation 
of the order of spinor wave functions of one diagram relative to the other diagram is even [odd]. 

Next, we consider the elastic scattering of a charged fermion and a neutral scalar. Again, 
we examine two equivalent ways for computing the amplitude. Following our rules, there are two 
possible choices for the directions of the fermion line arrows, depending on whether we represent 
the fermion by ^' or Thus, we may evaluate either one of the following two diagrams: 




plus a second set of diagrams (not shown) where the initial and final state scalars are crossed. 
Evaluating the first diagram above, the matrix element for (j)F — t- (pF is given by eq. (G.6.7), with 
A replaced by k. Had we chose to evaluate the second diagram instead, the resulting amplitude 
would have been given by eq. (G.6.8), with A replaced by k. Thus, the discussion above in the 
case of neutral fermion scattering processes also applies to charged fermion scattering processes. 

In processes that only involve vertices with two Dirac fields, it is never necessary to use 
charge-conjugated Dirac fermion lines. In contrast, consider the following process that involves 
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a vertex with one Dirac and one Majorana fermion. Specifically, we examine the scattering of 
a Dirac fermion and a charged scalar into its charge-conjugated final state, via the exchange 
of a Majorana fermion: <I>^F — > ^F. If one attempts to draw the relevant Feynman diagram 
employing Dirac fermion lines but with no charge-conjugated Dirac fermion lines, one finds that 
there is no possible choice of arrow direction for the Majorana fermion that is consistent with 
the vertex rules of Fig. G.5.4. The resolution is simple: one can choose the incoming line to be 
^ and the outgoing line to be or vice versa. Thus, the two possible choices are given by: 




plus a second diagram in each case (not shown) in which the initial and final scalars are crossed. 
If we evaluate the first diagram, the resulting amplitude is given by: 

— 1 

iM = ^ u{p2, S2)(k2-Pl + ><[PR){i> + m){K2PL + kIPr)u{pi, Si) + (crossed) 

s — 

= ^ _ ^2 ^(^^2; S2) [kIk2^ + {kIPl + {K*ifPR) m] m(pi, Si) + (crossed) , (G.6.11) 

where m is the Majorana fermion mass. This result is equivalent to eq. (4.5.17) obtained via 
the two-component spinor methods. Had we evaluated the second diagram, then one finds after 
using eqs. (G.6.9) and (G.6.10) that the resulting amplitude is just the negative of eq. (G.6.11), 
as expected. As before, the relative sign between diagrams for the same process is unambiguous. 

In the literature, there are a number of alternative methods for dealing with scattering 
processes involving Majorana particles. For example, one can define a fermion number violating 
propagator for four-component fermions (see, e.g., ref. [7]). Using the methods of ref. [7], factors 
of the charge conjugation matrix C appear both in fermion-number-violating propagators and 
vertices. However, all such factors of C eventually cancel out by the end of the computation 
of any S-matrix amplitude. Moreover, such methods often involve subtle choices of signs that 
require first-principles computations to verify. As previously noted, our four-component fermion 
diagrammatic techniques do not suffer from either of these complications. 

In the case of elastic scattering of a Majorana fermion and a neutral vector boson, the two 
contributing diagrams include the following diagram: 



P 
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plus a second diagram (not shown) where the initial and final state vector bosons are crossed. 
Consider first the scattering of a neutral Majorana fermion of mass m. Using the Feynman 
rules of Fig. G.5.2, the Feynman rule for the vertex is given by 1^7^75. Hence, the 

corresponding matrix element is given by 



iM 



ju{p2, S2) j-e* {i) - m)j-e^u{p^,si) + (crossed) , 



(G.6.12) 



s — 

where we have used 7*^75 (^ + W') 7^75 = ^^{'^ — m)^^. Using eqs. (G.1.2) and (G.4.11), one easily 
recovers the results of eq. (4.5.14). 

The scattering of a Dirac fermion of mass m and a neutral vector boson can be similarly 
treated. The relevant Feynman graphs are the same as in the previous case, and the matrix 
element is given by 



iM 



s — m 

—i 
s — m 



^u{p2, S2) 7-4 (GlPl + GRPF!){i) + H T-^i {GlPl + GrPr)u{pi, si) + (crossed) 
2 HP2, S2) 7-4 [(GIPl + GIPr)^ + GLGRm] -fe-^u{p^,si) + (crossed) . (G.6.13) 



One can easily check that this result coincides with that of eq. (4.5.18). 

Finally, we examine the elastic scattering of two identical Majorana fermions via scalar 
exchange. The three contributing diagrams are: 






and the corresponding matrix element is given by 



iM 



s — rrij 



[vi{\Pl + X*Pr)u2 U-i{\PL + \*PR)Vi] 



+ (-1) 



-I 



t — mi 



+ 



u — m". 



[ui{\PL + \*Pr)ui u^{\Pl + \*Pr)u2] 



(G.6.14) 



where Ui = u[p^,Si), Vj = v{pj,Sj) and m,^ is the exchanged scalar mass. The relative minus 
sign of the t-channel graph relative to the s and u-channel graphs is obtained by noting that 
3142 [4132] is an odd [even] permutation of 1234. Using eqs. (G.1.7), (G.4.11) and (G.4.12), one 
easily recovers the results of eq. (4.5.19). 



229 



G.7 Self-energy functions and pole masses for four-component fermions 

In this section, we examine the self-energy functions and the pole masses for a set of four- 
component fermions. We first consider four-component Dirac fermion fields ^ai, where a is 
the four-component spinor index and i is the flavor index. The full, loop-corrected Feynman 
propagators with four-momentum are defined by the Fourier transforms [cf. footnote 35] of 
vacuum expectation values of time-ordered products of bilinears of the fully interacting four- 
component fermion fields: 

(0| T^faiix)^''iy) |0)pT = KSa'yip) , (G.7.1) 

with [307-314] 

S{p) = ^ [PlSI(j}^) + PnSRip^)] + PiSlip^) + PRSnip') , (G.7.2) 

where the four-component spinor indices a and f3 and the flavor indices i and j have been 
suppressed. As in Section 4.6, we shall organize the computation of the full propagator in terms 
of the IPI self-energy function [310]:^^^ 

^P) = i> + Pr^\(j?)\ + Pl^d(j?) + Pi^D^P^) . (G.7.3) 

Diagrammatically, iS and —iH are shown in Fig. G.7.1. 

P P 



a 




b 


— < — 

i 




— < — 

3 



a 




I v_y 3 



iiSj'Vip) -i{^a%Kp) 

Figure G.7.1: The full, loop-corrected propagator for four-component Dirac fermions, 
i{Sj')i^{p), is denoted by the shaded box, which represents the sum of all connected Feyn- 
man diagrams, with external legs included. The self-energy function for four-component Dirac 
fermions, — z(Sa*)i-'(p), is denoted by the shaded circle, which represents the sum of all one- 
particle irreducible, connected Feynman diagrams with the external legs amputated. In both 
cases. The four-momentum p flows from right to left. 

The hermiticity of the effective action implies that S and 5] satisfy hermiticity condi- 
tions [299,315] 

[5"^]* = ASA-^ , [5]T]* = A-EA-^ , (G.7.4) 

where A is the Dirac conjugation matrix [A = 'y^ in the standard representations; see eq. (G.1.20) 
and the text that follows] and the star symbol was defined in the paragraph below eq. (4.6.6). 



^*^Our notation in eq. (G.7.3) differs from that of ref. [310], as we employ S]j instead of 'Sn- Our motivation 
for this choice is that in the case of Majorana fermions [cf. eq. (G.7. 15)], we simply have Si, — Sr, without an 
extra transpose (or conjugation). We have also chosen to employ Sj^ in eq. (G.7.2) for similar reasons. 
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Applying eq. (G.7.4) to eqs. (G.7.2) and (G.7.3) then yields the following conditions for the 
complex matrix functions: 

[Slr = SL, [SIY = Sr, Sd = S^, (G.7.5) 

[sI]* = Si, [^Iy = i:r, So = s*. (g.7.6) 

Starting at tree level and comparing with Fig. G.5.1, the full propagator function is given 

by: 

Si^ip) = {i> + m)6i/{p^ - mf) + . . . , (G.7.7) 

with no sum over i implied. The full loop-corrected propagator can be expressed diagrammati- 
cally in terms of the IPI self-energy function: 




As in Section 4.6, the algebraic representation of eq. (G.7.8) can be written as [cf. footnote 53]: 

5 = T + T5]5= (T-^-S)-\ (G.7.9) 

where Tj-' = -|- m)6l/{p'^ — mf) is the tree-level contribution to S given in eq. (G.7.7). By 
writing the expressions for S and S given in eqs. (G.7.2) and (G.7.3) and T in block matrix form 
using eq. (G.1.2), one can verify that eq. (G.7.9) is equivalent to eq. (4.6.26). Consequently, the 
complex pole masses of the corresponding Dirac fermions are again determined from eq. (4.6.31). 

In the special case of a parity-conserving vectorlike theory of Dirac fermions (such as QED 
or QCD), the pseudoscalar and pseudovector parts of S{p) and 5](p) must be absent. Thus, 
the following relations must hold among the loop-corrected propagator functions and self-energy 
functions, respectively: 

Sr = SI, SD = [Slr, (G.7.10) 

Si = S^, So = [ST]^ (G.7.11) 

in agreement with eqs. (4.6.32) and (4.6.33). 

In the case of a set of four-component Majorana fermion fields, we can still use the results 
of eqs. (G.7.2)-(G.7.9). However, one obtains additional constraints on the full propagator 
and self-energy matrix functions due to the Majorana condition "^Mi = C^I/r Inserting this 
result into eq. (G.7.1), and making use of the anticommutativity of the fermion fields, one easily 
derives: 

(0| T^Ma^{x)^MJ{y) |0)ft = Cae (0| Mdi{xW Mjiv) |0)ft iC~y' ■ (G.7.12) 
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Consequently, 

CS'^C^^ = S, CI]"^C-^ = S. (G.7.13) 

Inserting the expressions for S and S [eqs. (G.7.2) and (G.7.3)] and using the result of eq. (G.1.90), 
it follows that: 

SL = Sii, Sd = SJj, So = Sjj, (G.7.14) 
^L = ^R, 5]o = S^, Sd = S^. (G.7.15) 

As expected, with these constraints the form of eq. (4.6.26) matches precisely with the form 
of eq. (4.6.16), corresponding to the equation for the full propagator functions for a theory of 
generic two-component fermion fields. In the notation of Section 4.6, we can therefore identify: 
C = Sl = Sr, D = Sd, S = i:L = ^R,andn = E^. 

Appendix H: Covariant spin operators and the Bouchiat-Michel 
formulae 

Bouchiat and Michel derived a useful set of formulae [112] that generalize the spin projection 
operators used in four-component spinor computations. In this Appendix, we establish the two- 
component analogues of the Bouchiat-Michel formulae, and demonstrate their equivalence to 
the corresponding four-component spinor formulae. 

H.l The covariant spin operators for a spin-1/2 fermion 

Consider a massive spin-1/2 fermion of mass m and four-momentum p. We define a set of 
three four- vectors S""^ (a = 1,2,3) such that the S^^ and p^/m form an orthonormal set of 
four- vectors. In the rest frame of the fermion, where p^ = {m ; 0), we can define 

S"^ = (0;s''), a = 1,2, 3, (H.1.1) 

where the unit vectors are a mutually orthonormal set of unit three- vectors that form a basis 
for a right-handed coordinate system. Explicit forms for the depend on the Euler angle 7 
used to define the spinor wave function Xsi^)- Two common choices corresponding to 7 = —(j) 
and 7 = are given in eqs. (C.1.39) and (C.1.40), respectively. Using eq. (2.116), the three four- 
vectors S'^^ , in a reference frame in which the four- momentum of the fermion \s p^ = (E ; p), 
are given by: 

5'^'^ = f ^ ; + V a = 1,2, 3. (H.1.2) 

As discussed in Appendix C, we identify s = as the quantization axis used in defining the 
third component of the spin of the fermion in its rest frame. It then follows that the spin 
four-vector, previously introduced in eq. (3.1.15) is given by = S^^. 
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The orthonormal set of four four- vectors 'p^ jm and the 3°"^ satisfy the following Lorentz- 
covariant relations: 





0, 


(H.1.3) 


s°--s^ = 




(H.1.4) 




—m , 


(H.1.5) 


oa ob oa ob 
'-'fj.'-'u ~ '^u'-'^i — 


^abc Qcp P 

m 


(H.1.6) 


oa oa 




(H.1.7) 



where the sum over the repeated indices is implicit. It is convenient to define a matrix- valued 
spin four- vector =5^^, whose matrix elements are given by: 

y^^,^S^^^Tt,,, s,s' = ±\, (H.1.8) 

where r°^, are the matrix elements of the Pauli matrices (see footnote 95). Then, we can rewrite 
eqs. (H.1.4) and (H.1.6) as: 

Igpu^^y" = -t2>,2, (H.1.9) 

ypyu _ yuyp ^ ^^l^upa^ ^ (H.1.10) 

m 

where the product .5^^ 5^^ corresponds to ordinary 2x2 matrix multiplication. The S^^ serve as 
covariant spin operators for a spin-1/2 fermion. In particular, in the rest frame, the satisfy 
the usual SU(2) commutation relations, with {^5^^'^ = | as expected for a spin-1/2 particle. 
It is often desirable to work with helicity states. In this case, we choose: 

s" = p", (H.l.U) 

where the are an orthonormal triad of unit three- vectors with = p. Moreover, since 
p°^ p = for a ^ 3, it follows that S""^ = (0; p") for a = 1,2 in all reference frames obtained 
from the rest frame by a boost in the p direction. Hence, in a reference frame where = {E ; p), 
eq. (H.1.2) yields, 

5i'^ = (0;pi), (H.1.12) 
S^>' = {0;p^), (H.1.13) 

S^f^=f\Pl.^p\ , (H.1.14) 
\m m J 

in a coordinate system where p = {sm6 cos(j), sin sine/;, cosO). One can check that eqs. (H.1.1)- 
(H.1.7) are also satisfied by the 5"^ defined in eqs. (H.1.12)-(H.1.14). 
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As expected, S^'^ is the spin four-vector for helicity states obtained in eq. (3.1.16). In the 
high energy hmit (E ^ m), 

mS"'' =p''6''^ + 0{m) . (H.1.15) 

Explicit forms for and are convention dependent and depend on the conventional choice 
of the Euler angle 7. For example, consider the quantities: 



= ^S^f'T" 1 1 = i(5^^ + iS'^f') . (H.1.16) 



2 ' 2 2 ' 2 

Using eqs. (H.1.11)-(H.1.14) and employing eq. (C.1.27) with TZ given by eq. (C.1.4), 



a-S. 



on 



2 sm( 



-e^ cos — 



e ^'f' sin^ 



■ sm ( 



/ 1 



(J- 5*4 



-17 



sm ( 



0\ 

-e"*"^ cos^ - \ 



sm — 
2 



-| sin( 



(H.1.17) 



In the convention of eq. (C.1.39) [eq. (C.1.40)], we take 7 



[7 = 0], respectively. 



H.2 Two-component spinor wave function relations 

In Section 3.1, we wrote down explicit forms for the undotted spinor wave functions 



y°'{p,s) = xIVp^, 



(H.2.1) 
(H.2.2) 



and the dotted spinor wave functions 
y^°'{p,s) = ^/p^Xs^ 



xU'P,s) = xIVp^, 



(H.2.3) 
(H.2.4) 



where ^"p-cj and yjp-a are defined either by eqs. (2.108) and (2.109) or by eqs. (2.112) and 
(2.113), respectively (as mandated by the spinor index structure). As shown in Appendix C, 
the two-component spinors Xs satisfy: 



Iff-s'^Xs' 



2 'ss'As 5 



xl{s)Xs'{s) = Sss' , 



Next, we use eqs. (2.117) and (2.118) to obtain: 



s ,s' = ±i 



(H.2.5) 



/p-a S'^ ■ a Jp-o = mS •s°' . 



Ip-a S"" -o Jp-o = —mu-s"' . 



(H.2.6) 
(H.2.7) 



which extends the results of eqs. (3.1.17) and (3.1.18). As a result, we obtain a generalization 
of eqs. (3.1.24)-(3.1.27): 
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{S''-a)^^y^P{p,s') = 


-T^s'Xa{P,s) , 


(H.2.8) 




{S''-af^y^ip,s') = 


rXx^''{p,s) , 


(H.2.9) 


x'^ip,s'){S''-a)^^ = -TXyl{p,s), 


yi{p,s'){S--ar^ = 


r:,x^{p,s), 


(H.2.10) 


xi{p,s'){S''-af^ = T^^,y''{p,s), 


y-{f,s'){S-.a)^^ = 


-T^A{P,S), 


(H.2.11) 



where there are imphcit sums over the repeated labels s = it^. As expected, the case of a = 3 
simply reproduces the results of eqs. (3.1.24)-(3.1.27) obtained previously. The above equations 
also apply to helicity wave functions x{p, A) and y{p, A) by replacing s, s' with A, A' and defining 
the S"^^ by eqs. (H.1.12)-(H.1.14). 

The derivation of eqs. (H.2.8)-(H.2.11) for arbitrary a closely follows the corresponding 
derivation for a = 3 previously given. For example, using eqs. (H.2.6) and (H.2.7) and the 
definitions for Xa{p,s) and y'^'^{p,s), we find (suppressing spinor indices), 

y/p^S''-ax{p,s) = y/p^ S"" -a Xs' = mff-s^Xs' = ^^ss' Xs , (H.2.12) 

after using eq. (H.2.5). Multiplying both sides of eq. (H.2.12) by \/p-W, we end up with 

S'^-ax{p,s') = T^,,^Xs=r!s'y\p,s)- (H.2.13) 

Similarly, 

S''-ax^{p,s') = 25V^,__,,V^X-. = -r:,,y{p,s), (H.2.14) 

where we have used: 

455^3 = -T^ , for s, s' = ±1/2. (H.2.15) 
All the results of eqs. (H.2.8)-(H.2.11) can be derived in this manner. 

H.3 Two-component Bouchiat-Michel formulae 

To establish the Bouchiat-Michel formulae, we begin with the following identity: 

^^{Sss' + ff-S^r^s') E Xtxl=Xs'xl (H.3.1) 

t=±l/2 

To verify eq. (H.3.1), we used eq. (H.2.5) to write ff-s"'Xt = '^t'tXt' evaluated the product 
of two Pauli matrices: 

'^ss'^t't = '^^st^s't' - ^ss'^tt' ■ (H.3. 2) 

We then use eq. (H.2.6) and the completeness relation given in eq. (C.1.21) to rewrite eq. (H.3.1) 
in terms of y^^, defined in eq. (H.1.8), 

Xs'xl = \ i^ss' + — ^/p^ '^ss' ■'^ ^/P^] ■ (H.3.3) 
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Hence, with both spinor indices in the lowered position, 



/p-(J 



1 



m 



/p-a 



p-a6ss' H p-a yss'-f^P-o- 



\ {p-cfSs 



(H.3.4) 



In the final step of eq. (H.3.4), we simplified the product of three dot products by noting that 
p-S"" = implies that ^^s' P'^^ = —p-a J/'ss'-cr. Eq. (H.3.4) is the two-component version of 
one of the Bouchiat-Michel formulae. We list below a complete set of Bouchiat-Michel formulae, 
which can be derived by similar techniques: 



Xa{p,s')x'^^{p,s) = ^{pS^^, -my^^,)-a^0, 
y^^ip,s')y^ip,s) = l(p5,,, +m^,,,)•^"^ 
xaip,s')y^ip,s) = i \m6,,>5j - [(a-^,,,) {a-p)]J 



y^''{p.s)x\{p.s) = \ 



m6,,5'^p + [{a-y^,){a-p)f^ 



(H.3.5) 
(H.3.6) 
(H.3.7) 

(H.3.8) 



If we set s = s' , we recover eqs. (3.1.46)-(3.1.49) as expected. The Bouchiat-Michel formulae can 
also be verified directly by using the explicit forms for the two-component spinor wave functions 
[eq. (C.1.11)] and the ry^^, [defined in eq. (H.1.8)]. The latter depends on the explicit form of 
the via eq. (H.1.2). 

An equivalent set of Bouchiat-Michel formulae can be obtained by raising and/or lowering 
the appropriate free spinor indices using eqs. (2.30) and (2.77): 



X^''{p,s')xf'{p,s) = Upas's -^-^s's)-^ 



yaiP,s')y^^{p,s) = l{p6^,^ + my^,^)-a^^, 

^m5,,jJ+[{a.y^,^){a.p)]J 
mS,J''^-[{a-^,,){a-pr^ 



ya{p,s')xf^{p,s) = -\ 



x^''{p,s')y\{p,s) = -\ 



(H.3.9) 
(H.3.10) 

(H.3.11) 

(H.3.12) 



In this derivation, the spin labels in eqs. (H.3.9)-(H.3.12) are reversed relative to those in 
eqs. (H.3.5)-(H.3.8) due to eq. (H.2.15). Eight additional relations of the Bouchiat-Michel type 
can be obtained by replacing one x-spinor with a y-spinor (or vice versa). Recalling that the x 
and y spinors are related by [cf. eq. (3.1.23)], 



y{p, s) = 2sx{p, -s) 



y\p,s) = 2sx\p,-s), 



(H.3.13) 
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all possible spinor bilinears can be obtained from eqs. (H.3.5)-(H.3.12). 

Note that eqs. (H.3.5)-(H.3.12) also apply to helicity spinor wave functions x{p,X) and 
y{p,\) after replacing s,s' with A, A' and using the S""^ as defined in eqs. (H.1.12)~(H.1.14). 
Strictly speaking, all results involving the spinor wave functions obtained up to this point apply 
in the case of a massive spin-1/2 fermion. If we take the massless limit, then the four-vector 
S"^^ does not exist, as its definition depends on the existence of a rest frame. (In contrast, the 
four- vectors S^'^ and S'^'^ do exist in the massless limit.) Nevertheless, massless helicity spinor 
wave functions are well defined; explicit forms can be found in eqs. (3.1.37)-(3.1.40). Using 
these forms, one can derive the Bouchiat-Michel formulae for a massless spin-1/2 fermion: 

a;„(p,A')x^(p,A) = (i - X)6xx'P-(T^0 , (H.3.14) 

y^^ip, A')/(p, A) = (i + A) Sxx' , (H.3.15) 

^a(p,A')/(p,A) = -(1 - A')(i + A) [ia-S^)ia-p)]J, (H.3.16) 

y^Hp, A')xj^(p, A) = (i + AO(i - A) [{a-S+){a-p)f ^ , (H.3.17) 

where and are defined in eq. (II.1.16). The equivalent set of Bouchiat-Michel formulae, 
obtained by raising and/or lowering the appropriate free spinor indices, is given by: 



X')x^{p, A) = (i - A) 5xx' P-^^ , (H.3.18) 

ya{p, X')yl{p, A) = (i + A) 6xx' P-<y^p , (H.3.19) 

A')x^(p, A) = -(i + A')(i - A) [{cj.S^){a-p)]^ ^ , (H.3.20) 

x^''{p,X')yl{pA) = {\- A')(^ + A) [{a-S+){a-p)]%. (H.3.21) 

Eight additional relations of the Bouchiat-Michel type can be obtained by replacing one x-spinor 
with a y-spinor (or vice versa), using the results of eq. (H.3.13). As a check, one can verify that 
the above results follow from eqs. (H.3.5)-(H.3.12) by replacing s with A, setting mS'^^ = p^ (5"^, 
applying the mass-shell condition {p^ = m^), and taking the m — )• limit at the end of the 
computation. 

We now demonstrate how to use the Bouchiat-Michel formulae to evaluate helicity ampli- 
tudes involving two equal mass spin-1/2 fermions. A typical amplitude involving a fermion- 
antifermion pair, evaluated in the center-of-mass frame of the pair has the generic structure: 

z(p,A)rz'(-p,A'), (H.3.22) 

where z is one of the two-component spinor wave functions x, x^^, y, or y^^, and T is a 2 x 2 
matrix (in spinor space) that is either the identity matrix, or is made up of alternating products 
of o" and a. As an illustration, we evaluate: 

x\{p, X) yp{-p, A') = 2A' T^^ xp{-p, -X')xi{p, A) = 2A' ^y{p) T^^a"^ yt/3(^, x')xi{p, A) , 

(H.3.23) 
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where Ca'(p) defined in eq. (C.3.15), and we have used eqs. (C.3.20) and (3.1.23). We can 
now employ the Bouchiat-Michel formula to convert the above result into a trace. By a similar 
computation, all expressions of the form of eq. (H.3.22) can be expressed as a trace: 

4(p,A)r"%;3(-p,A') = A'Cy(p) Tr [Fa'^imdxy + a-yxx'CJ-p)] , (H.3.24) 

y"(p, A)r^^xt/^(-p, A') = -X'^yiP) Tr [Ta''{m6xx' - a-,9'xx'0-p)\ , (H.3.25) 

A)r/y;3(-p,A') = X'Cy{p) Tr [F a'^ia-pdxx' + ma-^yxx')] , (H.3.26) 

4(P>^)r%xt/^(-p, A') = -X'Cx'iP) Tr [Ta''{a-p6xx' - ma-,5^xx')] , (H.3.27) 

after making use of eqs. (H.3.5) and (H.3.8). Similarly, there are four additional results that 
make use of eqs. (H.3.9) and (H.3.12): 

yl{p,X)T''^x^{-p,X') = A'Ca'(p) Tr [T a'^imdx'x -a-S'x'X<r-p)] , (H.3.28) 

x'^(p,A)r„^yt/3(_^^A') = -A'Cv(p) TY [To^Mva + ^r-^vA^-p)] , (H.3.29) 

x''{p,X)rJx^{-p,X') = -A'e_A'(P) Tr [Ta'^ia-pSx'x-ma-S^x'x)] , (H.3.30) 

4(p,A)r"^yt/3(_^^y) ^ A'e_v(p) Tr [Ta^ia-pSyx + ma-J^yx)] • (H.3.31) 

For amplitudes involving equal mass fermions (or equal mass antifermions), other combinations 
of spinor bilinears appear in which one x-spinor above is replaced by a y-spinor or vice versa. 
These amplitudes can be reduced to one of the eight listed above by using eq. (3.1.23). 

In the massless limit, one can again put mS°'^ = p^S^"^, set p"^ = m? and take m — )■ at the 
end of the computation. Alternatively, one can repeat the derivation of eqs. (H.3.24)-(H.3.31) 
using the results of eqs. (H.3.14) and (H.3.21). For completeness, we record the end result here. 

4(p, A) F"^ yp{-p, A') = (i + A')(i - A) i^,{p) Tr(F (tV-5_ a-p) , (H.3.32) 

y^{p, A) F^^ x^^i-p, A') = -(i - A')(i + A) ^y{p) TV(F aV-S^ a-p) , (H.3.33) 

y-(p. A) F/ yp{-p, A') = (i + A) 6xy (p) ^° ^-p) , (H.3.34) 

xiip, A) T"^ x^^i-p, A') = (i - A) 6xy CyiP) Tr{Ta° a-p) , . (H.3.35) 

The equivalent set of formulae, obtained by raising and/or lowering the appropriate free spinor 
indices as before, is given by: 

4(p, A) T''^ xp{-p, X') = (i - AO(i + A) Ca'(p) Tr(F a'^a-S^ a-p) , (H.3.36) 

x"(p,A)F^^yt/3(_^^y) = _(i+y)(i _A)^_^,(^)Tr(FaV-5+a.p), (H.3.37) 

x'^{p,X)Tjxp{-p,X') = C2-X)6xy^_y{p) TT{Ta^a-p), (H.3.38) 

vUp, X) F°^ y^^{-p, A') = (i + A) Jaa' CaKp) Tr(F a-p) , . (H.3.39) 

The traces are easily evaluated using the results of Appendix B. Here, we apply the above 
results to the amplitude for the decay — t- // [see Section 6.2]. The corresponding center-of- 
mass frame helicity amplitude is a linear combination of eqs. (H.3.24) and (H.3.25) with T = a 



238 



and r = 0", respectively. Evaluating the corresponding terms, we find for T = a, 

x\p,X)a^y{-p,X') = 2X'Cx'{p) i^d^'^xx' +P^'^xx' "/^av " 2m(^'^^° - ^^^y^xx'] , 

(H.3.40) 

where we have used eq. (H.1.10) to replace the term with the Levi-Civita tensor. Similarly, we 
calculate for V = a, 

yip, A)a^xt(-p, A') = 2\' CyiP) [-m^^o^AA' + p'^^aV " /^a"!' + 2m(^'^^o - ^o^^)aa'] • 

(H.3.41) 

Eqs. (H.3.40) and (H.3.41) provide explicit forms for the — t- // decay helicity amplitudes 
defined in eqs. (6.2.3) and (6.2.4). 

The above method is not applicable if the two fermions have unequal mass. In order 
to compute the helicity amplitudes of the form given by eq. (H.3.22) for unequal masses, a 
generalization of the above techniques is required. Some methods for four-component spinor 
wave functions have been proposed in ref. [316]. We leave it as an exercise for the reader to 
translate these techniques so that they are applicable to helicity amplitudes expressed in terms 
of two-component spinor wave functions. An alternative approach, which is applicable to the 
computation of helicity amplitudes for processes involving multi-fermion final states of arbitrary 
mass, is reviewed in Appendix I.l. 

H.4 Four-component Bouchiat-Michel formulae 

Using the results of Appendix G, the translation of the results of Appendix H.3 into four- 
component spinor notation is straightforward. First, we consider a massive spin-1/2 fermion. 
Eqs. (H.2.8)-(H.2.11) yield [285]: 

uiP, s') = r^s' <P, , viP, s') = v{p, s) , (H.4.1) 

u{p, s') = r^s' Hp, , m s') 75^ = r^'s v{p, s) . (H.4.2) 

In the case of a = 3, eqs. (H.4.1) and (H.4.2) reduce to those of eqs. (G.4.18) and (G.4.19). 

The four-component Bouchiat-Michel formulae [112,316,317] can be obtained from eqs. (H.3.5)- 
(H.3.12): 

u{p, s')u{p, s) = \ \^,,: + 1^1 ^y^}^ {i> + m), (H.4.3) 
v{p, s'Mp, s) = \ + 1^1 ^y^,}^ {i^-m), (H.4.4) 

where = S^'^t^^,. As expected, the above results for s = s' correspond to the spin projection 
operators given in eqs. (G.4.20) and (G.4.21). Related formulae involving products of u and v- 
spinors can be obtained by using [cf. eq. (G.4.15)]: 

v{p, s) = -2sj^u{p, -s) , u{p, s) = 2sj^v{p, -s) . (H.4.5) 
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Eqs. (H.4.1)~(G.4.15) also apply to helicity u and 7;-spinors, after replacing s,s' with A, A' 
and using the S"' as defined in eq. (H.1.14). The four-component versions of eqs. (C.3.20)- 
(C.3.23) yield: 

u{-p,-X)=i^{p)^''u{p,\), v{-p,-\)=^^{p)^^v{p, X), (H.4.6) 

-A) = n(p, A)7°Ca(p), v{-p , -X) = v{p , X) j'^ ^^{p) , (H.4.7) 

where the phase ^xiP) defined in eq. (C.3.12). In order to consider the massless limit, one 
must employ helicity spinors, as discussed in Appendix H.3. For a = 1,2, eqs. (H.4.1) and 
(H.4.2) apply in the m — t- limit as written. The corresponding massless limit for the case of 
a = 3 is smooth and results in eq. (G.4.22). Similarly, the massless limit of the Bouchiat-Michel 
formulae for helicity spinors can be obtained by setting mS"*^ = applying the mass-shell 

condition (p^ = m^), and taking the m — ?• limit at the end of the computation. The end result 
is given by 

u{p,X')u{p,X) = l(l + 2Xj,)^5xx' + h5[frly+frly]^, (H.4.8) 
v{p,X'Mp,X) = '^il-2Xj,)^5yx + hdfrhx + frlx]^- (H.4.9) 

As expected, when A = A', we recover the helicity projection operators for massless spin-1/2 
particles given in eqs. (G.4.24) and (G.4.25). 

As before, we can use the Bouchiat-Michel formulae to evaluate helicity amplitudes involving 
two equal mass spin-1/2 fermions. A typical amplitude involving a fermion-antifermion pair, 
evaluated in the center-of-mass frame of the pair, has the generic structure: 

w{p,X)rw'{-p,X'), (H.4.10) 

where w is either a u or v spinor, w' is respectively either a f or u spinor, and T is a product of 
Dirac gamma matrices. For example, 

u{p,X)rv{-p,X') = -2X'n{p,X)r^,ui-p,-X') = -2A'ev(p)^(p,A)r75 70u(p,A'), 

(H.4.11) 

where we have used the results of eqs. (G.4.15) and (H.4.6). We can now employ the Bouchiat- 
Michel formula to convert the above result into a trace. By a similar computation, all expressions 
of the form of eq. (H.4.10) can be expressed as a trace: 

uip,X)Tvi-p,X') = -A'eA'(p)Tr [rTsT^l-^AA' + 757^^av)(|^ + "i)] , (H.4.12) 
vip, X)Tui-p, A') = A'Ca'(p) Tr [v^.^'^iSyx + 757^^a^a)(|^ " ^)] ■ (H-4.13) 

These results are the four-component analogues of eqs. (H.3.24)-(H.3.27) and eqs. (H.3.28)- 
(H.3.31), respectively. For amplitudes that involve a pair of equal mass fermions [or equal mass 
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antifermions] , w and w' in eq. (H.4.10) are both u-spinors [or f-spinors]. Using eq. (G.4.15), 
these amphtudes can then be evaluated using the results of eqs. (H.4.12) and (H.4.13) above. 

In the massless limit, one can again put mS""^ = p^5°''^ , set = m? and take m — )■ at the 
end of the computation. Alternatively, one can repeat the derivation of eqs. (H.4.12)-(H.4.13) 
using the results of eqs. (H.4.8) and (H.4.9). For completeness, we record the end result here. 

u{p,\)Vv{-p,>!) = ^AP)[yxx' Tr[r7°(l + 2A75)|^] + A' TriTj^frly + frl^,)^]^, 

(H.4.14) 

v{p,x)ru{-p,x') = CAp){¥yx T\-[r70(i - 2Xj,)^] - x' Tr[rj^{f rl, + fTl,)^]^ 

(H.4.15) 

As an example, we consider once again the decay — )• //. The decay amplitude is equal 
to eq. (H.4.12), where F is a linear combination of ^7^(1 — 75) and ^7^(1 + 75). Evaluating the 
corresponding traces yields: 

u{p,X) 17/^(1 -75)^;(-p,A') = 2X'^y{p) [mff'^o^AA' + p'^^aV " P°^av + ^^'"'''(^aaO.Pp] , 

(H.4.16) 

u{p, A) i7'^(l + 75) v{-p, A') = 2A' eA'(p) i-mg^'hy + P^^^x^ - - ie^^-'Piyxx'Up] • 

(H.4.17) 

Using eq. (H.1.10), we see that eqs. (H.4.16) and (H.4.17) reproduce exactly the results of 
eqs. (H.3.40) and (H.3.41), respectively. 

Finally, we note that if the two fermions do not have the same mass, then the method 
presented above is not applicable. However, generalizations of the above method exist in the 
literature that can be employed to evaluate helicity amplitudes of the form of eq. (H.4.10) for 
unequal mass fermions; see, e.g., ref. [316]. An alternative approach due to Hagiwara and 
Zeppenfeld [105] is reviewed in Appendix I.l. 

Appendix I: Helicity amplitudes and the spinor helicity method 

In Appendix H, we showed how to use the Bouchiat-Michel formulae (with versions applicable to 
both two-component and four-component spinor wave functions) to construct helicity amplitudes 
for processes with two initial state and two final state equal mass fermions (or a fermion- 
antifermion pair) in the center-of-mass frame of the two fermions. For practical applications, 
it is important to extend these techniques to allow for final states with an arbitrary number of 
particles. The techniques should be powerful enough to allow for pairs of fermions of unequal 
mass, and both massless and massive spin-1 particles. Ideally, these techniques should produce 
simple analytic results (when possible) and yield efficient numerical algorithms for the evaluation 
of the helicity amplitudes. 
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Table 1. 1.1: Translation between our notation (denoted by DHM) and the notation of Hagiwara 
and Zeppenfeld (HZ) [105]. The sign convention governing the definition of v{p,\)± is opposite 
to that of HZ (cf. footnote 150). 

I.l The helicity amplitude technique of Hagiwara and Zeppenfeld 

One method for computing helicity amplitudes for multi-particle final states that is easily 
amenable to numerical analysis was developed by Hagiwara and Zeppenfeld (HZ) [105]. The HZ 
formalism was subsequently employed in refs. [318,319] in developing a fast numerical algorithm 
for the computation of multi-parton processes. In this section, we demonstrate how our two- 
component formalism (denoted by DHM) can be connected to theirs. In particular, we present 
a translation between the two formalisms in Table 1. 1.1. 

After removing the propagator factors, an arbitrary tree amplitude with external fermions 
can be expressed in terms of a four-component fermion string 

^iPriii2--4n^j , r = ±l, (I.l.l) 
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where ^'j is a four-component spinor wave function u{pj, \j) or v{pj, — Aj),^^'' and P± = ^(lib75) 
are the chiral projection operators. Furthermore, = lfj.(^k '^here represents an arbitrary 
Lorentz four-vector, which can be a four-momentum p^, a vector boson wave function e^{pk, Afc), 
an axial vector (e.g., e^^^^ PkyPmpPna) or another fermion string with uncontracted Lorentz 
indices (e.g., ^'^7^ 

In order to rewrite the fermion string, eq. (1. 1.1), in terms of two-component spinors, HZ 
decomposes the four-component spinors as follows: 

. { ] . «fe.A,) . { ] . .fe.A,) . i ] . (1.1.2) 

\ (V'i)+ / \ u{pj,\j)+ ) \ v{pj,Xj)+ J 

Comparing with eqs. (G.4.11) and (G.4.12), the corresponding expressions in our notation are 
given in Table 1. 1.1. Note that A = ±1 in the notation of HZ, whereas in our notation (which 
we follow below) A = it^. 

The four-component fermion string is then replaced by the two-component fermion string: 

'^iPr<^l42 ■ ■ ■ in'^j = (V'i)t(^l)r(^2)-r • • • (^n)-<5„r (V'jO-.Snr , T = ±1 , where (5„ = (-1)" . 

(1.1.3) 

In the notation of HZ, 

{i)± = a^a''^ , (1.1.4) 
where a'i^ = cj'^ and a^t = '^^ ■ In eq. (1.1.3), the helicity labels are suppressed; more explicitly, 

(V'fc)T = i^kiPk , Afc)r = u{pk , Afe)r or v{pk , -Afc)r • (1.1.5) 

This convention of HZ (note the — A^ argument of v) allows one to write simple generic formulae 
in terms of (?/')± that are applicable to both u± and v±. 

Using the results of Table 1. 1.1, one can verify that eq. (1.1.3) is covariant with respect 
to dotted and undotted indices. That is, the sign r of il^j must match the sign of the first a- 
matrix in the string {^i)t-{42)-t ■ ■ ■ i4n)-5„T- The signs of the sigma matrices within this string 

alternate (either H 1 — ... or — I h... in the case of r = -|-1 or — 1, respectively). Finally, 

the sign of the last cr-matrix in the string [which must be equal to —5nT in light of the previous 
statement] must match the sign of ipj as indicated. 

As noted above, it is possible that one of the (^i)r could be of the form ar multiplied 
by another fermion string with a free /i-index. One can uncouple the two fermion strings by 
employing the Fierz identities given by eqs. (2.66)-(2.68). For example, 

[(ni)l(^l)_<(^2)-C"2)-][(n3)l(^3)-CT+^(^4)-(«4)-] 

= [(ui)l(^i)_(^3) + (^^3)+][(^4)U^4)+(^2)-(n2)-] , (1.1.6) 



^^"HZ defines v{p, A) = Cv7{p, A), where C = 17^7", which differs by an overall minus sign from the conventions 
employed in this review [cf. eq. (G.1.20)]. In this section, we will modify the HZ results in order to be consistent 
with our sign convention. 
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which is easily derived after translating to the DHM notation. As a result, the helicity tree 
amplitude for any process can be expressed as the product of uncoupled strings of two-component 
fermion spinors 

FS = {^P^)li4l)r{hU ■ ■ ■ (^„)„5„r(V',)-5„r ■ (I-l-T) 

To evaluate the fermion string FS, we employ the explicit forms for the two-component 
helicity spinor wave functions given in eqs. (C.3.4)-(C.3.7), which can be rewritten as 



Ck={ 



where, following the convention of eq. (1.1.5), 

1 for {i'k)T = u{pk, Xk)T , 

r = ±l, Afe = ±l/2, (1.1.9) 

^ 2Afcr for {i'k)T = v{pk, -Xk)T , 
and u}^{p) = (-E'-|-2A|p|)^/^ for A = ±1/2. Hence, the fermion string [eq. (1.1.7)] is given by [105] 
FS = CiCj uJr\,{Pi) ^-&nT\j{Pj) S{pi,ai,a2,.. -^an^PjYx^Xj > (I.l.lO) 
where the function S is defined as 



S{pi,ai,a2,... ,an,Pj)l^x, = xliP^; 



Lfc=l 



ik)~5,. 



where Sk = (—1)'^- In the absence of the (^±r factors, we define 



S{Pi , Pj)\,\j = T{Pi , Pj)2K,2X, = x\_{Pi)XxiP, 



(I.l.ll) 



(1.1.12) 



where the T{pi , Pj)2\i,2Xj are proportional to the (massless) spinorial products introduced by 
Kleiss [98] [cf. eqs. (1.2.22) and (1.2.23)]. 

To evaluate S, we assume that the four-vectors are real.^^^ Then, we may employ the 
following identity: ^^'^ 



t'=± 



where Xr' /2i^) ^ two-component helicity spinor with three-momentum a. Using eq. (1.1.13) 
in eq. (I.l.ll), we end up with the desired expression: 



S{pi,ai,a2, . . .,an,Pj)l^) 



n Yl [o'k + ^kSkT\ak\] 

.k = lTk=± 



TiPi,ai)2x„riT{ai,a2) 



X • ■■T{an^i,an)r,,^,r„T{an,Pj)r„,2\, ■ (1.1.14) 



^^^Here, we differ from HZ, who employ a Fierz identity that is not covariant with respect to the dotted and 
undotted indices [note the comment below eq. (2.53)]. Thus, eq. (1.1.6) differs from the result obtained in 
eq. (3.17b) of HZ. 

^^^In the case of complex a**, one should decompose into its real and imaginary parts and evaluate separately 
the real and imaginary parts of S. 
^^^To obtain eq. (1.1.13), we make use of eq. (3.1.43) applied to helicity spinors: XaXI = 1(1 + 2Ao'-p). 
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All that remains is to evaluate the spinorial product T{a, b)^^^-;, (Taj Tb = il) for arbitrary 
unit three-vectors a and b. Two properties of the spinorial product T(a , h)r^^T^ are noteworthy. 
First, as this product is a scalar, it follows that T(a , b)*^^T-t, ~ T{a, h)\-^^ri,- Hence, eq. (1.1.12) 
implies that 

r(a,Sk., = r(b,a);,^. (1.1.15) 

Second, we use eq. (C.1.8) to write: 

T{a,b)r^r, = xt„/2(^) exp(i7af7V2) exp(i0aaV2) exp(z(/.a(jV2) 

X exp(-i0baV2) exp(-i0feaV2) exp(-i7baV2) Xr,/2i^) ■ (I-1-16) 

Complex conjugating this result, and using the fact that ^-i^d are real and cj^ is pure 

imaginary, 

T{a,h)*^^^ = Tan^^^^i^{z)a^ exp(-i7aCjV2) exp(i0aCjV2) exp(-i(/.aaV2) 

X exp(i</>feaV2) exp(-iebCTV2) exp(i7fcaV2) X-.,/2(^) , 

after using eq. (C.1.22). Since anticommutes with cr^, we end up with: 

T(a,6);^^^ =rar;,xl^^/2(-2) exp(i7aaV2) exp(i0atTV2) exp(i(/.aCTV2) 

X exp(-i(/>;,cjV2) exp(-i(960-V2) exp(-i7bcrV2) X_rj2(^) 
= Tar;,T(a,6)_,„,_,,. (1.1.18) 

Since Tq, t;, = ±1, it follows that 

r(a,S)_.„,_., =r„r,r(a,S);^,^. (1.1.19) 

Using eqs. (1.1.15) and (1.1.19), it is sufficient to give explicit forms for only two of the spinorial 
products [99,105]. Eq. (1.1.16) yields: 

r(a, b)++ = e^(<^--^''+^''-T"')/2 cos y cos ^ + e-^(^''-<^''-^"+T"')/2 sin y sin ^ , (1.1.20) 

T(a, b)_+ = e-^('^''-*''+>+^'')/2 cos ^ sin ^ - e^('^-'^i>-7»-7.)/2 ^ cos - , (1.1.21) 
\ ■, I + 2 2 2 2 ^'^ 

where {9p,(j)p) are the polar and azimuthal angles of p (for p = a and 6, respectively). In the 
case where a and/or b are parallel to the negative z-axis, we employ the convention of eq. (C.1.7) 
and choose the corresponding azimuthal angle equal to vr.^^^ Note that HZ employ a convention 
for their spinor wave functions [cf. eq. (C.1.8)] in which 7 = —(p, although the convention in 
which 7 = yields a slightly more symmetrical form for the spinorial products. 
^^^This convention yields a value of X\{~^) that is opposite in sign to the convention adopted by HZ. 
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Eqs. (1.1.7), (1. 1.10) and (I.l.ll) can be written in a form that is reminiscent of the results 
obtained in Appendix H.3. For example, using eqs. (C.3.4)-(C.3.7), 



where F is a product of alternating a and a matrices. The spinor index structure determines 
the identity of the first and last matrix (e.g., F"^ indicates a string of matrices that begins 
with a a and ends with a cj, etc.). By suitable interchanges of x and y, twelve additional 
equations of similar type may be written. Note that Xa-^Xa' [appearing on the right-hand side of 
eqs. (I.1.22)~(L1.25)] corresponds precisely to the S{p,ai,a2, ■ ■ ■ ,an,p')\x' of eq. (LI. 11), where 
the four possible (r , J„) combinations are in one-to-one correspondence with the four possible 
spinor index structures of F. If p' = —p, then one should recover eqs. (H.3.24)-(H.3.27). Thus, 
the HZ method provides a powerful generalization of the helicity amplitude methods derived in 
Appendix H.3. 

1.2 The spinor helicity method 

In many practical calculations, the masses of the fermions can be neglected. In this case 
the computation of multi-particle helicity amplitudes simplifies considerably. In this section, 
we give a brief introduction to the spinor helicity method; for a review, see refs. [320,321]. 
The spinor helicity method is a powerful technique for computing helicity amplitudes for multi- 
particle processes involving massless spin-1/2 and spin-1 particles. Although initially applied to 
tree-level processes, more general techniques have also been developed that are applicable to one- 
loop (and multiloop) diagrams [322] . Rules for computing dimensionally regularized amplitudes 
within the framework of the spinor helicity method have been given by ref. [323]. The spinor 
helicity techniques are ideal for QCD where light quark masses can almost always be neglected. 
Generalizations of these methods that incorporate massive spin-1/2 and spin-1 particles exist, 
although they tend to be quite cumbersome [324,325]. A Mathematica implementation of the 
spinor helicity formalism can be found in ref. [326]. In this section, we restrict the discussion to 
the massless case. 

The spinor helicity technique described below is based on a formalism developed by Xu, 
Zhang and Chang [101] (denoted henceforth by XZC), which is a modification of techniques 
established by the CALKUL collaboration [327]. The XZC formalism (which was also inde- 
pendently developed in refs. [99,328]) is based on the four-component spinor formalism. Using 



xl(p,A)F'^%^(p',-A') 
y"(p,A)F^^xt/^(p',-A') 

y-ip,X)r^^yp{p',-X') 
xl{p,X)T'',x^^{p',-X') 



2X'uj^^{p)u^X'{p)x\m^Xw{p') 
2X'ujx{p)ujy{p)xi{p)rXx'{p'), 
2X'ujx{p}u^X'{p')xi{p)rXx'ip'), 
2X'uj^x{p)u^X'{p')xi{p)rXx'ip') , 



(1.1.22) 
(1.1.23) 
(1.1.24) 
(1.1.25) 
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eq. (G.4.23), XZC introduce a very useful notation for massless spinors 



\p±) = u{p,±^) = v{p,T^), (1.2.1) 
{p±\ = uip,±^) = v{p,T^). (1.2.2) 

Using these spinor wave functions, they define two non-trivial (massless) spinor products (which 
are equivalent to the spinorial products introduced by Kleiss [98]):^^^ 

{p q) = {p- \q+) = u{p, -\) uiq, +i) , (1.2.3) 
[pq] = {p+\q-) =u{p,+^)u{q,-l). (1.2.4) 

The lb notation specified by the bra and ket indicates the chirality (i.e. the eigenvalue of 75) of 
the corresponding four-component spinor [cf. eq. (G.4.22)]. 

However, the two-component spinor formalism is especially economical in the case of mass- 
less spin-1/2 fermions. Hence, we shall reformulate the XZC approach using two-component 
spinor notation. First, we consider the explicit forms for the two-component helicity spinor 
wave functions [given by eqs. (3.1.37)-(3.1.40)] in the massless limit: 

XaiP, -i) = yaip, i) = (2i?)l/2 X_1/2(P) , ^"{P, = y'^iP^ k) = (2^)'^' x\/2iP) , (1-2.5) 

x^Hp, -h) = y^^ip^ h) = xi/2(p) , 4(p> -\) = ylip^ \) = m'^' xU„{p) ,(i-2.6) 

where E = \'p\. For all other choices of helicities, the corresponding helicity spinor wave functions 
vanish. Hence, we define:^^^ 

\p+) = y^^ip, i) = xt"(p, -i) , {p+\ = y^ip, i) = x"(p, -i) , (1.2.7) 

\p-) =Xaip,-l) = yaiP,l), {p-\=xiip,-^) = ylip,^). (1.2.8) 

The \pi) and (pib| satisfy the massless Dirac equation [cf. eqs. (3.1.9)-(3.1.12)]: 

p-a±\p±) = 0, {p±\p-a± = 0, (1.2.9) 

where o"+ = u and a- = a as indicated in Table 1. 1.1. The above and the following equations 
should each be read as two separate equations corresponding to the upper and lower set of signs, 



i^^Note that {p - \q-} = {p + \q+) = due to PlPr = PrPl = 0. 

i56rp]^g association of undotted and dotted indices in eqs. (1.2.7) and (1.2.8) is a consequence of our convention 
for the Dirac gamma matrices given in Appendix G [cf. eq. (G.1.2)]. Note that in this convention, the left-handed 
[right-handed] projection operator Pl [Pr] projects out the lowered undotted [raised dotted] index components 
of the four-component spinor [cf. eq. (G.1.6)]. However, the reader is warned that in the literature on the spinor 
helicity method, one almost always finds \p+} associated with a lowered undotted index and \p—) associated 
with an upper dotted index. This is due to a different convention for the sigma matrices, such as the Wess and 
Bagger definition given in eqs. (A.fl) and (A. 12). Numerically, this is equivalent to a convention for the Dirac 
gamma matrices in which a** and are interchanged in eq. (G.1.2), resulting in an overall change of sign in 
the matrix representation of 75. As a result, in this latter convention the lowered undotted [raised dotted] index 
components are associated with positive [negative] chirality. For an historical perspective, see the discussion 
following eq. (A. 12). 
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respectively. The following properties are also noteworthy: 

\p±){p±\=p-a^, (1.2.10) 

(p±|a^|p±) = 2p^ (1.2.11) 

{p±\qT) = -{q±\pT) , (1.2.12) 

{p+\a1\q+) = {q-\a^^\p-) , (1.2.13) 

{p±\ a^a'^ \qT) = - {q±\ ala^^ |pT) • (1-2.14) 

Note that eqs. (I.2.9)-(I.2.14) are covariant with respect to the undotted and dotted spinor 
indices. Eqs. (1.2.10) and (1.2.11) follow from eqs. (3.1.54) and (3.1.55). For example, 

(P+I < \P+) = y%P, y^Hp, I) = <^ y^^iP, Dy'^iP, \) = Tr (a'>-a) = 2p^ , (1.2.15) 

and similarly for {p—\ \p—)- Eqs. (I.2.12)~(I.2.14) follow immediately from eqs. (2.58)-(2.62). 
Eqs. (1.2.13) and (1.2.14) generalize easily to the case of a product of an even and odd number 
of a /a matrices. For any positive integer n, 

{p+\ (jI'o^'J ■ ■ ■ \q+) = {q-\ at^'^-' ■ ■ ■ a''^a^_^ \p-) , (1.2.16) 

{p±\ 4V^^ • • • 4- \qT) = - {q±\ a^'" ■ ■ ■ a'^'a'^' \pT) . (1.2.17) 

Spinor products can be formed from the bras and kets in the usual way and satisfy: 

{p±\qTr = {qT\p±) , (1-2.18) 
{p±\a^\q±y = {q±\a^\p±) , (1.2.19) 

where we have used the fact that the af^ are hermitian. Covariance with respect to the undotted 
and dotted spinors allows only two possible spinor products: 

{pq) = {P- \q+) = x\p, -i) y\q, I) , (1.2.20) 
[pq]^{p+\q-) =yiP,k)xiq,-h)- (1-2-21) 

In particular, the products (p + \q+) and {p — \q—) never arise in a computation using two- 
component spinor notation. In terms of the spinorial products defined in eq. (1.1.12), 

(pq) ^ {p-\q+) = {2Ej,)'/\2Eg)'/^T{p, q)„+ , (1.2.22) 
[pq] = {p+\q-) = {2Epfl\2Eqf'^T{p, q)+_ , (1.2.23) 



^^'^Since we wish to preserve the definition of the spinor products given in eq. (1.2.3), {pq) is a sum over dotted 
indices and [p g] is a sum over undotted indices in our two-component spinor conventions. This is to be contrasted 
with most of the hterature on the spinor helicity method, in which (pq) is written as a sum over undotted indices 
and [pq] as a sum over dotted indices. The origin of this difference is explained in footnote 156. 
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where Ep = \p\ and Eg = \q\. Explicit forms for T{p, q) |_ and T(p, = —T{p, can 

be obtained from eq. (1.1.21). Using eqs. (1.1.15) and (1.1.19) [or equivalently, using eqs. (1.2.12) 
and (1.2.18)], the spinor products satisfy the following relations: 

{pq) = -{qp), (1.2.24) 
[pq\ = -[qp], (1.2.25) 

{pq)* = -[pq]- (1-2.26) 

One immediate consequence of the above results is: 

{pp) = {p-\p+) = 0, (1-2.27) 
\pp] = {p+\p-) = 0. (1.2.28) 

We next compute the absolute square of the spinor product: 

I (pq) \' = 4(P> -l) l) -h) y°(9, h = ^o.{p, -\) xiip, -i) y^'^iq, i) y^q, i) 

= P-Taaq-^'' =P^.qu Tr(a^a'') = 2p-<7 . (1.2.29) 
Using this result and eq. (1.2.26) yields 

\{pq)\^ = \\pqf = ^p-q, (i-2-30) 

which indicates that the spinor products are roughly the square roots of the corresponding dot 
products. One other noteworthy relation is: 

{P1P2) \p2P3] {P3P4) [P4Pi] = TT{a-pia-p2a-p3a-p4) 

= '^{g^iuOpK - Qt^pOvK + g^KQup + i^pypK)PiP2P2,Pi , (1-2.31) 

where the trace has been evaluated using eq. (B.2.26). Note that the first line of eq. (1.2.31) 
immediately follows from eqs. (3.1.54) and (3.1.55) after plugging in the definition of the spinor 
products. 

In Appendix I.l, we showed that a fermion string can be expressed in terms of products of 
the spinorial products T [cf. eq. (1.1.14)]. When applied to massless spinors, eq. (1.2.30) indicates 
that the square of the helicity amplitude of a multi-fermion scattering process can be expressed 
in terms of products of dot products of pairs of fermion momenta. If more than one diagram 
contributes to a helicity amplitude, then it is often possible to combine the contributions after 
a rearrangement of momenta via the Fierz identities. Using eqs. (2.64)-(2.68), it follows that: 

(P1P2) {pzPa) = {piPs) (P2P4) + {piPi) {P3P2) , (1.2.32) 

[P1P2] [P3P4] = [piPs] [P2P4] + [piPi] [P3P2] , (1.2.33) 

{Pi + W+\P2+) {P3 + W+p\pA+) = 2 [pips] {p4P2) , (1.2.34) 

{pi-\a^\p2-){P3-\cr-p\p4-) ='i{piP3) [P4P2], (1.2.35) 

{Pi + \o-+\P2+) {P3 - \(^-p\Pa-) = 2 \p1P4] {P3P2) ■ (1.2.36) 



249 



Eqs. (1.2.32) and (1.2.33) are often called the Schouten identities, as they follow from eq. (2.26). 

It is desirable to extend the spinor helicity formalism to multi-particle processes involving 
massless fermions and massless spin-1 bosons. In particular, XZC developed a simple technique 
for expressing the squares of the corresponding helicity amplitudes in terms of ratios of products 
of dot products. Their trick was to introduce a convenient expression for the massless spin-1 
polarization vector in terms of products of massless spin-1/2 spinor wave functions. Before 
exhibiting their result, we provide a brief review of spin-1 polarization vectors in the helicity 
basis. 

We first consider a massless spin-1 particle moving in the z-direction with four-momentum 
= E{1; 0, 0, 1). The textbook expression for the helicity ±1 polarization vectors of a 
massless spin-1 boson is given by [254-256,329]: 

£^(£,±1) = -^(0; Tl, -i, 0) . (1.2.37) 

Note that the e^{z, A) are normalized eigenvectors of the spin-1 operator S-z, 

{S-z)f'^e^{z,\) = A £''(£, A), (1.2.38) 

where 5* = ^e^^^Sjk, and the matrix elements of the 4x4 matrices Sjk are given by eq. (2.9). 

If we transform e^'(£,A) by employing a three-dimensional rotation TZ such that k = TZz, 
then we can obtain the polarization vector for a massless spin-1 boson of energy E moving in 
the direction k = {sin 9 cos (j) , sin0sin(/>, cos 9). That is, 

e^(fc, A) = A^.(,/. ,9,j) e'iz, A) , (1.2.39) 

where 

A% = 1 , A*o = A°i = , and A^^ = TZ'^ {(t>,9,j), (1.2.40) 
and TZ{(j) ,9 , j) is the rotation matrix introduced in eq. (C.1.4). A simple computation yields: 

e''(fc,±l) = -^e^^'^ (0; =F cos 6* cos + z sin </> , =F cos 6* sin - icoscp, ±sin6') . (1.2.41) 
v2 

Note that £^{k,zizl) depends only on the direction of k and not on its magnitude E = \k\. 
One can easily check that the e^(fc,ibl) are normalized eigenstates of S-k with corresponding 
eigenvalues ±1. 

Similar to the corresponding discussion in Appendix C for the spin-1/2 spinor wave func- 
tions, the Euler angle 7 is arbitrary. In the literature, one typically finds conventions where 
7 = —(p [36,254,255] or 7 = [256], and we will consider both possibilities below. 

Although we will not need it here, the expressions given by eqs. (1.2.37) and (1.2.41) also 
apply in the case of a massive spin-1 particle. In addition, there is a helicity A = polarization 
vector which depends on the magnitude of the momentum as well as its direction: 

ef'ilklz , 0) = (|fc|/m ; , , E/m) , (1.2.42) 
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where E = + One can use eq. (1.2.39) to obtain the hehcity zero polarization vector 

for a massive spin-1 particle moving in an arbitrary direction 

e''{k , 0) = — (\k\; EsinOcoscf), EsinesiiKf), EcosO) . (1.2.43) 



m 

Note that both the massless and massive spin-1 polarization vectors satisfy:^^^ 

ef'ik , Xy = (-l)^e^(A: , -A) . (1.2.44) 

One can check that the e^{k,X) also satisfies the standard conditions for a valid polarization 
four-vector: 

A;-e(A;, A) = 0, e(A: , A) •e(A; , A')* = -^av • (1.2.45) 

If the spin-1 boson three-momentum is —k, then its polarization vector can be obtained 
from eqs. (1.2.41) and (1.2.43) by taking 9 ^ tt — 6 and (j) ^ (j) + tt. It can also be derived from 
eqs. (1.2.39) and (1.2.40) by making use of the spin-1 analogue of eq. (C.3.9), 

7^(0 + V, , _ , = 71(0 , , 7(fc)) R{z, -l{k) - l{-k)) R{£, vr) , (1.2.46) 

where we have exhibited the possible dependence of 7 on the direction of k, and R is the rotation 
matrix given by eq. (C.1.5). Introducing the notation = (e^ ; e), and noting the relations: 

R{x,TT)i{z,X) = -i{z,-X), (1.2.47) 
R{z, I3)i{z, A) = e-'^^ i{z, A) , (1.2.48) 

it follows that: 

e^^{-k,X) = -g^^Cxi^)^^i^^^-^): A = 0,±1, (1.2.49) 
where there is no sum over the repeated index fi, and 

^^(k) = -e^^[TW+^(-^)l , A = 0, ±1 . (1.2.50) 

Note that for A = ±1, the phase factor £,x{k) depends on the convention for the definition of 
the Euler angle 7 used to define the spin-1 polarization vector. As an example, corresponding 
to the two conventional choices for 7, 

f(-l)-V-^ for 7(^) = -0,^ 7(-^) = - + 0, ( 
^ I -1 for 7(fc) =7(-fc) = 0. ^ ^ 



^^*Some authors introduce polarization vectors where the sign factor (—1)'^ in eq. (1.2.44) is omitted. One 
motivation for eq. (1.2.44) is to maintain consistency with the Condon-Shortley phase conventions [330] for the 
eigenfunctions of the spin angular momentum operators S'^ and Sz (for spin-1 particles). In particular, note 
the relation f-i'^{z,zLl) — (4tv/3)^^'^Yi^±i{6, (j)) between the polarization three-vector and the £ = I spherical 
harmonics without any additional sign factors. 
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To motivate the XZC form for the massless spin-1 polarization vectors, we first introduce 
a four-vector 

k^" = E{1; -k) , (1.2.52) 

corresponding to the four-momentum k^ = E{1 ; k) of the massless spin-1 boson. A straightfor- 
ward calculation then shows that 

e>^(k ±1) - J- fl 2 53) 

precisely reproduces the result of eq. (1.2.41), where the massless spinor wave functions are 
defined according to eq. (C.1.8). Eq. (1.2.53) is somewhat inconvenient because the four-vector 
k cannot be covariantly defined in terms of k. XZC finessed this problem by introducing a 
"reference" four-vector p (in practical computations, p is taken to be another four-momentum 
vector in the scattering process of interest), with the properties that p^ = and p-k ^ 0. The 
XZC spin-1 polarization vectors are given by [cf. eq. (2.32)] 

e-(^,±l) = ^i^^^^. (1.2.54) 

{k±\pT) 

One can immediately check that e^(A;,A) so defined satisfy the standard conditions for a valid 
polarization four-vector given in eq. (1.2.45) and the phase convention of eq. (1.2.44). The repre- 
sentation of the massless spin-1 polarization vector in terms of spinor products [eqs. (1.2.53) and 
(1.2.54)] is an application of the spinor calculus that was first developed by van der Waerden [1]. 

The significance of the reference four-vector p can be discerned from the property that 
if a different reference momentum is chosen then e'^ is shifted by a factor proportional to A;'^. 
Explicitly, if e'^{k , p. A) is a polarization vector with reference momentum p, then^^^ 

.^(k , , , ±1) = ."(k , p , ±1) + . (1.2.55) 

In particular, if we choose q = k, we see that the difference of the XZC spin-1 polarization 
vector and the polarization vector given by eq. (1.2.41) is proportional to k^. This shift of the 
reference momentum from p to g in the XZC definition of the polarization vector does not affect 
eq. (1.2.45) since /c^ = for massless spin-1 particles. Moreover, this shift does not affect the 
final result for any observable (in particular the sum of amplitudes of any gauge invariant set of 



^^^In the literature on the spinor heUcity method, the spin-1 polarization vector e is employed in Feynman 
diagram computations for an outgoing final state boson, in contrast to the standard conventions of most quantum 
field theory textbooks. In this review, we subscribe to the latter [as indicated at the end of Section 4.1]. Hence, to 
be consistent with our conventions above for the spin-1 polarization vector, we have taken the complex conjugate 
of the original definition of the XZC spin-1 polarization vectors. In addition, we have removed an overall ± sign 
in order to conform to eq. (1.2.44) [cf. footnote 158]. 

^^°To derive eq. (1.2.55), evaluate £^{k, q , X) — e^{k,p, A), and simplify the resulting expression using 
eqs. (1.2.10), (1.2.13) and (1.2.14). 
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Feynman diagrams remains unchanged). Thus, the presence of the arbitrary four- vector p just 
reflects the gauge invariance of the theory of massless spin-1 particles. 

We can also verify that e^{k , p , X) defined in eq. (1.2.54) behaves as expected under rota- 
tions. Using eq. (C.1.8), massless spinors transform as: 

\k±) V{ct>, e, 7) \k±) , (A:±| {k±\ [P(<^, e, 7)]-^ , (1.2.56) 

under a rotation specified by the Euler angles 0, and 7. We shall rotate the spin-1 polarization 
vectors by rotating both k and the reference momentum p simultaneously (since one is always 
free to shift the reference vector with no physical consequence). Using eq. (C.1.33), it follows 
that: 

[V{<P, e, 7)]-^ V{^, e, 7) = A^a^ , (1.2.57) 

where A^i, is specified by eq. (1.2.40). Indeed, if we simultaneously rotate both k and p via 
k^' Kf^yk" and p^' A^'uP", then 

e^{k,p, X) ^ A^ye^'{k,p, X), (1.2.58) 

as expected. By a similar computation, one can check that under k — )• —k and p — )• —p, 
eq. (1.2.49) is satisfied. In terms of the A-i-1/2 defined in eq. (C.3.12), we find 

which agrees with eq. (1.2.50). 

The following additional properties of e'^{k, p, X) defined in eq. (1.2.54) are noteworthy: 

p-e{k, p, X) = 0, (1.2.60) 
J2^,ik,P, >^)Uk , P , A)* = -g,y + ^^^^ ^/'^^^ . (1.2.61) 

A=±l ^ 

For example, to prove eq. (1.2.61), we use eqs. (1.2.18) and (1.2.19), and simplify the resulting 
expression with the help of eqs. (1.2.10) and (1.2.16), which yields: 

Using eq. (B.2.17) to simplify the product of three a /a matrices, and employing eq. (1.2.11) 
then yields eq. (1.2.61). 

Finally, using the Fierz identities given in eqs. (B.1.5)-(B.1.7), one derives from eq. (1.2.54) 

that 

-±<k , ±1) = ^^-^^ , a^.e{k,±l) =^^^^, (1-2.63) 

V2\k±) {p±\ V2\p±){k±\ 
-T-^(^,±l) = ^^^^, ^T<k,±l) =^^^^- (1-2.64) 



6(fc) = - ( ^ ^^T/ 1 = eA/2(^) A = ±1 , (1.2.59) 



"^Here, we have used eqs. (B.2.16) and (B.2.17) to write aia'ta± = -o"^ + 2,g^"(ji = g^^a^ (no sum over fi). 
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Note that each equation in eqs. (1.2.63) and (1.2.64) represents two separate equations, corre- 
sponding to the upper and lower signs in each equation, respectively. 

It should now be clear how to convert the square of a helicity amplitude for a multi-particle 
process involving massless spin- 1/2 and massless spin-1 particles into a ratio of products of 
dot products of momenta. By writing all massless spin-1 polarization vectors in the form of 
eq. (1.2.54) and using the properties given above, the helicity amplitudes can easily be expressed 
as a ratio of two quantities, each of which is a product of spinor products. Squaring the corre- 
sponding amplitude then yields a ratio of products of dot products of four-momenta. A following 
simple example will demonstrate the technique. 

Consider Compton scattering in QED, e~{pi, Xi)^{ki, X'^) — e~(p2j ^2)7(^2, -^2)' ™ the 
limit of massless electrons. The amplitude for this process is given by eq. (4.5.18) with m = 
and Gl = Gr = —e. Writing out the "crossed" term explicitly, and noting that for massless 
particles, s = {pi + ki)'^ = 2pi-ki and u = {pi — k2)'^ = —2pi-k2, 

iM = 2p^.j^^ ^x\p2,\2)'^-elcr-{pi + ki)a-e^x{p^,\i) + y{p2,X2)cr-ela-{pi + ki) a-e^y^p^^Xi)^ 

x\p2,^2)'^-£i(y-{pi - k2)a-elx{pi,Xi) + y{p2, X2) a-e^a- {pi - k2) cr-ely\pi, Xi)^ . 

(1.2.65) 



2pi-k2 



The results of eqs. (3.1.37)-(3.1.40) imply that the helicity amplitudes with Ai ^ A2 vanish. 
Using eqs. (1.2.7) and (1.2.8), we identify: 

iM{Xi = A2 = ^) = r- {p2 + \cr+-ela^-{pi + ki) a+-ei\pi+) 

Ipi ■ Ki 

+ 7^ ^{p2 + W+-£icr--ipi- k2)(7+-£2\pi+) , (1.2.66) 

Zpi ■ K2 



iM{Xi = A2 = -^) = 7^(P2 - \cr^-e*2a+-{pi + ki) a^-ei\pi-) 

Zpi • Kl 

+- —{p2-\cr--eia+-{pi-k2)(T.-e*2\pi-) . (1.2.67) 

2pi ■ k2 

Further simplification ensues when we apply the results of eqs. (1.2.63) and (1.2.64). To use 
these results, we must select a reference momentum p, which can be any lightlike four-vector 
that is not parallel to the corresponding photon polarization vector. One is free to choose a 
different reference momentum for each photon polarization vector. Moreover, when computing 
two different helicity amplitudes (each of which are gauge invariant quantities) , one may select a 
different reference momentum for the same photon polarization vector in the two computations. 
The decision on which reference momenta to choose is somewhat of an art; experience will teach 
you which choices lead to the most simplification in a given calculation. 
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We shall consider two possible choices for the reference momenta for ei and 82, which we 
denote as p^^^ and p^^^ , respectively: 

1. p^^^ = pi and p^"^^ = p2 , 

2. p^^") = p2 and p^^^ = pi . 

With either choice, it is straightforward to show that M.{\i = A2 = vanish unless the 
photon helicities are equal, i.e. A'^ = A2. This leaves only four possible non- vanishing helicity 
amplitudes. 

For the case of Ai = A2 = =ti and A'^^ = Ag = ±1 (i.e., AiA'^ > 0), we choose reference 
momenta p*-^^ = p2 and p^^^ = pi. Then, the second term vanishes on the right-hand side of 
eqs. (1.2.66) and (1.2.67), respectively. Making use of eqs. (1.2.10), (1.2.63) and (1.2.64), we find 

-ie^ {P2 + \k2-) (pi - \ki+) {ki + \p2-) {ki - \pi+) 



iM{Xi = A2 = i, a; = A'2 = 1) 



Pi-ki {pi - \k2+) {ki + \p2- 

-ie^ {pi ki) (kipi) [p2 k2] 



(1.2.68) 



pi-ki {pik2) 

Using eqs. (1.2.24) and (1.2.30) to write the dot product in terms of spinor products, we obtain: 

^MiX, = A2 = 1 , a; = X', = 1) = 2^e^^ • (1-2.69) 

{Pi ki) iPi k2) 

A similar computation yields 



iM{Xi = A2 = -o , Ai = A2 = -1) = 2ie - — — - — -- . (1.2.70) 

[Piki\* [pik2\ 

For the case of Ai = A2 = ±i and A'^^ = A2 = =Fl (i-e., AiA'^ < 0), we choose reference 
momenta p^^^ = pi and p^"^^ = p2- Then, the first term vanishes on the right-hand side of 
eqs. (1.2.69) and (1.2.70), respectively. A similar calculation to the one given above yields: 

^M{X, = A2 = -2 , A, = A2 = 1) = 2^e ^ , (1.2.71) 

^M{X, = A2 = 1 , a; = A'2 = -1) = 2^e^^ . (1.2.72) 

(P1K2) {Piki) 

Note that each pair of helicity amplitudes above is simply related: 

-Mai , Ai ; A2 , A^, (S, e, Ct>r =M_x,, -A', ; -A^ , ^X', i^, 4>) , (1.2.73) 

which is a consequence of rotational and parity invariance (as shown below). Thus in this 
example, we only need to evaluate two non-zero helicity amplitudes. It is clear that we have 
simplified the computation enormously by our choice of reference momenta. With a less judicious 
choice, the calculation is significantly more tedious, although gauge invariance guarantees that 
one must arrive at the same result for the helicity amplitudes quoted above. 
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One can easily evaluate the spinor products above in the center-of-mass system. Writing 
Pi = E{1 ; £), = E{1 ; —z), = -^^(1 ! Pcm) ^2 ~ ' ~Pcm); using the results 
of eqs. (1.1.21) and (1.2.22), we obtain: 

{pi h) = 2i?^„i/2(^) , {Pi k2) = 2i?e^[*+^(^cM)]/2^_^^2(^^^) cos(0/2) , (1.2.74) 

{P2 k2) = 2i?^„i/2(pcM) , (P2 fci) = 2Ee-'^*+^^PcMm^^,/2{z) cos(0/2) , (1.2.75) 

where 6 and (j) are the polar and azimuthal angles of Pcm- Phase factors involving £,-1/2 arise 
from the use of eqs. (C.3.11) and (C.3.12). For example, corresponding to the two conventional 
choices for 7, we use eq. (C.3.15) to obtain 

t /"^ for7(£) = 0, 7(-£) = -7r, /t o 7fi^ 

C-i/2(^) = < . r f -\ n (1.2.76) 

[ I for 7(z) = 7(-2;) = 0, 

C-i/2(Pcm) = I"'^' for7(p) = -^, 7(-p) = -vr + ^ ^^2.77) 
I z for 7(p) = 7(— p) = . 

All other relevant spinor products can be found using eqs. (I.2.24)-(I.2.26). 

It is always possible to define the plane of the scattering process to be the x-z plane, 
in which case = and all the spinor products in eqs. (1.2.74) and (1.2.75) are manifestly 
real. Nevertheless, by keeping the explicit ^-dependence, one maintains a useful check of the 
calculation. Inserting the explicit forms for the spinor products into eqs. (I.2.69)-(I.2.72), we 
confirm that the (/^-dependence of the helicity amplitudes is given by [256,331]: 

'e'(^^"^'^"^^^^^^'^-MAi,Ai;A.,A',(5,^) , for 7(Pcm) = "-^^and 

7(-Pcm) = -vr + 0, 
.^{a,-a;)0_^^^ ^, , Q-^ ^ ^ 7(-Pcm) = , 

(1.2.78) 

as a consequence of rotational invariance [257].^^^ The remaining ^-dependent amplitudes are 
easily evaluated and are in agreement with the results of refs. [256, 332]. Note that parity 
invariance implies that eqs. (I.2.69)-(I.2.72) must satisfy [256,257,332] 

-Ma, , a; ; A. , A', {S,e)= M_^^ , ; -A, , -A^ («, ^) • (1-2.79) 

Indeed, in our computation above, eq. (1.2.73) is satisfied, which is consistent with eq. (1.2.79) 
in light of eq. (1.2.78). 

To compute the unpolarized cross-section for Compton scattering, one must sum the ab- 
solute squares of the helicity amplitudes and divide by 4 to average over the initial helicities. 



-MAi,Ai;A2,A^(s,^,0) 



^®^In the first case, where 7(Pcm) ~ ~4> fi'Hd 7(— Pcm) = + the sign of A2 in the </)-dependent phase factor 
of eq. (1.2.78) is opposite to the one given in ref. [257], due to the Jacob- Wick second-particle convention, which 
we do not employ here. Since Ai = A2 and A'^ = A2, the latter would imply that the ^-dependent phase cancels 
exactly if the Jacob- Wick second-particle convention is used. This is easily checked by putting 7(Pcm) ~ ~4> f^nd 
f A = 1 in eqs. (1.2.74) and (1.2.75), in which case all the spinor products are real. 
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Since quantities such as {pi ki) / {pi ki)* are pure phases, one immediately obtains: 



|A^(Ai = A2 = i a; = A'2 = 1)|2 = |A^(Ai = A2 = -i a; = A'2 = -1) 



4e 



APvki 
Prk2 



,(1.2.80) 



|A^(Ai = A2 = -i , a; = A'2 = l)p = \M{Xi = A2 = i , a; = A'2 



.l)|2 = 4e4Pi:fc2^(j_2.81) 



Pi-ki 



after employing eq. (1.2.30) and noting that pi-ki = P2"^2 and Pi-k2 = P2'ki (which follow from 
four-momentum conservation, pi + ki = P2 + k2, for the scattering of massless particles). Thus, 



(1.2.82) 



which coincides with the well-known result quoted in ref. [114]. 



Appendix J: The Standard Model and its seesaw extension 

In the Standard Model, three generations of quarks and leptons are described by the two- 
component fermion fields listed in Table J.l, where Y is the weak hypercharge, T3 is the third 
component of the weak isospin, and Q = + y is the electric charge. After SU(2)/, xU(l)y 
breaking, the quark and lepton fields gain mass in such a way that the above two-component 
fields combine to make up four-component Dirac fermions: 



Ui 




Li 



(J.l) 



while the neutrinos z/j remain massless. The extension of the Standard Model to include neutrino 
masses will be treated in Appendix J. 2. 

Here, we follow the convention for particle symbols established in Table 5.1. Note that u, 
u, d, d, i and i are two-component fields, whereas the usual four-component quark and charged 
lepton fields are denoted by capital letters U, D and E. Consider a generic four-component field 
expressed in terms of the corresponding two-component fields: 

(J.2) 



The electroweak quantum numbers of / are denoted by T3 , Yf and Qf, whereas the correspond- 
ing quantum numbers for / are = and Q j = Yj = —Q f . Thus we have the correspondence 
to our general notation [eq. (G.1.6)] 



(J.3) 



We can then immediately translate the couplings given in the general case in Fig. 4.3.3 to the 
Standard Model. 
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Two-component 

fermion fields SU(3) SU(2)l Y Tg Q = Tg + y 



Q^ 



triplet 
triplet 

anti-triplet 

anti-triplet 



doublet 

singlet 
singlet 



1 

2 

1 

'2 






Li 



singlet 
singlet 
singlet 



doublet 



singlet 





-1 
1 



Table J.l: Fermions of the Standard Model (following the naming conventions of Table 5.1) 
and their SU(3) xSU(2)i xU(l)y quantum numbers. The generation indices run over i = 1,2,3. 
Color indices for the quarks are suppressed. The bars on the two-component antifermion fields 
are part of their names, and do not denote some form of complex conjugation. 

Appendix J.l: Standard Model fermion interaction vertices 

The QCD color interactions of the quarks are governed by the following interaction Lagrangian: 

summed over the generations i, where g is a (mass eigenstate) quark field, m and n are SU(3) 
color triplet indices, Aa is the gluon field (with the corresponding gluons denoted by go), and 
T'^ are the color generators in the triplet representation of SU(3). The corresponding Feynman 
rules are given in Fig. J. 1.1. 

Next, we write out the Feynman rules for the electroweak interactions of quarks and leptons. 
Using eqs. (4.3.11) and (4.3.12), the interactions of the gauge bosons and quarks are given by: 

-e Q^iP'^^h-P'^^h)A^, (J.1.2) 

f=u,d,e 

where sw = sin 9w, cw = cosOw, the hatted symbols indicate fermion interaction eigenstates 
and i labels the generations. Following the discussion of Section 3.2, we must convert from 



258 




Figure J. 1.1: Fermionic Feynman rules for QCD that involve the gluon, with q = u,d, c, s, t, b. 
Lowered (raised) indices m, n correspond to the fundamental (anti-fundamental) representation 
of SU{3)c- The gluon interactions are flavor-diagonal (where i, j are flavor indices). For each 



rule, a corresponding one with lowered spinor indices is obtained by a 



fermion interaction eigenstates to mass eigenstates. In order to accomplish this step, we must 
first identify the quark and lepton mass matrices. In the electroweak theory, the fermion mass 
matrices originate from the fermion-Higgs Yukawa interactions. 

The Higgs field of the Standard Model is a complex S\](2)l doublet of hypercharge Y = ^, 




(J.1.3) 



where the S\J{2)l index a = 1,2 is defined such that $i = and $2 = Here, the 
superscripts -|- and refer to the electric charge of the Higgs field, Q = T^ + Y, with Y = ^ and 
T3 = ib^. Since is complex, we can also introduce the complex conjugate Higgs doublet field 
with hypercharge Y = 

= , (q>y^ , (j.1.4) 

where $~ = ($~'')^. The SU(2)/,xU(l)y gauge invariant Yukawa interactions of the quarks and 
leptons with the Higgs field are then given by: 

ifv = e'^'iVuTj^aQM^' - {YdYj^^^'Qaid^ " {YeYj^^'^Laif + h.c. (J.1.5) 



where e"'' is the antisymmetric invariant tensor of SU(2)i, defined such that e"' = — e 



.12 



21 



+1. 



Using the definitions of the SU(2)i doublet quark and lepton fields given in Table J.l, one can 
rewrite eq. (J.1.5) more explicitly as: 



+{Y,r, 



0*, 



?J +h..c. 
(J.1.6) 

The Higgs fields can be written in terms of the physical Higgs scalar /ism and Nambu-Goldstone 
bosons , as 



$0 



V + -j={hsM + iG^) 
G+ = ($-)t = {G- 



(J.1.7) 
(J.1.8) 
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where v = ^/2myir/g ~ 174 GeV. In the unitary gauge appropriate for tree- level calculations, 
the Nambu-Goldstone bosons become infinitely heavy and decouple. We identify the quark and 
lepton mass matrices by setting = v and = = in eq. (J. 1.6): 

{Muyj = v{Yuyj, {Mdyj = v{Yayj, {Meyj = v(Y,yj. (j.1.9) 

The neutrinos remain massless. An extension of the Standard Model that incorporates massive 
neutrinos is treated in Appendix J. 2. 

To diagonalize the quark and lepton mass matrices, we introduce four unitary matrices for 
the quark mass diagonalization, Lu, L^, Ru and Rd, and two unitary matrices for the lepton 
mass diagonalization, and Ri [cf. eq. (3.2.31)] such that 

u^ = {Lu)i'u,, di = {Ldy'd,, ^' = {RuyjU^, d' = {Rdy,d^, (J.1.10) 

h = {Li)iHj , ? = {R,yfe , (j.i.ii) 

where the unhatted fields n, d, u and d are the corresponding quark mass eigenstates and z^, i and 
i are the corresponding lepton mass eigenstates. The fermion mass diagonalization procedure 
consists of the singular value decomposition of the quark and lepton mass matrices: 

LJ^MuRu = <i'iag{mu, nic, mt) , (J. 1.12) 

L^MdRd = diag{md, rus , rrib) , (J. 1.13) 

lJMiRi = diag(me , , m^) , (J. 1.14) 

where the diagonalized masses are real and non-negative (cf. Appendix D.l). Since the neutrinos 
are massless, we are free to define the physical neutrino fields, fj, as the weak SU(2) partners of 
the corresponding charged lepton mass eigenstate fields. That is, 

i>, = {Ley^uj . (J.1.15) 

We can now write out the couplings of the mass eigenstate quarks and leptons to the gauge 
bosons and Higgs bosons. Consider first the charged current interactions of the quarks and 
leptons. Using eq. (J.1.10), it follows that u^^a'^di = Ki^u'^^a'^dj, where 

K = LlLd (J. 1.16) 

is the unitary Cabibbo-Kobayashi-Maskawa (CKM) matrix [333].^^^ Due to eq. (J.1.15), the 
corresponding leptonic CKM matrix is the unit matrix. Hence, the charged current interactions 
take the form 



V2 



Ki^u^'a''djW+ + {K^y^d^'af'ujW- + u^'a^'eiW+ + e^'a^'uiW"] , (J.1.17) 



The CKM matrix elements Vij as defined in ref. [334] are related by, for example, Vtb ~ Ks and Vus — 
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Figure J. 1.2: Feynman rules for the two-component fermion interactions with electroweak 
gauge bosons in the Standard Model. The couplings of the fermions to 7 and Z are flavor- 
diagonal. In all couplings, i and j label the fermion generations; an upper [lowered] flavor index 
in the corresponding Feynman rule is associated with a fermion line that points into [out from] 
the vertex. For the bosons, the charge indicated is flowing into the vertex. The electric 
charge is denoted by (in units of e > 0), with Qf, = —\ for the electron. Tg^ = 1/2 for f = u, 
u, and t/ = —1/2 for f = d, £. The CKM mixing matrix is denoted by K, and sw = sinOw, 
cw = cos9\Y and e = gsinOiy. For each rule, a corresponding one with lowered spinor indices 
is obtained by a'/^^ — )■ —a^pa- 

where [-K'^]i-' = {Kj'^\*. Note that in the Standard Model, n, d and I do not couple to the . 

To obtain the neutral current interactions, we insert eqs. (J.1.10)-(J.1.15) into eq. (J. 1.2). 
All factors of the unitary matrices Lf and Rf {f = u,d,i) cancel out, and the resulting inter- 
actions are flavor-diagonal. That is, we may simply remove the hats from the quark and lepton 
fields that couple to the Z and photon fields in eq. (J. 1.2). This is the well-known Glashow- 
Iliopoulos-Maiani (GIM) mechanism for the flavor-conserving neutral currents [335].^^^ 

^^*This also provides the justification for employing mass eigenstate quark fields in the QCD interaction La- 
grangian in eq. (J. 1.1). 
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The Feynman rules for the interactions of the quarks and leptons with the charged and 
neutral gauge bosons are exhibited in Fig. J. 1.2. For each of the rules of Fig. J. 1.2, we have 
chosen to employ . If the indices are lowered one should take — —cr^fSa- 

Finally, we exhibit the interactions of the quark and lepton mass eigenstates with the Higgs 
fields. The diagonalization of the fermion mass matrices is equivalent to the diagonalization of 
the Yukawa couplings [cf. eqs. (J. 1.9) and (J.1.12)~(J.1.14)]. Thus, we define^^^ 

Yfi = mfi/v, f = u,d,i, (J. 1.18) 

where i labels the fermion generation. It is convenient to rewrite eqs. (J.1.12)"(J.1.14) as follows: 

{Lf)k'iYf)^^{Rjr, = Yf4, f = u,d,i, (J.1.19) 

with no sum over the repeated index i. Using the unitarity of (/ = u, d), eq. (J.1.19) is 
equivalent to the following convenient form: 

iYfRf)\ = Yfi{L\)i'' . (J.1.20) 

Inserting eqs. (J. 1.10), (J. 1.15) and (J.1.19) into eq. (J. 1.6), the resulting Higgs-fermion La- 
grangian is flavor-diagonal: 

^int = -^hsM [YuiUiu' + Ydid^d' + Yedie] + h.c. (J.1.21) 
v2 

The corresponding Feynman rules for the Higgs-fermion interaction are shown in Fig. J. 1.3. 

" fi « 

^^f^^^^o.^ -<C Tff'^'^^'^f^ 




hsM 

" ■ " /3 P ^ $ 

Figure J. 1.3: Feynman rules for the Standard Model Higgs boson interactions with fermions, 
where Yfi = nifi/v, and i, j label the generations. 

In the case of more general covariant gauge- fixing (e.g., the 't Hooft- Feynman gauge or 
Landau gauge), the Goldstone bosons appear explicitly in internal lines of Feynman diagrams. 
The Feynman rules for G'^-fermion interactions are flavor-diagonal, whereas the corresponding 
rules for exhibit flavor-changing interactions that depend on the CKM matrix elements, as 
shown in Fig. J. 1.4. In the derivation of the couplings of the Nambu-Goldstone bosons to the 
fermion mass eigenstates [cf. eqs. (J.1.6)-(J.1.8)], the following quantities appear: 

{Ld)k'{Yu)'m{Ruri = Yui{Ld)k\Li).i' = Yu^iLiL^y = [K]^Yui , (J.1.22) 
iK)k'iYd)''m{Rdri = Yd^{Lu)k\L\)i^ = Yd^{L\KV = [K^VYdi , (J.1.23) 



^"^^Boldfaced symbols are used for the non-diagonal Yukawa matrices, while non-boldfaced symbols are used for 
the diagonalized Yukawa couplings. 
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Figure J. 1.4: Feynman rules for the Standard Model Nambu-Goldstone boson interactions 
with quarks and leptons, where Ijj = mji/v, and i, j label the generations. 
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with no sum over the repeated index i. The CKM matrix, K, appears by virtue of eqs. (J. 1.16) 
and (J. 1.20). Hence, the interaction Lagrangian for the coupUng of the Nambu-Goldstone bosons 
to the fermion mass eigenstates is given by: 

^i,t = Yui[K]M,u'G+-Ydi[K^]^Ujd'G--YaUieG-+^ [Ydidd' - Y^^mu' + Yu^^e] G°+h.c., 

v2 

(J.1.24) 

which yields the diagrammatic Feynman rules shown in Fig. J. 1.4. 

Appendix J. 2: Incorporating massive neutrinos into the Standard Model 

To accommodate massive neutrinos, we must slightly extend the Standard Model [336]. The 
simplest approach is to introduce an SU(2)xU(l) gauge invariant dimension-five operator [337], 

^5 = -^(e"^*aZfei)(e^'^*e^d;) +h.c. 

where P are generalized Yukawa couplings, the hatted fields indicate two-component fermion 
interaction eigenstates (with spinor indices suppressed), and i, j label the three generations. 
After electroweak symmetry breaking, the neutral component of the doublet Higgs field acquires 
a vacuum expectation value, and a Majorana mass matrix for the neutrinos is generated. 

The diagonalization of the charged lepton mass matrix is unmodified from the treatment 
given in Appendix J.l, where the unhatted mass eigenstate charged lepton fields are given by 
eq. (J. 1.11), and L£ and Re satisfy eq. (J. 1.14). However, the unhatted neutrino field introduced 
in eq. (J. 1.15) is not a neutrino mass eigenstate field when the effect of the dimension-five 
Lagrangian, eq. (J. 2.1), is taken into account. To avoid confusion, we replace the unhatted 
neutrino fields of eq. (J. 1.15) with new neutrino fields iyj. That is, we define 

= {Le)^i>.i . (J.2.2) 

We then rewrite eq. (J. 2.1) in terms of the charged lepton mass eigenstate field and the new 
neutrino field defined by eq. (J.2.2): 

where F = LJ FL£. Setting = v and = $~ = 0, we identify the 3x3 complex symmetric 
effective light neutrino mass matrix, M^,^, by 

-^m. = liM^.y^UiU, + h.c. , (J.2.4) 

where ^ 

M^, = ^F. (J.2.5) 
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Current bounds on light neutrino masses suggest that v^/A < 1 eV, or A > 10^^ GeV [334, 
338]. 

The physical neutrino mass eigenstate fields can be identified by introducing the unitary 
Maki-Nakagawa-Sakata (MNS) matrix, C/mnS) such that [339],^^^ 

{i'e)i = iUMNs)i^{'^i)j , (J. 2. 6) 

where the unhatted (f^)^ fields [j = 1,2,3] denote the physical (mass eigenstate) Majorana 
neutrino fields, [/mns is determined by the Takagi diagonalization of Mu^ [cf. Appendix D.2]: 

uIi^^M^^Umns = diag(m^^i , m^^2 , m^^s) , (J. 2. 7) 

where the the (real non-negative) masses of the physical neutrinos. 

The interaction Lagrangian of the neutrino mass eigenstates can now be determined. The 
charged current neutrino interactions are given by [cf. eq. (J. 1.17)]: 

9 



^ g_ 

V2 



where we have used eq. (J. 2. 6) to express the interaction Lagrangian in terms of the neutrino 
mass eigenstate fields. The neutral current neutrino interactions are flavor-diagonal (which 
follows from the unitarity of ^7mns)5 and are thus equivalent to those of the Standard Model. 
Finally, the couplings of the neutrinos to the Higgs and Nambu-Goldstone fields arise from 
eq. (J. 2. 3) and from the term in eq. (J. 1.6) proportional to Y£. Neglecting terms of 0{m1/v'^), 
one obtains: 

— ^ [i^e)j{^e)j{hsM + iC") + h.c] . (J.2.9) 

The Feynman rules for the interactions of the neutrino with the electroweak gauge bosons, the 
Higgs boson and the Nambu-Goldstone bosons are exhibited in Fig. J. 2.1. 

The dimension-five Lagrangian, eq. (J. 2.1), is generated by new physics beyond the Standard 
Model at the scale A. A possible realization of eq. (J. 2.1) is the seesaw mechanism, which was 
independently discovered on a number of occasions [4]. In the seesaw extension of the Standard 
Model [5], one introduces the SU(3)xSU(2)xU(l) gauge singlet two-component neutrino fields 
(1 = 1,2,..., 7i) and writes down the most general renormalizable couplings of the to the 
Standard Model fields: 

^seesaw = e''''{Y J^aLb^^■^ " ^M/J^^^^^ + h-C. , (J.2.10) 



^®®In the literature, the MNS matrix is often defined such that J/mns (and not Umns) appears in eq. (J.2.1 
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Figure J. 2.1: Feynman rules for the interactions of the two-component hght neutrino (z/^) with 
electroweak gauge bosons, the Standard Model Higgs boson and the Nambu-Goldstone bosons, 
where i, j label the generation. For the bosons and scalars, the charge indicated is 
flowing into the vertex. The MNS mixing matrix is denoted by E/mns- For the rules involving 
and Z bosons, a corresponding one with lowered spinor indices is obtained by c'^^ ^ ^pa- 
in the h^yi and interactions, a factor of 2 is included to account for the identical neutrinos. 
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where the Yukawa coupHng proportional to Yi, is the leptonic analogue of the Higgs-quark 
Yukawa coupling proportional to [cf. eq. (J. 1.5)]. In eq. (J. 2. 10), we have distinguished the 
flavor labels of three generations of Standard Model neutrino and charged lepton fields (denoted 
by lower case Roman letters i, j, . . .) and the flavor labels of singlet neutrino flelds (denoted by 
upper case Roman letters /, J, . . .). Note that Y^, is a 3 x n matrix and M is an n x n matrix, 
where n is the number of singlet neutrino flavors. In general, we shall not specify the value of 
n, which may differ from the number of Standard Model lepton generations. 

If A = ||iVi"|| ^ ■y,^^'^ then a dimension-flve operator of the form given by eq. (J. 2.1) is 
generated in the effective theory at energy scales below A. In this limit, we may neglect the 
kinetic energy term of the gauge singlet neutrino fields. Using the Lagrange field equations, we 
may solve for i?^ . Inserting the solution back into eq. (J. 2. 10) then yields eq. (J. 2.1), with F/A 
given by 

r'/A = -{Y.yKiY.yNiM^Y'' . (J.2.11) 

Using the definition of the SU(2)i doublet lepton field given in Table J.l, one can rewrite 
eq. (J. 2. 10) more explicitly as: 

- ^Miju^u-^ + h.c. (J. 2. 12) 

To analyze the physical consequences of the seesaw Lagrangian, we first express eq. (J. 2. 12) 
in terms of the unhatted mass eigenstate charged lepton fields [cf. eq. (J. 1.11)], and the light 
neutrino fields Ui introduced in eq. (J. 2. 2). It is also convenient to introduce new gauge singlet 
neutrino fields i^"^ by defining 

V^ = N^jT>\ (J.2.13) 

where N is the unitary matrix that Takagi-diagonalizes the complex symmetric matrix M. 
That is, 

M = N'^MN = diag(Mi , Ms , . . . , Mn) , (J.2.14) 

where the Mj are the singular values of M (i.e., the non- negative square roots of the eigenvalues 
of M). In terms of the mass eigenstate charged lepton fields ii and the neutrino fields 
and the seesaw Lagrangian [eq. (J. 2. 12)] is then given by: 

=Sfseesaw = -{Y^Yj - - ^Mij^^^^ + h.C. , (J.2.15) 

where 

Yi, = lJYi,N. (J.2.16) 

^^''The Euclidean matrix norm is defined by \\A\\ = [Tr(^'l"4)] = [X^^ ^ iflij pj ^"'^j for a matrix A whose 
matrix elements are given by aij . 
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As above, in the limit of A = \\M\\ = \\M\\ ^ v, it is also possible to directly generate 
the effective dimension-five operator [eq. (J. 2. 3)] in terms of the mass eigenstate charged lepton 
fields and the new neutrino fields Uj. We then identify the corresponding coefficient, F/A, as 

Recalling that F = LJFLi, one can check that eq. (J. 2. 17) indeed follows from eqs. (J. 2. 11), 
(J. 2. 14) and (J. 2. 16). 

To identify the neutrino mass matrix, we set = v and = <I>~ = in eq. (J. 2. 15): 

-^^^ = i {h y-^) 2j j + ^-^^ (J-2-18) 

The neutrino mass matrix is a (3 + n) x (3 + n) complex symmetric matrix given in block 
form by: 

( O Md\ 
Mu=\ , (J.2.19) 

\Ml M j 

where O is the 3x3 zero matrix, M is the diagonal matrix defined in eq. (J. 2. 14) and Md is 
a 3 X n complex matrix (called the Dirac neutrino mass matrix), 

{MdYj = viY^Yj . (J.2.20) 

Note that if ?i = 3 and M = O, then Md is a 3 x 3 matrix that is simply the leptonic 
analogue of the up-type quark mass matrix M^- In this case, we would perform a singular value 
decomposition of Md and identify the unhatted neutrino mass eigenstate fields, which can be 
assembled into three generations of four-component Dirac neutrinos, 

N,= I , i = 1,2,3. (J.2.21) 




In the seesaw model (with n not specified), we assume that ||-M"|| ^ ||Ai"£)||. In this case, the 
neutrino mass matrix can be perturbatively Takagi-block-diagonalized as follows [280,298,340]. 
Introduce the {2> + n) x (3 -|- n) (approximate) unitary matrix: 

/ l3x3 - iM*nM-2MT, M*r,M-^ \ 

U=\ ^ ^ ^ , (J.2.22) 

\ -M-^Ml ln^n-\M~^Ml,M*ijM-^ ) 

where 1 is the identity matrix (whose dimension is explicitly specified above). We define trans- 
formed [light (£) and heavy [h)] neutrino states (^'^)i and (^h)"' by: 

(J.2.23) 
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By straightforward matrix multiplication, one can verify that to second order accuracy in per- 
turbation theory, 

U^MuUc^ I , (J.2.24) 

where O is the 3 x n zero matrix. 

We now can identify an effective 3x3 complex symmetric mass matrix Mu^ for the three 
light neutrinos as the upper left-hand block of eq. (J.2.24), 

M^, ~ -M^M-^MJj , (J.2.25) 

where corrections of 0{v^/A^) have been neglected. Using eqs. (J. 2. 17) and (J. 2. 20), we see that 
the light neutrino mass matrix obtained in eq. (J. 2. 5) has been correctly reproduced to leading 
order in v^/A^. 

The physical light neutrino mass eigenstate fields and their masses are identified by eqs. (J. 2. 6) 
and (J. 2. 7). At energy scales below the heavy neutrino mass scale, A = ||-/Vf||, and we can set 
Uh = 0. Neglecting corrections of 0{v'^/A'^), eqs. (J.2.20)-(J.2.25) imply that^^^ 

i>i^{UMNsV{iye)j, (J.2.26) 
{Y^Yji?' ^-{M^^U^^^r\u,)u = \ E(^MNs)fc' {^uM^l)k , (J.2.27) 

k 

where in the last step above we have used eq. (J. 2. 7) and (C/MNs)i* = [(f^MNs)i"']*- Using 
eqs. (J.2.26) and (J.2.27) to express the seesaw Lagrangian in terms of the light neutrino mass 
eigenstate fields, one can verify that the resulting interactions of the light neutrinos (and charged 
leptons) to gauge bosons, the Higgs boson and the Nambu-Goldstone bosons reproduce the 
results of eqs. (J. 2. 8) and (J. 2. 9) at leading order in / . 

For completeness, we examine the effective n x n complex symmetric mass matrix of the 
heavy neutrino states, -/Vfjy^, which is identified as the lower right-hand block in eq. (J.2.24), 

M^^ ~ M + i(M"iM^MD + MJjM}jM~^) . (J.2.28) 

Although M is diagonal by definition [cf. eq. (J. 2. 14)], the right-hand side of eq. (J.2.28) is no 
longer diagonal due to the second order perturbative correction. However, we do not have to 
perform another Takagi diagonalization, since the off-diagonal elements of the lower right-hand 



^''^Strictly speaking, eq. (J.2.27) should be written as: 
to maintain covariance in the flavor indices. 



V ■ 

k,n 
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block only affect the physical (diagonal) masses at higher order in perturbation theory. Thus, 
we identify the physical heavy neutrino mass eigenstates to leading order by the unhatted fields, 

yi-H. (J-2.29) 

with masses 

m.,, ^ Mj [\ + -L J] |(M^)Vpj , (J.2.30) 

where the Mj are the diagonal elements of NL (and no sum over the repeated index J is implied). 
That is, the masses of the heavy neutrinos are simply given by m^j^^j ~ Mj, up to corrections 
that are of the same order as the light neutrino masses. 

The interactions of the heavy neutrinos can be likewise obtained. The only unsuppressed 
interactions are heavy neutrino couplings to the Higgs boson and Nambu-Goldstone bosons that 
are proportional to the Dirac neutrino mass matrix, 

^i,t = -^{ul^^^Mof jvi{v,)^,{h%^ + zG") + -{MofdiviG^ + h.c. (J.2.31) 

All other couplings of the heavy neutrinos to the and Z bosons (and additional contributions 
to the couplings of the heavy neutrinos to the Higgs boson and Nambu-Goldstone bosons) are 
suppressed by (at least) a factor of 0(w/A). 

Appendix K: MSSM fermion interaction vertices 

In this section, we provide the Feynman rules for the MSSM interaction vertices. To complete the 
tabulation of all MSSM Feynman rules, one requires the rules for the purely bosonic interactions 
of the MSSM. These can be found in refs. [341,342]. 

K.l Higgs-fermion interaction vertices in the MSSM 

The MSSM Higgs sector is a two Higgs doublet model containing eight real scalar degrees of 
freedom: one complex Y = doublet, Hd = {H^ , Hj) and one complex Y = +\ doublet, 
Hu = {H^ , H^). The notation reflects the form of the MSSM Higgs sector coupling to fermions: 



ab 



{Yuy,{H^)aQbiu' - {Yay,{Hd)aQbid' - {Y,y,{Hd)aLuP + h.c. , (K.1.1 



where the hatted fields are interaction eigenstate quark and lepton fields (with generation labels 
i and j), a and b are S\]{2)l indices and the invariant S\]{2)l tensor e""^ is defined below 
eq. (J. 1.5). That is, the neutral Higgs fields [H^] couple exclusively to down-type [up- 
type] fermion pairs, respectively. In the supersymmetric model, both hypercharge Y = and 
Y = +^ complex Higgs doublets are required in order that the theory (which now contains the 
corresponding higgsino superpartners) remain anomaly free. The supersymmetric structure of 
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the theory forbids the couphng of to and F or the couphng of hJ^ to , as such coupUngs 
would not be holomorphic. Consequently, (at least) two Higgs doublets are required in the MSSM 
to generate mass for both "up"-type and "down"-type quarks and charged leptons [170,343,344]. 

To find the couplings of the Higgs fields, we expand them around the neutral Higgs field 
vacuum expectation values = {H^'j and Vu = (-f^u)- Depending on the application, these 
may be chosen to be the minimum of the tree-level scalar potential, or of the full loop-corrected 
effective potential, or just left arbitrary. It is always possible to choose the phases of the Higgs 
fields such that and are real and positive. We then define 

P = tan-i (^^^ , < /3 < I . (K.1.2) 

The one potentially complex squared-mass parameter that appears in the tree-level MSSM 
Higgs scalar potential is necessarily real in the convention where the vacuum expectation values 
of the neutral Higgs fields are real and positive. Consequently, the tree-level MSSM Higgs 
sector conserves CP, which implies that the neutral Higgs mass eigenstates possess definite CP 
quantum numbers. ^^"^ Spontaneous electroweak symmetry breaking results in three Goldstone 
bosons G^, (the neutral Goldstone boson is a CP-odd scalar field), which are absorbed 
and become the longitudinal components of the and Z. The remaining five physical Higgs 
particles consist of a charged Higgs pair one CP-odd scalar and two CP-even scalars 
and . 

It is convenient to define H~ = {H^)'^ and = (Hj)"^. One can then parameterize the 
mixing angles between Higgs gauge eigenstates and mass eigenstates by writing: 

H^^ = v^ + J-Y^k,^,^^, Ht = Y.K^±<P^, (K.1.3) 

<t>o 4,± 

H^^=Vd + ^Yl = E • (K.1.4) 



For (f)^ = {H^, G^), 
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ku4,± = (cos/3±, sin/3±), (K.1.5) 

/Crf<^± = (sin/3±, -cos/3±) , (K.1.6) 

and for / = (/i°, A^, G°), 

A;„^o = (cosa, sina, zcos/3o, isin/3o), (K.1.7) 

kd60 = {—sma, cosQ, «sin/3o, — icos/3o), (K.1.8) 



^^^The coefficients of the quartic terms of tlie tree-level MSSM Higgs potential are related to the electroweak 
gauge couplings and are manifestly real, independently of the convention for the phases of the Higgs fields. 

^^"When one-loop corrections are taken into account, new MSSM phases can enter in the loops that cannot be 
removed. In this case, the physical neutral Higgs states can be mixtures of CP-even and CP-odd scalar states [345] . 

^^^Note that 4>~ = (0^)^- Since the kf^± (for / — u,d) are real quantities, we adopt the notation in which 
= ^f't'- = '^nd 13+ ^ P- = /3±. 
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where the mixing angle a parameterizes the orthogonal matrix that diagonalizes the 2x2 CP- 
even Higgs squared-mass matrix M\ [defined in eq. (K.1.11) below]. 

In eqs. (K.1.3) and (K.1.4), the normalization of the vacuum expectation values is 



vl-rvl = 2val,lg^ ^{VIAQ^Nf , (K.1.9) 

if one chooses Vd to be near the true minimum of the Higgs effective potential. Note that 
in the special case that and are at the minimum of the tree-level potential, the mixing 
angles fi± in the charged Higgs sector and /3o in the CP-odd neutral Higgs sectors coincide such 
that /3± = /3o = /3, where /3 is defined in eq. (K.1.2). However, if one expands around a more 
general choice of Vu,Vd, including for example the minimum of the full effective potential, then 
the tree- level mixing angles /3o and /3± are distinct from each other and from /3. (Depending 
on the choice of renormalization scale for a particular calculation, the tree-level potential in the 
MSSM may have a very different minimum from the true minimum of the full effective potential, 
or may not have a proper minimum at all.) Therefore, we do not assume anything specific about 
Vu and except that they are real and positive by convention. 

All MSSM Higgs boson masses and the mixing angle a are determined at tree level by 
two Higgs sector parameters, usually taken to be the ratio of the tree-level vacuum expectation 
values, tan/3 = Vu/vd, and the mass of the CP-odd Higgs scalar, niA [170,344]. The tree-level 
value of the squared mass of the charged Higgs boson is given by 

mjji = m\ + niiY ■ (K.1.10) 

The CP-even Higgs bosons and are eigenstates of the tree-level squared-mass matrix, 

/ m 4 sin^ B + m ^ cos^ B — (m\ + m%) sin B cos B \ 
Ml=\ ZJ \ (K.1.11) 

\ — (m^ + m^) sin/3 cos /3 cos^ /3 + sin^ /3 / 

The eigenvalues of A^g are the tree-level squared masses of the two CP-even Higgs scalars, 

m]j^^ = i + m| ± ^J {m\ + m\Y - Am\m\ cos^ 2/3 ^ , (K.1.12) 

with mil ^ f^H- The angle a of the orthogonal matrix that diagonalizes Ai^'is given by [346]: 

1 , cos 2a = - cos 2/3 f . (K.1.13) 

Since sin 2a < 0, the tree-level value of a is restricted to lie in the range — 7r/2 < a < 0. 

Radiative corrections can have a significant impact on the tree-level Higgs masses and 
mixing angle a [345,347]. For example, the tree-level bound rrih < mz \ cos 2f3\ < mz [which 
follows from eq. (K.1.12)] is significantly modified by an incomplete cancellation of top quark 
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and top squark loop corrections. Including the latter implies that ruh ^ 135 GeV [348], which 
(in contrast to the tree-level prediction) is not experimentally excluded. 

The Higgs-fermion Yukawa couplings in the gauge-interaction basis are given by eq. (K.1.1). 
Explicitly, 



+ h.c. 



(K.1.14) 



We use eqs. (K.1.3) and (K.1.4) to express the interaction-eigenstate Higgs fields in terms of the 
physical Higgs fields and Goldstone fields. We can identify the quark and lepton mass matrices 
simply by setting = Vu, = Vd and = = in eq. (K.1.14) , 



UJ J 



VuiYu)'' 



] 1 



{Me 



VdiYiY 



(K.1.15) 



We then use eqs. (J. 1.10) and (J. 1.11) to express the interaction-eigenstate quark and lepton 
fields in terms of the corresponding mass eigenstate fields. Eqs. (J. 1.12) and (J. 1.14) ensure that 
the fermion mass matrices are diagonal (with real non-negative elements) in the fermion mass 
eigenstate basis. In this basis, the resulting neutral Higgs-fermion interactions are diagonal. 
Here, the diagonalized Higgs-fermion Yukawa coupling matrices appear: 



diag(y„i, Yu2,Yu3) = diag(y„, Ye, Yt) = lIyA , 
diBg{Ydi,Yd2, Yd3) = dmg{Yd, Ys,Yb) = L^YdRd , 
diag{Ya,Ye2,Ye3) = diBg{Ye, Y^, Yr) = lJy.R, . 



(K.1.16) 
(K.1.17) 
(K.1.18) 



The diagonalized Yukawa couplings are related to the corresponding fermion masses by 



Yui — 'TUui I ' 



Ydi = mdjvd ■ 



Yu = mejvd 



(K.1.19) 



We have used the same symbol for the Yukawa couplings in the MSSM as we did for the 
Standard Model Yukawa couplings in Appendix J.l. However, it is important to note that the 
MSSM Yukawa couplings are normalized differently because of the presence of two neutral Higgs 
field vacuum expectation values. Using a superscript SM to denote the Standard Model Yukawa 
couplings of Appendix J.l, the MSSM Yukawa couplings defined here are related by: 



Y^, = Y^f^/s\nP 



Ydi = Y!^/cosP, 



Ffi = y|^/ cos /3. 



(K.1.20) 



The interactions of the neutral Higgs and Goldstone scalars (fP = {h^ , , ,G^) with 
Standard Model fermions are given in Fig. K.1.1. Note that the rules involving undotted spinor 
indices are proportional to either couplings /c^^o and A;„^o, whereas the rules involving dotted 
spinor indices are proportional to the corresponding complex conjugated couplings. For the 
CP-even scalars, and H^, the corresponding couplings are real. Hence, starting with the rule 
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Figure K.1.1: Feynman rules for the interactions of neutral Higgs bosons cfP = {hP , ^ , G^) 
with fermion-antifermion pairs in the MSSM. The repeated index j is not summed. 

for the coupling of the CP-even neutral scalars to fermions with undotted indices, one obtains 
the corresponding rule for the coupling to fermions with dotted indices (with the direction of 
the arrows reversed) by taking 5a^ — t- (5"^. In contrast, for the CP-odd scalars, AP and , the 
corresponding couplings k^^o and k^^o are purely imaginary. Therefore, starting with the rule 
for the coupling of the CP-odd neutral scalars to fermions with undotted indices, one obtains 
the corresponding rule for the coupling to fermions with dotted indices (with the direction of 
the arrows reversed) by taking — )• —^"^p- The latter minus sign is a signal that AP and G^ 
are CP-odd scalars. In particular, due to the fact that the Feynman rules for ^ and G^ arise 
from a term in ^\nt proportional to i Im i?", the latter i flips sign when the rule is conjugated 
resulting in the extra minus sign noted above. As an additional consequence, since the Feynman 
rules are obtained from i=Sfint, the overall AP and G^ rules are real. 

The couplings of the charged Higgs and Goldstone bosons to quark-antiquark pairs are not 
flavor-diagonal and involve the CKM matrix K. Starting with eq. (K.1.14), and changing to 
the mass eigenstate basis as before, we make use of eqs. (J. 1.22) and (J. 1.23) to obtain 

^int = Yui [K]^dju'H+ cos /3± + Ydi [K^^Ujd'R- sin /3± + Yui^itR- sin /3± 

+Yui[K]i^dju'G^ sin p±-Ydi\K^]i^Ujd' G- cos ^±-YHVieG- cos p±+ (K.1.21) 

The resulting charged scalar Feynman rules of the MSSM are given in Fig. K.1.2. Note that when 
eq. (K.1.20) is taken into account, the fermion couplings to the neutral and charged Goldstone 
bosons are equivalent to those of the Standard Model [cf. eq. (J. 1.24)] if we choose Po = P± = 
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6 ^ 




Figure K.1.2: Feynman rules for the interactions of charged Higgs bosons cf)^ = {H^,G^) 
with fermion-antifermion pairs in the MSSM. 



K.2 Gauge interaction vertices for neutralinos and charginos 

Following eqs. (C83) and (C88) of ref. [7], we define: 



L 



O: 



iR 

ij 

iiL 



-^n:,u,2+n*^u,,, 



/iR 



(K.2.1) 
(K.2.2) 
(K.2.3) 
(K.2.4) 
(K.2.5) 



where sw = sinOw. Here U and V are the unitary matrices that diagonalize the chargino mass 
matrix via the singular value decomposition: 



with 



U*M^±V ^ = diag(m^^,m^^) , 

\ 



M, 



M2 gvu 



(K.2.6) 



(K.2.7) 



Similarly, A'^ is a unitary matrix that Takagi-diagonalizes the neutralino mass matrix, 



diag(m^^ , mjY^ , m^^ , mjyj 



(K.2. 



275 



with 



^ Ml 





-q'vJ^/2 q'v„/\/2\ 





M2 


gvd/V^ -gvu/V^ 


-9'vd/V2 


gvd/V2 


-fi 


V 9'vu/V2 


-gvul \/2 


-/i / 



(K.2.9) 



As noted above eq. (K.1.2), we work in a convention in which Vu and are real and positive. The 
gaugino mass parameters Mi, M2 and the higgsino mass parameter /i are potentially complex. 

We now list the gauge boson interactions with the neutralinos and charginos in the form of 
Feynman rules. Here, we make use of the results presented in Figs. 4.3.2-4.3.4. The Feynman 
rules for Z and 7 interactions with charginos and neutralinos are given in Fig. K.2.1 and the 
corresponding rules for interactions are given in Fig. K.2.2. For each of these rules, one has 
a version with lowered spinor indices by replacing a'^^ — )• —cr^j^a- We label fermion lines with 
the symbols of the two-component fermion fields as given in Table 5.1. The ZNiNj interaction 
vertex also subsumes the O'/p interaction found in four-component Major ana Feynman rules as 
in ref. [7], due to the result of eq. (G.1.98) and the relation O'/f- = -O'^^ of eq. (K.2.5). 

The chargino sector is CP-conserving if Im(M2/i*) = 0. In this case, the chargino fields 



a 



/3 



-ie Sua" 




a 



/3 



• X — "/3 





Figure K.2.1: Feynman rules for the chargino and neutralino interactions with neutral gauge 
bosons. The coupling matrices are defined in eqs. (K.2.3)-(K.2.5) and cw = cos 6*^1^. For each 
rule, a corresponding one with lowered spinor indices is obtained by — t- —cr^isa. 
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Figure K.2.2: Feynman rules for the chargino and neutralino interactions with W gauge 
bosons. The charge indicated on the W boson is flowing into the vertex in each case. The 
coupling matrices are defined in eqs. (K.2.1) and (K.2.2). For each rule, a corresponding one 
with lowered spinor indices is obtained by a^^ — )• —a^pa- 

can be rephased such that M2 and ^ are real, and the chargino mixing matrices U and V can 
be chosen to be real orthogonal. In particular, the couplings O' ^ and O' ^ are manifestly real. 
Likewise, the neutralino sector is CP-conserving if Im (Mi/_f*) = Im (M2/U*) = Im (MiM|) = 0.^^^ 
In this case, the neutralino fields can be rephased such that Mi, M2 and ^ are all real, and the 
neutralino mixing matrix can be chosen [cf. eqs. (D.2.4) and (D.2.5)] such that [170]: 

1 /2 

Nij = £■ Zij , no sum over i , (K.2.10) 

where Z is a real orthogonal matrix, and £i is the sign (either ±1) of the ith. eigenvalue of the real 
symmetric neutralino mass matrix, M^o. That is, the ith. row of N is purely real [imaginary] if 
Ei = +1 [—1]. In particular, the matrix element O'/j^ is purely real [imaginary] ii EiSj = +1 [— 1]. 
More generally, the neutralino and chargino interactions with the electroweak gauge bosons are 
CP-conserving if the corresponding Feynman rules for the interaction vertices are either purely 
real or purely imaginary. 

In the CP-violating case, the matrices U and V cannot be chosen to be real orthogonal, 
and cannot be written in the form of eq. (K.2.10).^''^ Nevertheless, the diagonal couplings 
O'it, 0[J^ and O'l/" are manifestly real. This indicates that the diagonal Z^CfC~ and Z^NiNi 
couplings are CP-conserving at tree level, even in the presence of a CP-violating chargino and 
neutralino sector. Similarly, the diagonal jC^C^ couplings are CP-conserving, whereas the 
off-diagonal ^C^CJ couplings {i 7^ j) vanish at tree level, as expected from gauge invariance. 

^^^li all three of the potentially complex parameters Mi, M2 and ^ are non-zero, then only two of the three 
conditions for a CP-conserving neutralino sector are independent, since the third condition follows automatically 
from the first two conditions. 

^^•^Since M^o is in general a complex symmetric matrix, its eigenvalues are not necessarily all real. In particular, 
if the ith eigenvalue is not real, then there is no longer any meaning to the sign Si. 
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6 ^ 



/3 




a 



^iY^-xUtsJ --* < _iy<^+x°x, A 




/3 

Figure K.3.1: Feynman rules for the interactions of neutral Higgs bosons (j)^ = {h^,H^, A^, G^) 
with neutralino pairs and chargino pairs, respectively, and the interaction of charged Higgs 
bosons cj)^ = {H^,G^) with chargino-neutralino pairs. For each rule, there is a corresponding 
one with all arrows reversed, undotted indices changed to dotted indices with the opposite height, 
and the Y coupling (without the explicit —i) replaced by its complex conjugate. 

K.3 Higgs interactions with charginos and neutralinos 

The couplings of chargino and neutralino mass eigenstates to the Higgs mass eigenstates can be 
written, in terms of the Higgs mixing parameters of eqs. (K.1.7) and (K.1.8) and the neutralino 
and chargino mixing matrices of Appendix K.2, as [170]: 

y*"x?x° = hk^^oN*, - K^.N:,){gN*, - g'N*,) + (i o j) , (K.3.1) 



2 



-^iK^oU:,V*, + k*,^oUt,V*,) , (K.3.2) 
y^^x°x- = k,^^ [g{N:,U*, - -^N*,U*,) - ^N:,U*,] , (K.3.3) 

y^-x?x; = k^^^ [9{n:,v*, + ^n:,v;,) + ^n:,v*,] , (k.3.4) 

for (p^ = h^,H^,A^,G^ and (/)^ = H^,G^. We exhibit the Higgs boson and Goldstone boson 
interactions with the neutralinos and charginos in Fig. K.3.1. For each of the Feynman rules 
in Fig. K.3.1, one can reverse all arrows by taking 6a^ — t- 5°^ and complex conjugating the 
corresponding coupling (but not the overall factor of —i). 

Goldstone bosons may appear as internal lines in of Feynman graphs that are evaluated 
in the 't Hooft-Feynman gauge. The propagation of a Goldstone boson yields a result that 
is identical to the propagation of the corresponding longitudinal gauge boson in the unitary 
gauge. It is thus convenient to express the Goldstone boson couplings to the neutralinos and 
charginos in terms of the corresponding gauge boson couplings. To accomplish this, we first 
record a number of identities among the neutralino and chargino mixing matrices. First, we use 
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eqs. (K.2.6) and (K.2.7) to derive: 

M2U*^+gvdU*2=mQyii, gVuU*^ + fiU*^ = mQVi2 , (K.3.5) 

M2V*^ + gVuV*2 = m^^ U^i , gv^V*^ + ^xV*^ = m^^ U,2 ■ (K.3.6) 
Next, we use eqs. (K.2.8) and (K.2.9) to derive: 

4 



N*^{M^o)j^ = {g'N*, - gN*2) - ftN*, , (K.3.7) 

.7 = 1 



4 

"^iv.^*3 = Yl ^t,{M^^)j3 = {a'N*, - gN*2) - fiN*^ , (K.3.8) 

j=i 

4 

"^iv,^«2 = 5]iV* (M^o),2 = K2M2 + (^^diV^s - VuK^) . (K.3.9) 

By a judicious combination of the above identities, and M2 can be eliminated. One can 
then rewrite the Goldstone boson couphngs of eqs. (K.3.1)-(K.3.4) in terms of the gauge boson 
couphngs O-^'-f^, O'^^^ and O"^^^ defined in eqs. (K.2.1)-(K.2.5). It then fohows that: 



^^^ = ^(rn^ail^-m^aif). (K.3.10) 
Vf^^-^ = ^ (mg O^/ - m^Olf) , (K.3.11) 
Y^'^-J = ^ [m^O^^* - m^pfj*) , (K.3.12) 



Note that by using O'/j^ = —Oj/", it follows from eq. (K.3.10) that iY'^ ^^^j is symmetric under 
the interchange of i and j, as expected. 

In general, for a CP-violating chargino and neutralino sector, the couplings Y'^^^i^^ and 

are neither purely real nor purely imaginary. That is, the diagonal 
neutralino and chargino couplings to the physical neutral Higgs bosons are generically CP- 
violating. However for cp^ = G", the diagonal neutralino and chargino couplings to the neutral 
Goldstone boson (when multiplied by i) are manifestly real. In particular, eqs. (K.3.10) and 
(K.3.11) yield: 

^yG^xIxl = ^ = ^ \Nii\^ - liYisH > (K.3.14) 

V V 

^G^x-xt = :^iOit - O'i) = ^ [\V,2? - \U.2\'] , (K.3.15) 

where the unitarity of U and V has been used to obtain the final expression in eq. (K.3.15). It 
follows that the diagonal neutralino and chargino couplings to the neutral Goldstone boson are 
CP-conserving. This result is not surprising, as the corresponding diagonal tree-level couplings 
of the (longitudinal) Z'^ boson are always CP-conserving as noted at the end of Appendix K.2. 
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K.4 Chargino and neutralino interactions with fermions and sfermions 

In the MSSM, the scalar partners of the two-component fields q and are the squarks, denoted 
by qi and qji, respectively. In our notation, g£ and denote both the complex conjugate fields 
and the names of the corresponding anti-squarks. Thus u, ul and ur all have electric charges 
+2/3, whereas u, u£ and all have electric charges —2/3. Likewise, the scalar partners of the 
two-component fields I and I'^ are the charged sleptons, denoted by II and Ir, respectively, with 
(. = e,fi,T. The sneutrino, u is the superpartner of the neutrino. There is no since there is 
no v in the theory. ^''^ 

The Feynman rules for the chargino-quark-squark interactions are given in Fig. K.4.1, and 
the rules for the neutralino-quark-squark interactions are given in Fig. K.4. 2. Here we have taken 
the quark and lepton two-component fields to be in a mass eigenstate basis, and the squark and 
slepton field basis consists of the superpartners of these fields, as described above. Therefore, 
in practical applications, one must include unitary rotation matrix elements relating the the 
squarks and sleptons as given to the mass eigenstates, which can be different. 

In principle, all sfermions with a given electric charge can mix with each other. However, 
there is a popular, and perhaps phenomenologically and theoretically favored, approximation in 
which only the sfermions of the third family have significant mixing. For f = t,b, t, one can 
then write the relationship between the gauge eigenstates /l, fn and the mass eigenstates /i, 
/2 as [349] 

(;:)-'©■ '-(:;::;:)• 

where X is a 2 x 2 unitary matrix. Then one can choose R? = L*- = cr, and L? = —R*- = s ? 

n f2 f n f2 f 

with 

|c^-|2 + |s^-|2 = 1. (K.4.2) 

If there is no CP violation, then cj and s j can be taken real, and they are the cosine and sine 
of a sfermion mixing angle. For the other charged sfermions (/ = u, d, c, s, e, /I), one can use 
the same notation, and approximate = Rj^ = 1 and Lj^ ~ ~ ^' "^^^ resulting Feynman 
rules for squarks and sleptons that mix within each generation are shown in Figs. K.4. 3 and 
K.4.4. 

For each Feynman rule in Figs. K.4.1-K.4.4, one can reverse all arrows by taking 6a^ — )■ 6°' ^ 
and complex conjugating the corresponding rule (but leaving the explicit factor of i intact). 

^'^^It is possible to construct a seesaw-extended MSSM that would be the minimal supersymmetric extension of 
the seesaw-extended Standard Model described in Appendix J. 2. In the seesaw-extended MSSM, both v and its 
supersymmetric partner i/r exist. For further details on the sneutrino sector of the seesaw-extended MSSM, see 
ref. [298]. 

^^^Our convention for cj, sj has the property that for zero mixing angle, /i — fa and /2 — fh- The conventions 
most commonly found in the literature unfortunately do not have this nice property. 
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Figure K.4.1: Feynman rules for the interactions of charginos with fermion/sfermion pairs 
in the MSSM. The fermions are taken to be in a mass eigenstate basis, and the sfermions are 
in a basis whose elements are the supersymmetric partners of them. For each rule, there is a 
corresponding one with all arrows reversed, undotted indices changed to dotted indices with the 
opposite height, and the coupling (without the explicit i) replaced by its complex conjugate. 
Note that chargino interaction vertices involving udn and duR do not occur in the MSSM. An 
alternative version of these rules, for the case that mixing is allowed only among third-family 
sfermions, is given in Fig. K.4.3. 
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Figure K.4.2: Feynman rules for the interactions of neutralinos with fermion/sfermion pairs 
in the MSSM. The fermions are taken to be in a mass eigenstate basis, and the sfermions are 
in a basis whose elements are the supersymmetric partners of them. For each rule, there is a 
corresponding one with all arrows reversed, undotted indices changed to dotted indices with the 
opposite height, and the coupling (without the explicit i) replaced by its complex conjugate. An 
alternative version of these rules, for the case that mixing is allowed only among third-family 
sfermions, is given in Fig. K.4.4. 
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Figure K.4.3: Feynman rules for the interactions of charginos with third-family 
fermion/sfermion pairs in the MSSM. The fermions are taken to be in a mass eigenstate ba- 
sis. CKM mixing is neglected, and the sfermions are assumed to only mix within the third 
family. The corresponding rules for the first and second families with the approximation of 
no mixing and vanishing fermion masses can be obtained from these by setting Yf = and 
Lj^ = R^^ = 1 and L^^ ~ ~ ^ -^i ~ -^2 = /i)- For each rule, there is a 

corresponding one with all arrows reversed, undotted indices changed to dotted indices with the 
opposite height, and the coupling (without the explicit i) replaced by its complex conjugate. 
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Figure K.4.4: Feynman rules for the interactions of neutralinos with third-family 
fermion/sfermion pairs in the MSSM. The comments of the caption of Fig. K.4.3 also apply 
here. 
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K.5 SUSY-QCD Feynman rules 

In supersymmetric (SUSY) QCD, the Lagrangian governing the gluon interactions with col- 
ored fermions (gluinos and quarks) in two-component spinor notation, which derives from the 
covariant derivatives in the kinetic terms, is given by 



9s-L r y . \ 



(K.5.1) 



Here gs is the strong coupling constant, a,b,d = 1,2, ...,8 are SU{3)c adjoint representation 
indices, and f"'^'^ are the SU{3) structure constants. Raised (lowered) indices j,k = 1,2,3 are 
color indices in the fundamental (anti-fundamental) representation. We have denoted the two- 
component gluino field by ga as in Table 5.1 and the gluon field by Aa- The sum is over the 
six flavors q = u,d, s, c, b, t (in either the mass eigenstate or electroweak gauge-eigenstate basis). 
The corresponding Feynman rules are shown in Fig. K.5.1. The gluino-squark-quark Lagrangian 
is given by: 



int 



-V2gsTf ^ \gaqk q^ + ElU^^ qbk - 9aq^ qRk - gUl q^ 



(K.5.2) 



where the squark fields are taken to be in the same basis as the quarks. The Feynman rules 
resulting from these Lagrangian terms are shown in Fig. K.5.2. 

For practical applications, one typically takes the quark fields as the familiar mass eigen- 
states, and then performs a unitary rotation on the squarks in the corresponding basis to ob- 
tain their mass eigenstate basis. In the approximation described at the end of Appendix K.4 
[cf eqs. (K.4.1) and (K.4. 2) and the accompanying text], one obtains the Feynman rules of 
Fig. K.5. 3, as an alternative to those of Fig. K.5.2. 
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Figure K.5.1: Fermionic Feynman rules for SUSY-QCD that involve the gluon, with q = 
u,d,c, s,t,b. Lowered (raised) indices j,k correspond to the fundamental (anti-fundamental) 
representation of SU{3)c- For each rule, a corresponding one with lowered spinor indices is 
obtained by a'^^ — )• — 
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Figure K.5.2: Fermionic Feynman rules for SUSY-QCD that involve the squarks, in a basis 
corresponding to the quark mass eigenstates q = u,d,c,s,t, b. Lowered (raised) indices j, k cor- 
respond to the fundamental (anti-fundamental) representation of SU (3)c, and the index a labels 
the adjoint representation carried by the gluino. The spinor index heights can be exchanged in 
each case, by replacing — )• or 5"^ — )• S^a- For an alternative set of rules, incorporating 
Ql-Qr mixing, see Fig. K.5.3. 




Figure K.5.3: Fermionic Feynman rules for SUSY-QCD that involve the squarks in the mass 
eigenstate basis labeled by x = 1,2 and q = u,d,c, s,t,b, in the approximation where mixing 
is allowed only within a given flavor (typically, for the third family only), as in eq. (K.4.1). 
Lowered (raised) indices j, k correspond to the fundamental (anti-fundamental) representation 
of SU{3)c, and the index a labels the adjoint representation carried by the gluino. The spinor 
index heights can be exchanged in each case, by replacing 5a^ — ?• or — t- S^a- 
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Appendix L: Trilinear R-parity-violating Yukawa interactions 

In the MSSM, a multiplicative R-parity invariance is imposed, where R = (— l)3(B-i)+2S' £qj, 
particle of baryon number B, lepton number L and spin 5 [350]. Equivalently, R-parity can be 
defined to be an additive quantum number modulo 2, where R = +1 corresponds to an even 
R-parity and R = —1 corresponds to an odd R-parity. In particular, all the ordinary Standard 
Model particles are R parity even, whereas the corresponding supersymmetric partners are 
R parity odd. In the R-parity-violating extension of the MSSM (denoted below as RPV-MSSM), 
new interactions are allowed that violate R-parity. Such interactions necessarily violate the B — L 
global symmetry. R-parity-violating interactions can significantly alter the phenomenology at 
colliders (see for example [205,208]), especially as the lightest supersymmetric particle (LSP) is 
no longer stable [209,351]. Moreover, the LSP need not be restricted to the lightest neutralino 
(or perhaps the sneutrino) as in the MSSM, but can be any supersymmetric particle [204]. 

In this appendix, we focus on new trilinear supersymmetric Yukawa interactions that can 
appear in an RPV-MSSM [351-354]: 



-^LLe = -^Ajjfc [tRkT^dj + i^djh + hj^T^i - ^*Rk^i'^j " ^jh^i " hii^jhj + h.c. , (L.l) 
^LQd = -Kjk {fRk^idj + yidjdk + dLjdkVi - (fjik^^iUj - ULjdk^i - iLiUjdk^ + h.c. , (L.2) 
-^uM = -h^I,kep,r [u^dy, + d%u^dl + + h.c. , (L.3) 

where repeated indices are summed over.^^^ In eqs. (L.1)-(L.3), Xijk, X'^j^, X'-jj^ are dimensionless 
coupling constants, i,j,k are generation indices, and p,q,r = 1,2,3 are color SU{3) indices, 
respectively. The couplings proportional to A and A' violate L and conserve B, whereas the 
couplings proportional to A" violate B and conserve L. Various phenomenological constraints 
on these couplings are summarized in refs. [354]. 

In addition to Xijk, Kjk^ Kjk^ Lagrangian of the RPV-MSSM contains one additional su- 
persymmetric -L- violating mass parameter, Kj, which leads to slepton-Higgs mixing and lepton- 
higgsino mixing. Finally, supersymmetry-breaking R-parity-violating parameters would also 
contribute to slepton-Higgs mixing and yields new trilinear scalar interactions. These effects 
modify the Feynman rules of Appendix K through additional mixing matrices, which we do not 
include here (for further details, see e.g. ref. [199]). 

Recently, the two-component fermion Feynman rules for the neutral fermions have been 
given in refs. [280,355]. Using eq. (4.3.2) and Fig. 4.3.1 we can now directly determine the 
corresponding Feynman rules. These are given in Figs. L.l, L.2, and L.3. The same Lagrangian 
for the Yukawa interactions is given in terms of four-component fermions in refs. [206,207]. Two 
sample computations that make use of these rules are presented in Sections 6.20 and 6.21. 



^^''The extra factors of i in eqs. (L.l) and (L.3) have been chosen for convenience, due to the antisymmetry 
properties of the corresponding couplings: Xijk = —Xjik, X'ijk = —^ikj- 
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Figure L.l: Feynman rules for the Yukawa couplings of two-component fermions due to the 
supersymmetric, R-parity- violating Yukawa Lagrangian ^LLe [cf- eq. (L.l)]. For each diagram, 
there is another with all arrows reversed and Ajj^ ^ijk- 




Figure L.2: Feynman rules for the Yukawa couplings of two-component fermions for the super- 
symmetric, R-parity- violating Yukawa Lagrangian ^i^Qg [cf. eq. (L.2)]. For each diagram, there 
is another with all arrows reversed and — ?• A^*^. 




Figure L.3: Feynman rules for the Yukawa couplings of two-component fermions due to the 
supersymmetric, R-parity-violating Yukawa Lagrangian [cf. eq. (L.3)]. For each diagram, 

there is another with all arrows reversed and A^'-^ — t- A"A,. 
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